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Preface

Thinkofthisbookasamini-master-classinfundamentalalgebratransformations.

FundamentalorbasicalgebraoncefilledlargecollegetextbookslikeTodhunter's

AlgebrafortheUseofCollegesandSchools,whichisusedinthistext,orChrystal's
two-volumedoubledoorstopofAlgebra-AnElementaryTextBook.Bothofthese

containmorealgebrathanoneencountersinallofpublicschoolandabachelor's

degreeinMathematicsfromarespecteduniversitywitharespectedmathdepartment.

Inthismaster-class,IsaacTodhunter,F.R.S,ofCambridgeUniversityisthemaster.I

ammerelyhisamanuensisandyourpeanutgallery.Thebookitselfisaseriesof

problemswithsolutionswhereTodhuntershowsthattheformofnumberinthe

problemhasamultiplicityandthatbyhandlingthetransformationusinganotherof

itsformsorbyconformingittoanalternativebasicform onecanmoreeasily

transformtheproblemathand.

Iseemtohaveanundyinginterestinbasicandfundamentalmathematicsandeven

moreinterestintheformofnumber.ThefirstexplainswhyIamstillfiddlingaround

withthiskindofalgebra.Thesecondexplainsmycontributiontothistext--whichwill

becommentsonTodhunter'ssolutionsastheybearonmyideaoftheformofnumber.

YouwillseewhatImeanbythatasyoureadthecomments.Oryoumaysafelyignore

thecommentsandjustenjoyTodhunter'sskillandunderstanding.Hisunderstanding

isthereasonthisbookexists.

Asforourtitle,Todhuntercallsthesemethodsofsolution"algebraicartifice."Lesser

menandwomen,usuallyteachers,callsuchthings"tricks."Theyarenot"tricks"nor

arethey"artifice".Theyaretheproductofadeepunderstandingofalgebraanda

realizationofthemultiplicityofforms. Theyaretheexpressionsofamature

understandingofmathematics.

Iwillassumethatthereader'sknowledgeofalgebraisequivalenttowhatiscovered

inEverymind'sDeMorgan'sElementsandkeepeverythingwithinthatreach.



5

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC

Physicalcopiesandallothermedia:allrightsreserved-R.EarleHarris(c)2019

Introduction

Thisisacompletelyunoriginalbook.Letmeexplain.

Notthatlongago,astimepassesforahexagenarian,IworkedthroughTodhunter's

collegealgebratext,everypageandeveryproblem.Actually,athissuggestion,itwas

everythirdproblem.Buteveryoneofthose.Todhunter'sbookswerewrittentobe

usedasself-studytextsandoftenhadtwinanswerkeytexts.AndTodhunter,asI

mentionedinthededication,writesthebestanswerkeys.

Iftheproblemisstraightforward,heprovidesnoanswer.Ifyoucan'tgetthatfar,he

seemstosay,youhavetakenthewrongtrain.GostudyLatin.Iftheproblemhasone

ormoredifficulties,hebeginstheanswerwithsomelineinthemiddleofthesolution,

whichheexpectsyoutoarriveat,andthenwalksyouthroughtheanswerfromthere

untilyoureachthepointwhereanyoneshouldbeabletogoonandcompletethe

solution.ButwhatIreallyenjoyedwashisthirdapproach.Hewouldsay,insomany

words,thatyoucouldsolvethisintheordinarywayorthus:....Andhisorthus
wouldrevealthattheproblemcouldbeviewedasfallingunderanotherand,perhaps,

unexpectedformofnumberwhichcouldbeexploitedtoyouradvantage.Ireally

enjoyedthesekindsofanswerseventhoughtheywererare.Outof1100problems,

lessthan30aretreatedinthisway.

