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Preface

WithEuclidI-VIandDeMorgan'sElements,wehavethecoreofmathematics.This

unitmeasureofknowledgebeginsourunderstandingofGeometry,Arithmetic,

Algebra,Trigonometry,andCalculus.Aharmoniousbeginning.Aninnercircle.In

thistext,weexpandalgebraintoitssecondcircle.Thistextassumesonlythe

knowledgeofthiscore,whichisfreelyavailableinEverymind'sEuclid(Euclid)and
Everymind'sDeMorgan'sElements(DME).

PickingupwhereDeMorganleftus,weinvestigatetheexpansionofhisbasic

algebraicideastoseehowtheydevelopandwhatrealmsofmathematicstheybeginto

coalesceinto.Thisisbasicorfundamentalalgebra.Inthe20thcentury,itcollapsed

intoabriefstudyinhighschoolandisevennowhardlymentionedafterthat.The

sourcesofthistextare19thcenturyworks.Andinthosedaysfundamentalalgebra

filledlarge,eventwo-volume,texts.Bitandpiecesoftheselargealgebrasturnupin

thefirstchaptersofmodernuniversitytexts.Butthesefragmentaryglimpsesignore

thecoherentstudyoftheseideasasanorganicwhole.

HereIamtryingtobringfundamentalalgebraandthedevelopmentofitsideasback

togethersothatcontinuitiesofthoughtacrossthevarioususagescanagainbeseen.

Andthisisanalgebrathatyoucandoandnotsimplyprove.Ifwelearnmathematics
bydoingmathematics,herearesomemathematicstobedone.
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Introduction

OnceagainIambeingselfish.Iamexpandingmyunderstandingoffundamental

algebraformyownbenefit.Andonceagain,Iamsharingitwithanyonewhois

interested.I'vebeenoverthisalgebraicgroundthreetimesalready,fillingnotebooks

withcarefulnotes.ThisismyfinalpassoverthefundamentsofalgebraandI'musing

Chrystal'stextmentionedinthededication.Itstwelvehundredpagesshouldsupply

sufficientweighttofixanindelibleimpressionuponmythickandmath-resistantmind.

TheMurphytextcomesrecommendedbyIsaacTodhunterandisafourthpasson

whatusedtobecalledTheoryofEquations.TheHargreavecomesrecommendedby

TodhunterandbyGeorgeSalmon,whoinitiallyobjectedtoHargreave'sworkandwas

laterwonovertotheextentofpublishingitwhenHargreavedied.

Selfishly,IwillonlybeexpandingthoseideasofalgebraIactuallycareabout.For

example,therewillbenoInterest,Annuities,orProbabilityhere.Therewillbe

Combinatorics,whichismoreorlessProbabilitywithwordproblemshavingnothing

todowithchaos,because,asmuchasIdislikeCombinatorics,manyofmyinterests

arebuiltinpartuponit.IwillalsoforegoChrystal'sdevelopmentofcomplexnumbers

in trigonometricseriesasthesewillgointoEverymind'sSecond Circleof
Trigonometry.Butmostoffundamentalalgebraishere.Ifanything,Icareabouttoo
much.

Andselfishly,Iwillbereallydrillingdownonmyinterests:PartialFractions,

ContinuedFractions,Euclid'sAlgorithm,anythinghavingtodowithdivision.As

Halstedsaid,Fromfractionswegetdivision.YoumayhavenoticedinDMEthat

Addition,Subtraction,andMultiplicationtookuponlyelevenpagesbetweenthem

whileDivisionandFractionstookuptwenty-five.Thatwasn'tplanned.Divisionisthe

decisiveoperator.OnlyinwritingthisparagraphdidIrealizemyinterestswere

universallydivisive.Thatexplainssomeotherthingsaboutme,I'msure.

Youwillfindverylittleoriginalinthistext.I'maharmonizer,notacreator.Any

originalitywillbeintheharmonizationandorganizationofthecontent.AsIdothis,

disparatethingswillcometogether.Andthesecontrastssuggestotherconnections

whichyoumaynothavemadebeforeeither.Andmycontinuallygoingoverthesame

groundfinallyexposesrelationsandtechniqueswhichwerenotobvioustomeatfirst,

evensimpleones.Possibly,Iamthelastonetonoticetheobvious.ButjustincaseI'm

nottheonlyslow&thickonepresent,Iwillshareeventhesesimplethingswithyou.