Ihadthoughtofpullingallofthesethirdtypeofsolutionsoutofhisanswerkeyand

includingtheminatextonbasicalgebra.ButincreatingEverymind'sDeMorgan's
Elements,IfoundIhadcoveredalmostallofthatalgebraanddidn'twanttodiluteDe
MorganwithTodhunter.AndlookingaheadatwhatImightbedoinginfuture

writings,IsawnoplaceforthesesweetrevelationsofTodhunter.WhenIwritea

mathematicstext,aprimarymotiveistowriteitasameansofsolidifyingthese

mathematicsinmyownunderstanding.Myotherprimarymotive,asalongtimeGNU-

head,istosharewhatI'velearnedwitheveryoneelsewho'sinterested.AndIstill

wantedtogothroughTodhunter'sanswerkeyandnaildownwhathehadrevealedin

thesesolutionsofalternativeforms.

SoIdecidedtodothisshorttextofhisproblemsandanswersandofmynotes-to-self,

disguisedaspubliccommentary,tonaildownwhatIcouldgainfromTodhunter's

understandingbeforeIwentontosomelongerEverymind'stext.Selfishly,thisbook

isformyownstudyofthefundamentsandforms.Unselfishly,itisforeveryoneelse

whoenjoysalgebra.This"older"approachtoalgebraofTodhunter'shasbeen

supplantedbyabstractalgebrainmanyways,resultinginthismorefundamentalform

beingcompressedintoalmostnothingintheschools.Sothistextmayhavesomething

evenforthosewithadvanceddegrees,whomightpossiblybeseeingsomeofthisfor

thefirsttime.Ithinkeverymathematicianorstudentofmathematicsshouldbeable

tofindgoodnessinTodhunter'sgenerouswork.Thistextissimplyoneproblemand

solutionafteranothercopiedfrom histext. Alloftheoriginalworkhereis

Todhunter's.Allofthe(possiblyannoying)commentsaremine.Throughout,I

maintainhischaptertitlesandproblemnumbersincaseanyonewishestoinvestigate

further.
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Fractions

48.Multiplyx²-x+1by1/x²+1/x+1.

Solution:

Multiplyx²-x+1by1/x²+1/x+1byordinarywork.Orthus:

(x²-x+1)×(1/x²+1/x+1)

=(x²-x+1)×(1+x+x²)/x²

=(x²+1)²-x²=&c.

x²

***

Traditionalalgebratextswouldhavelistsof"importantformulae"beginning
with

(a+b)(a+b)=a²+2ab+b²

andleadinguptothingslike

(a+b-c)(b+c-a)(c+a-b)=[Exerciseforthereader.]

andmathematiciansmemorizedtheseformulae.Orrather,forms.Of
number.Theforminthisproblemis

(a+b+c)(a-b+c)=a²-b²+c²

Manyofthesememorizedformsweresymmetricandeasytoremember.So
Todhunterseesthisform,latentintheproblem,andbringsitout.
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58.Dividex²+1/x²+2byx+1/x.

Solution:

Dividex²+1/x²+2byx+1/xbyordinarywork.Orthus:

x²+2+1/x²=x⁴+2x²+1= (x²+1)²
x² x²

x+1/x=x²+1
x

***

Ithinktwothingsaregoingonhere:

Todhunterhabituallybringsthiskindofexpressionintoafractioninhis
mind'seye.Hediditinthelastproblem.Ratherthanletthecomplexityof
termsmuddlehisthought,heunifiesit.Andheordersitnormallyinpowers
ofx.

Andthenheconsiderstheresultingform,whichhereis

(a+b)(a+b)=a²+2ab+b²

Ofcourse,youcanonlyconsidertheresultingformtotheextentthatyour
mindisfullofforms.Youcan'tsee(a+b-c)(b+c-a)(c+a-b)intheworld
ifitisn'talreadyinyourconsciousness.
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Quadratics

38.Solveasaquadratic: x =3+x-1
x-1 2 x

Solution:

2x²=3x(x-1)+2(x-1)²,&c.
Orwemayproceedthus:
Putyforx/(x-1),thentheequationbecomesy=3/2+1/y;
thereforey²=3/2⋅y+1.
Bysolvingthisquadraticintheusualwayweobtainy=2or-1/2.
Takingtheformervaluewehavex/(x-1)=2,whichgivex=2;
takingthelattervaluewehavex/(x-1)=-1/2,whichgivesx=1/3.

***

Todhunterpointsoutsixotherproblemsfollowingthisonewhichcouldbe
solvedinthisway,sayingofthissubstitution,itwillinsomecasesdiminish
thework.Theseexamplesallhavetermsintheformofa/bandb/awhere
a,baremonomialsorbinomialslike

2x-3 and 3x-5
3x-5 2x-3

wherethepointisthatyoucansubinyand1/yandthenmultiplybyytoget
aquadratic.Changingtheformofthevariableisalwaysachoice.AndinDe
Morgan'sElements,wesawthatthechoicesweremadeinordertoarriveat
certainends.Heretheendissimplythebasicquadraticform.Buttheform
mustbeunderstoodinordertoinformthechoiceofformgiventothe
variable.Acoupleofsubstitutionexamplesfromthenextchapter:

24.2x+1+4x=80

Soln:2x+1+22x=80;putyfor2x,thus2y+y²=80;solvethisquadraticiny.

35.x²-a²+x²+a²=34andherewehavethey+1/ywejustspokeof.
x²+a² x²-a² 15

75.(x+a)(x+2a)(x+3a)(x+4a)=c⁴

Soln:Thatis(x²+5ax+2a²)(x²+5ax+6a²)=c⁴.Putyforx²+5ax;
therefore(y+4a²)(y+6a²)=c⁴;thereforey²+10a²y+25a⁴=c⁴+a⁴,&c.
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48.Solveasaquadratic:x+3+x-3=2x-3
x+2 x-2 x-1

Solution:

(x+3)(x-2)(x-1)+(x-3)(x+2)(x-1)=(x+2)(x-2)(2x-3),&c.Orthus:

x+3=x+2+1=1+ 1.
x+2 x+2 x+2

andtreatingtheotherfractionssimilarlywehave

1+ 1.+1-1.=2-1.;therefore 1.+ 1.= 1.,&c.
x+2 x-2 x-1 x+2 x-2 x-1

***
...whichsavesusfromsolvingthirddegreeequationswhich,inTodhunter's
text,wearen'treadyfor.Andweshouldseetheformofathirddegree
equationintheproblemitselfandimmediatelylookforawayofreducingit
totheformofaquadratic.

Ofcourse,textbookproblemsareconstructedpuzzlesandthethirddegree
termswouldcancelifwewentthatroute.Butlookingforthedesiredform
ofnumberleadstomoreprogressthanawillingnesstodoeverythingby
bruteforce.
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61.Solveasaquadratic:x+a+x+b+x+c=3
x-a x-b x-c

Solution:

Clearoffractionsandsimplify;then

x²(a+b+c)-2x(bc+ca+ab)+3abc=0,&c.

Ortheprocessmaywithadvantagebeconductedthus:

x+a-1+x+b-1+x+c-1=0;therefore
x-a x-b x-c

2a + 2b + 2c =0 [1=(x-a)/(x-a)&c.]
x-a x-b x-c

thereforea(x-b)(x-c)+b(x-c)(x-a)+c(x-a)(x-b)=0

***

TheonlyformIseehereistheformofalgebraicfractionsandaquick
simplificationofthem.Theformthatinterestsmehereisthefirstline
wheretheliteralcoefficients(coeffs)taketheformoftheactualrootsin
theirrelationtothequadraticandarethenmultipliedby1,-2,and3.
Familiaritywiththisformandwithhowtheadditionalcoeffsmodifyitmight
leadtoaneveneasiersolution.
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EquationsReducibletoQuadratics

38.x²+1/x²-a²-1/a²=0

Solution:

x⁴-x²(a²+1/a²)=-1;therefore

x⁴-x²(a²+1/a²)+¼(a²+1/a²)²=-1+¼(a²+1/a²)²=¼(a²-1/a²)²,&c.