Iamfindingthatthebestwaytostudymathematicsistowriteabook.Usingonly

personalnotebooks,IcantellmyselfthatIunderstandmanythingsIdonotactually

understand.Butif,aftermakingthenotebooks,Ipullitalltogetherforgeneral

consumption,Iammuchmorethoroughinexaminingmyunderstanding.Somostof

whatiscontainedinthistextwillactuallybecorrect.Well,everythingshouldbe

correct.ButifImessupanywhere,I'mhappytotaketheblame.BTW,quotations

fromotherworkswillbeinitalics.AndIdon'tdofootnotes.
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1.Fundaments

TheFormofNumber

ThefirstthingIwanttodoistogiveyousomethingofanunderstandingofmy

approachtomathematics.InChrystal'spreface,hewrites:

Thusitbecomesnecessary,ifAlgebraistobeanythingmorethanamerebundleof
unconnectedrules,tolaydowngenerallythethreefundamentallawsofthesubject,
andtoproceeddeductively--inshort,tointroducetheideaofAlgebraicForm,which
isthefoundationofallthemoderndevelopmentsofAlgebraandthesecretof
analyticalgeometry,themostbeautifulofallitsapplications.

DeMorgan,inhisAlgebra,emphasizesalgebraasalanguageanddevelopsits

meaningfulexpression.Todhunter,inhisAlgebra,emphasizesboththeproofandthe
useofthisformofnumber.Chrystalemphasizesform,thefundamentalforms,of

algebraicexpression.AndthisiswhyIamworkingthroughhistextandsharingit

withyou.

Iaminstinctively,intuitively,drawntoform.Fundamentalforms.Themultiplicityof

aform.Expressionsofthesameformthroughdifferentmathematics.Itseemsalmost

themostimportantfacetofmathematicstograsp,thisideaofformandthepowerit

givestoourexpression.

Formalism

Chrystalwaswritingin1886andinhiswritingyoucanseetheapproachofideas,

whichbythe1920swouldconsumemathematicsinitsinvestigationsofitsown

foundations. Therewouldbethreeapproaches--Logicism,Formalism,and

Intuitionism--ofwhichFormalismwouldcometodominate.Letmeshowyoua

glimpseofFormalismfromChrystal'searlychapters.Thethreefundamentallawshe

mentionsabovearetheAssociative,Commutative,andDistributiveLawsandhe

developstheminakindofproto-formalism.Ashedoesso,hedevelopstheLawsof

Signs.Hereisabitofthat:

+(+a)=+a -(+a)=-a

+(-a)=-a -(-a)=+a

×(×a)=(×a) ×(÷a)=÷a

÷(×a)=÷a ÷(÷a)=×a

+a×+c=+ac +a×-c=-ac

-a×+c=-ac -a×-c=+ac

+a÷+c=+(a÷c) +a÷-c=-(a÷c)

-a÷+c=-(a÷c) -a÷-c=+(a÷c)
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Fromtheseandsimilar,heshowsthatadditionandsubtractionareformallyidentical

tomultiplicationanddivision.Thereis,hesays,nodistinctionexceptthesymbols,a
conclusionatfirstsightalittlestartling,whichdoesnotextendtotheDistributive
Law.Nor,wemightadd,doesitextendtotheuseofthesetwocategoriesofoperators,

nortoalltheformstheyproduce.Theyareatsome,obviouslyabstract,level

equivalent.Butourpractice,themathematicsweactuallydo,isuntouchedbythis

equivalency.

Idon'treallywanttogetboggeddowndiscussingformalismorinwhat,inspiteofits

actualfailure,itproduced.Wecontinuetolivewithwhatitproduced--andwithwhat

isstillproduces.Butthat'snotwhereIlive.Hermites,aprofoundalgebraist,wasonly

interestedingeneraltheoremswhentheycouldbeusedtosolveparticularproblems.

Ithinkhesensedthatanabstractmathematichadatendencytogooffonitsown,

sayingtrue,yetofteninapplicableorinsignificant,things.Hermites'sresearchwas

groundedonmathematicshecoulddo.Soheanchoredhisabstractionsinthe

concrete.Thatispreciselymyapproach.

By"concrete"Iabsolutelydonotmean"applied"asin"appliedmathematics."There

isnosuchthingasappliedmathematics.Thereisonlyonemathematics.Anditcanbe

appliedtotheworldofexperienceortotheworldofmathematicsortautologicallyto

itself.ThatlastiswhatIbelieveHermiteswantedtoavoid.Iavoidthataswell.

Myproblemwithabstractmathematicsisthis:theygiveusalmostnomathematicsto

do.I'mnotcriticizingabstractmathematicshere.I'mjustdisappointedinthemsofar.