Orthus:x²-a²=1/a²-1/x²=x²-a²;(x²-a²)(1-1/a²x²)=0,&c.
a²x²

***

WhatTodhunterrecognizeshereisthepossibilityofpullingthe(x²-a²)out
asafactorwithroots±a.Thenheneedonlytosolve1-1/a²x²=0for
remainingroots.Itisthefamiliaritywithform,boththroughpracticeand
withinmemory,thatallowsustoseethesepossibilities.
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ArithmeticalProgression

36.ThesumofmtermsofanA.P.isn,andthesumofntermswiththesame
firsttermandthesamecommondifferenceism.Showthatthesumofm+n
termsis-(m+n)andthesumofm-ntermsis(m-n)(1+2n/m)

Soln:

n=m/2⋅(2a+(m-1)b) [1]

m=n/2⋅(2a+(n-1)b) [2]

Fromtheseequationswemaydeduce

b=-(2(m+n))/mn a=(m²+n²+mn-m-n)/mn

andthenthesumofanyassignednumberoftermsmaybefound.

Orwemayproceedthus:

Thesumofm+nterms=(m+n)/2⋅(2a+(m+n-1)b.

Nowfrom[1]and[2]bysubtraction

2(n-m)=2a(m-n)+(m-n)(m+n-1)b

Dividebym-n;thus(m+n-1)b+2a=-2.

Hencethesumofm+nterms=-(m+n)

Again,thesumofm-nterms=(m-n)/2⋅(2a+(m-n-1)b

Nowwehavejustseenthat-1=a+((m+n-1)b)/2,

andfrom[1]2n/m=2a+(m-1)b;

Thereforebysubtractionweobtain2n/m+1=a+((m-1-n)b)/2

Hencethesumofm-nterms=(m-n)(1+2n/m)

***

Thefirstmethodleadstocalculationandperhapsgeneralizationofresults.

Thesecondmethodallowscomparisonandtransformationtowardsthe

desiredformsinordertoreachtheconclusions.
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42.Sumtonterms1-3+5-7+⋅⋅⋅

Solution:

Herewemightfirstsumtheseries1+5+9+⋅⋅⋅,andthentheseries3+7+

11+⋅⋅⋅;andsubtractthesecondresultfromthefirst.Orwemayproceed

thus:

Thefirstandsecondtermstogethermake-2,thethirdandfourthterms

togethermake-2andsoon.Thusifnbeeventhesumis-2×n/2,thatis-n;

andifnbeoddthesumis-(n-1)+thelastterm,thatis-(n-1)+2n-1,thatis

n.Thusthesumis-nifnbeeven,and+nifnbeodd;thatisthesumis

-n(-1)n.

***

AswithDeMorgan(Todhunter'smentorinmanyways),Todhunter

examinestheseriestoseewhathecandowithshortsumsofterms.De

Morganusedthisasaneasytestofdivergence--ifeverysomanyterms

summeduptoatleastsomefinitenumberthentheseriesmustdiverge.

Thisisinvestigatingtheactualformoftheseriesratherthanpuzzlingoverit

atfacevalueorattackingitwithbruteforce.
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51.DivideunityintofourpartsinA.P.ofwhichthesumofthecubes

shallbe1/10.

Solution:

Letthefourpartsbedenotedbyx-3y,x-y,x+y,x+3y.

TheseareinA.P.,thecommondifferencebeing2y.

Thusastheirsumisunity4x=1

Also(x-3y)³+(x-y)³+(x+y)³+(x+3y)³=1/10

Thisreducesto4x³+60xy²=1/10

Substitutethevalueofxandweobtainy²=1/400∴y=±1/20.

***

I'llletTodhunterexplain:

Itwillbeseenthatowingtothepeculiarformwehaveadoptedforthe
unknownquantitiestheworkismuchsimplified.Theartificeshouldbe
noticedasitisoftenuseful.Ifweareengagedforexampleonaproblem
respectingthreeunknownquantitiesinA.P.insteadofdenotingthembyx,
x+y,x+2yitmaybeadvantageoustodenotethembyx-y,x,x+y.

Underlyingthisinpartistheformof(a+b)(a-b)=a²-b².
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BinomialTheorem.PositiveIntegralExponent

14.Showthatthedifferencebetweenthecoefficientsofxr+1andxrinthe

expansionof(1+x)n+1isequaltothedifferencebetweenthecoefficientsof

xr+1andxr-1intheexpansionof(1+x)n.

Solution:

Thisresultmaybeobtainedbydirectwork.Orwemayproceedthus:

(1+x)n+1(1-x)=(1+x)n(1-x²)

Henceweinferthatthecoefficientofanyassignedpowerofxwillbethe

samewhetheritisobtainedfromtheleft-handexpressionoffromtheright-

handexpression.Nowintheexpansionof(1+x)n+1(1-x)thecoefficientof

xr+1willbefoundbysubtractingthecoefficientofxrintheexpansionof

(1+x)n+1fromthecoefficientofxr+1,&c.

***

ThisshowsTodhunter'smasteryovertheformofthebinomialexpansion.

Andthe"&c."attheendshowsthatheconsidersthisunderstandingwithin

thecapacityofanyhighschoolorcollegestudent.
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10.(p.492)Ifxbeanyprimenumber,except2,theintegralpartof

(1+√2)x,diminishedby2,isdivisibleby4x.

Solution:

LetIdenotetheintegralpartof(1+√2)xandFthefractionalpart.

BytheBinomialTheorem:

I+F=1+x⋅2½+x(x-1)/2⋅2+x(x-1)(x-2)/3!⋅23/2+⋅⋅⋅

Now1-√2isanegativeproperfraction,

therefore(1-√2)xisanegativeproperfraction.Denoteitby-F';thus

-F'=1-x⋅2½+x(x-1)/2⋅2-x(x-1)(x-2)/3!⋅23/2+⋅⋅⋅

Byaddition,I+F-F'=2+2⋅x(x-1)/2⋅2+⋅⋅⋅

HenceF-F'mustbezeroandI-2isequaltoaseriesoftermseveryoneof

whichisdivisibleby2x⋅2,thatisby4x.

***

ThisideaofI+Fisausefulexploitationofform.Ifyouhavea+banda>b,

thenforsomefractionF,b=Fa.Anda+bbecomesa+Fa.Andifyouhaveto

expand(a+Fa)n,thenyoucanfactorouttheaandhavean(1+F)n.Other

useswilloccurtoyou.
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MultinomialTheorem

16.Findthecoefficientofx⁴inthemultinomialexpansionof

(1+3x+5x²+7x³+9x⁴+⋅⋅⋅)

Solution:

Itiseasytoseethat1+3x+5x²+7x³+9x⁴+⋅⋅⋅

=(1+x)(1+2x+3x²+4x³+5x⁴+⋅⋅⋅)=(1+x)(1-x)-2

Hencewerequirethecoefficientofx⁴in(1+x)⁷(1-x)-14;

andwehaveonlytoexpandthetwofactorsbytheBinomialTheorem

andmultiplytheresultstogether.

Orproceedingasusualwehave[amessiercomputationwithlotsof

combinatorics]

***

By"easytosee"weunderstandafamiliaritywiththeformof1/(1-x)ninits

serialform.FromDeMorgan,weknow1+x+x²+⋅⋅⋅withx∈(0,1)gives

1/(1-x).ButTodhunterobviouslyseesn=-2in1+2x+3x²+4x³+5x⁴+⋅⋅⋅

andthefactorof1+xin1+3x+5x²+7x³+9x⁴+⋅⋅⋅.Andaboveall,hefinds

itnaturaltosimplylookforwhatformsarethere.

Similarlyin#19following,requiringcoeffofx⁴in(1+2x+3x²+⋅⋅⋅)-1/2,he

followsalong,messycombinatoricsolnwiththeremark:

Infactwerequirethecoefficientofx⁴intheexpansionof((1-x)-2)-1/2,that
istheexpansionof1-x;andthustheresultshouldbezero.

Thelessonbeing:Lookfirstattheunderlyingformofnumber.
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Inequalities

32.Ifaandxbothliebetween0and1,then(1-ax)/(1-a)>x.

Solution:

ThisissolvedintheAlgebra.Wemayalsoproceedthus:

Wehavetoshowthat1+ax>x+ax

Putp/qforx,wherepandqareintegers

Thuswehavetoshowthat(q-p+pa)/q>ap/q

NowthisisobviousbyArt.681:

[arithmeticalmean,anynumberofpositivequantities>geometricalmean]:

forontheleft-handsidewehavethearithmeticalmeanofqquantities,

pofwhichareequaltoa,andtherestequaltounity;

andontheright-handsidewehavethegeometricalmean

ofthesameqquantities.

***

Wehardlyconsider,ifweevenlearn,theformsofA.PandG.Pandofthe

arithmeticalmeanandgeometricmean.Andyettheseareformsofnumber.

Andwhennumberinthisformliesbeforeus,ourunderstandingofthese

formsandourabilitytoimposethemonaproblemconsistentwiththem,

simplifiesourwork.
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MiscellaneousExamples

70.Solve(x-2)(x-3)=(155⋅78)/77²

Solution:

Thisequationcanbesolvedintheordinaryway.Orwemaywriteitthus:

(x-2)(x-3)=(2+1/77)(1+1/77)

andthusitisobviousthatonesolutionisgivenby

x-2=2+1/77thatisx=41/77

Andasthesumoftherootsis5,theotherrootis76/77.

***

ThisrequiresactuallylookingattheRHSoftheequationandeverythingelse

followsfromasimpleknowledgeofquadratics.
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85.Solve4x³+4x²+8x+1=2x²+2x+1

2x²+2x+3 x+1

Solution:

Clearoffractions.Orwemayproceedthus:

2x+ 2x+1 =2x+ 1.

2x²+2x+3 x+1

Therefore 2x+1 = 1.

2x²+2x+3 x+1

Therefore(x+1)(2x+1)=2x²+2x+3;&c.

***

Alwaysthequestionis,"Whatformsarelatentintheproblemandwhat

formscanbeimposeduponit?"
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181.Solve9x²+4x³=1+12x⁴

Solution:

Itisobviousthatx=1isarootofthisequation.

Andwemaywritetheequationthus:9x²-1=4x³(3x-1)

thatis,(3x-1)(3x+1)=4x³(3x-1)

sothatanotherrootisgivenby3x-1=0.

Hence,ifwebringallthetermstoonesidewearesurethat

(x-1)(3x-1)willdividetheterms.

Ontrial,wefindthattheequationmaybewrittenthus:

(x-1)(3x-1)(2x+1)²,sothattherootsare1,⅓,-½.

***

First,isitobvioustoyouthatx=1isaroot?Doyoulookatanequationat

thislevelfirsttoseeifthereisan"obvious"root?Andsecondly,doyou

considerwhatcanbedonetochangetheproblemtoasimplerform?Here,

theformisagain(a+b)(a-b)=a²-b².
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FundamentalForms

Herearethreeexamplesoffundamentalalgebraicformulaefrom the

textbooksofDeMorgan,Todhunter,andChrystal.Thesearealsocalled

identitiesastheLHStautologicallyequalstheRHSineachequation.These

are,sotospeak,thebeginningsofthestudyoftheformofnumberinits

algebraicform.

DeMorgan

ThisisthefirstlistofidentitiesinDeMorgan'sTheStudyandDifficultiesof
Mathematics(p.87)whichhewroteasanintroductiontomathematicsfor

youngerstudentsandiswrittenatalowerlevelthanhisElementsseriesof

pre-collegetexts.

(a+b)+(a-b)=2a

(a+b)-(a-b)=2b

a-(a-b)=b

(a+b)²=a²+2ab+b²

(a-b)²=a²-2ab+b²

(2ax+b)²=4a²x²+4abx+b²

(a+b)(a-b)=a²-b²

(x+a)(x+b)=x²+(a+b)x+ab

(x-a)(x-b)=x²-(a+b)x+ab

a/b=ma/mb

a+c/d=(ad+c)/d

a-c/d=(ad-c)/d

a/b+c/d=(ad+bc)/bd

a/b-c/d=(ad-bc)/bd

a/b×c=ac/b=a/(b/c)

a/b×c/d=ac/bd

(a/b)/c=a/bc=(a/c)/b

(a/b)/(c/d)=ad/bc=(a/c)/(b/d)

1/(a/b)=b/a



23

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC

Physicalcopiesandallothermedia:allrightsreserved-R.EarleHarris(c)2019

Todhunter

ThisisthefirstlistofidentitiesfromTodhunter'sAlgebrafortheUseof
CollegesandSchools(p.18ff).

(a+b)²=a²+2ab+b²

(a-b)²=a²-2ab+b²

(a+b)(a-b)=a²-b²

(a+b)(a²-ab+b²)=a²+b²

(a-b)(a²-ab+b²)=a²-b²

(a+b)³=(a+b)(a²+2ab+b²)=a³+3a²b+3ab³+b³

(a-b)³=(a-b)(a²-2ab+b²)=a³-3a²b+3ab³-b³

(b+c)(c+a)(a+b)=a²(b+c)+b²(c+a)+c²(a+b)+2abc

(b-c)(c-a)(a-b)=a²(b-c)+b²(c-a)+c²(a-b)

(a+b+c)(bc+ca+ab)=a²(b+c)+b²(c+a)+c²(a+b)+3abc

(a+b+c)(a²+b²+c²-bc-ca-ab)=a³+b³+c³-3abc

(b+c-a)(c+a-b)(a+b-c)=

a²(b+c)+b²(c+a)+c²(a+b)-a²-b²-c²-2abc

(a+b+c)³=a³+3a²(b+c)+3a(b+c)²+(b+c)³

=a³+3a²(b+c)+3a(b²+2bc+c²)+b³+3b²c+3bc²+c³

=a³+b³+c³+3a²(b+c)+3b²(c+a)+3c²(a+b)+6abc
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Chrystal

AndthisisthetableofidentitiesfromChrystal'sAlgebra-AnElementary
TextBook(p.79ff).Histableismuchmorethoroughandcomplex.

I.

(x+a)(x+b)=x²+(a+b)x+ab

(x+a)(x+b)(x+c)=x³+(a+b+c)x²+(bc+ca+ab)x+abc

andgenerally

(x+a1)(x+a2)⋅⋅⋅(x+an)=xn+P1x
n-1+P2x

n-2+⋅⋅⋅+Pn-1x+Pn
[wherePi=sumof"nchooseiofthea's"]

(x±y)²=x²±2xy+y²

(x±y)³=x³±3x²y+3xy²±y³&c.;

thenumericalcoefficientsbeingtakenfromthefollowingtableofbinomial

coefficients:

II.

Power Coefficients .
1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

5 1 5 10 10 5 1

6 1 6 15 20 15 6 1

7 1 7 21 35 35 21 7 1

8 1 8 28 56 70 56 28 8 1

9 1 9 36 84 126 126 84 36 9 1

10 1 10 45120 210 252210 120 45 10 1

11 1 11 55165 330 462462 330 165 55 11 1

12 1 12 66220 495 792924 792 495220 66 12 1

III.

(x±y)²∓4xy=(x∓y)²

IV.

(x+y)(x-y)=x²-y²

(x±y)(x²∓xy+y²)=x³±y³

andgenerally

(x-y)(xn-1+xn-2y+⋅⋅⋅+xyn-2+yn-1)=xn-yn

(x+y)(xn-1-xn-2y+⋅⋅⋅∓xyn-2±yn-1)=xn±yn

upperorlowersignaccordingasnisoddoreven.
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V.

(x²+y²)(x'²+y'²)=(xx'∓yy')²+(xy'±x'y)²

(x²-y²)(x'²-y'²)=(xx'±yy')²-(xy'±x'y)²

(x²+y²+z²)(x'²+y'²+z'²)=(xx'+yy'+zz')²+(yz'-yz')²

+(zx'-z'x)²+(xy'-x'y)²

(x²+y²+z²+u²)(x'²+y'²+z'²+u'²)=(xx'+yy'+zz'+uu')²

+(xy'-yx'+zu'-uz')²

+(xz'-yu'-zx'+uy')²

+(xu'+yz'-zy'-ux')²

VI.

(x²+xy+y²)(x²-xy+y²)=x⁴+x²y²+y⁴

VII.

(a+b+c+d)²=a²+b²+c²+d²+2ab+2ac+2ad+2bc+2bd+2cd

andgenerally

(a₁+a₂+⋅⋅⋅+an)²=sumofthesquaresofa₁,a₂,...,an+twicesumofall

partialproductstwoandtwo.

VIII.

(a+b+c)³=a³+b³+c³+3b²c+3bc²+3c²a+3ca²+3a²b+3ab²+6abc

=a³+b³+c³+3bc(b+c)+3ca(c+a)+3ab(a+b)+6abc

IX.

(a+b+c)(a²+b²+c²-bc-ca-ab)=a³+b³+c³-3abc

X.

(b-c)(c-a)(a-b)=-a²(b-c)-b²(c-a)-c²(a-b)

=-bc(b-c)-ca(c-a)-ab(a-b)

=bc²-b²c+ca²-c²a+ab²-a²b

XI.

(b+c)(c+a)(a+b)=a²(b+c)+b²(c+a)+c²(a+b)+2abc

=bc(b+c)+ca(c+a)=ab(a+b)+2abc

=bc²+b²c+ca²+c²a+ab²+a²b+2abc

XII.

(a+b+c)(a²+b²+c²)=bc(b+c)+ca(c+a)+ab(a+b)+a³+b³+c³

XIII.

(a+b+c)(bc+ca+ab)=a²(b+c)+b²(c+a)+c²(a+b)+3abc



26

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC

Physicalcopiesandallothermedia:allrightsreserved-R.EarleHarris(c)2019

XIV.

(b+c-a)(c+a-b)(a+b-c)=

a²(b+c)+b²(c+a)+c²(a+b)-a²-b²-c²-2abc

XV.

(a+b+c)(-a+b+c)(a-b+c)(a+b-c)=2b²c²+2a²c²+2a²b²-a⁴-b⁴-c⁴

XVI.

(b-c)+(c-a)+(a-b)=0

a(b-c)+b(c-a)+c(a-b)=0

(b+c)(b-c)+(c+a)(c-a)+(a+b)(a-b)=0
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Afterword

I'msorrythattherewerenotmoreofTodhunter'sorthussolutions.Ihave

includedallbutone,whichwasabitbeyondthelevelofthistext.Todhunter

generallyteachestheformofnumberdirectly,asheshould.Butitwouldbe

nicetohaveatextbookthatconcentratedonthemultiplicityoftheformof

numberinalgebra.PerhapssomedayIcanwriteone.

Whilememorizingthingsisnotthepointofthiswork,thereisaplacefor

memoryanditsdevelopmentinmathematics.Iwillclosewithaquotation

byJeudwinefromthebackofhisTheManufactureofHistoricalMaterials.
Letustakehisuseoftheword"man"as"mankind"togiveitabroadersense.

Thevalueofatrainedmemory,andtheextraordinarypowersofthememory
whentrained,arenotsufficientlyappreciatedinourday.Oureducation,
eveninmathematics,iscarriedonsoentirelybytheuseofbooksandpaper
thatlittleencouragementisgiventothebalancingoffactsorfigures
accumulatedinthemind,leadingtoanindigestionoffoodwhichmaybe
followedbyterribleresults.

Thevalueofthetrainingofthememorydoesnotmerelyconsistinthe
housingofthematerial;theprocessofdigestionisoffargreaterimportance,
andonewhichhasafarmoreenduringeffectthatthemereacceptanceof
factsbyreading.Itisthiswhichgivesthegreatvaluetothetrainingofthe
memory;themancanturnoverthefactswhichhehasremembered;they
arehisownandnotanother's;hecanconsiderforhimselftheirexplanation;
hecanseethemintheirfullbearing,andnotmerelyasthewritten,perhaps
casual,opinionofoneparty,towhosework,ifhehasreliedonthewriting,
hemustreferbeforehecansoconsiderthem;andbythemorefrequentuse
ofhismemoryhecanstrengthenthepowersofobservation,theaccuracyof
thought,thegraspinthemindofthebearingofthefactsdigested.
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