IhaveworkedthroughthreebooksonGaloisTheoryandtheybasicallyamountto

signage,postedontheborderoffifthdegreeequations,saying,"Heretherebeno

solutionsbyradicals."Mostpeopleseemtotakethemassaying,"I'dturnbackifI

wereyou,"andtheyobedientlygobacktowheretheycamefrom.

Myresponseismore:"Okay,notbyradicals.Whatelseyagot?"Andthebooksonly

shrug.Well,Hargreavedidmorethanshrug.ButIdidn'tknowthatasIwaswriting

this.HisworkistheEasteregginthisbook.Atanyrate,polynomialsandtheirroots

areexpressionsoflawsgoverningtheformofnumber.Thereisalwaysamultiplicity

ofform.Andtheroadsleadingtothelawsareinfiniteliketheconsciousness--ours--

theyspringfrom.Whenwearriveatourunderstanding,thepolynomialsmustgiveup

theirroots.

Sowiththissearchforunderstanding,Iaminvestigatingtheformofalgebra,of

number,intheworldofmathematics.

Meaning

InbothDeMorganandChrystal,wefind,explicit,theassumptionthatthereisalways
ananswertoourquestion.Isn'tthatextraordinary?Ifwehaveamathematical

question,wearetoldtoassumethatthereisalwaysananswer.

Nowtheanswermaybenonsense.Butinthatcase,weassumethenonsensetobeour

ownfault.Weeithersetuptheproblemincorrectlyorweareprematurelyaskingthe
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question.Andifwediscoverthatthenonsenseisnotourfault,thenmathematicsis

alwaysgraduallyexpandedasthenonsenseisgivenmeaning.Sotheansweractually

wasthereallalong.Thereisnononsenseinmathematics.

Asforthefundamentallaws,we'veseenthemprovedforadditionwithmethodslike:

3+4

=(1+1+1)+(1+1+1+1)

=1+1+1+1+1+1+1

=(1+1+1+1)+(1+1+1)

=4+3

Andformultiplication,we'veseenitdonewithrectanglesofdots.ReadingChrystal,it

occurredtomethatbyusingEuclid2.1andits"corollaries"ofimmediatelysucceeding

propositions,youcanprovethethreelawsinmultiplicationwithrectangles.The

CommutativeLawis"arectangleisindifferenttoitsorientation."TheAssociativeLaw

becomes"arectangleisindifferenttothemethodofitsrectangulardivision."And

Euclid2.1doesitfortheDistributiveLaw.

AsChrystalworksthroughthebasicthreelaws,weseethatnegativenumbersstill

retainforhimacachetandarenotyetformalizedintoblandness.Here,"-a"is

explainedasatobesubtracted,inotherwords,algebra,asgeneraltheory,always
impliespracticaluse.Hepointsoutthat"1/2×2/3=1/3"isanoperationwhile"1/3

is1/2of2/3"isaninterpretation.

Chrystaldefines"equalto"as"transformablebythefundamentallawsofalgebra

into."Notethatnothingisequaltoitself;everythingisidenticaltoitself,whichisnot

thesamething.

Hedefineszeroasthelimitofthedifferenceoftwoquantitiesthathavebeenmadeto
differaslittleasweplease.Or:

(a+x)-a=a-a+x=x

whichhasthelimit0as(a+x)→a.Ifinditcharmingthat,evenafterWeierstrasshas

fixedthedefinitionofthelimitofincreasinganddecreasingquantities,Chrystal

continuestotakehispleasurewiththelargeandsmall.Hedefinesunityasaratioof

similarlydiminishingdifference,where

(a+x)÷a=a÷a+x÷a=1+x÷a

hasthelimitofunityasx→0.
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ThereisforChrystalasymmetrybetweenoneandzero:

+a-a=-a+a=0 ×a÷a=÷a×a=1

a+0=a-0
∴+0=-0

a×1=a÷1
∴1×1=1÷1

Andindeed,partofrecognizingtheformofnumberisseeingpreciselywhatisunder

yournose,eveninthecasesofonesandzeroes,beforeyoustarttakingitapartwith

yourtoolsofoperation.Ifyouhave

9x³+4x=3x⁴+10x²

youshouldfirstseethat0and1areroots.Thenyoucangolookingfortheothertwo.

Ihadnotseenthisexpressionbeforeeither:

b×(a×bthrootofunity)=a

Everyoneelsehassimplysaid:b×(a×1/b)=a,whichisfarlessinteresting.Chrystal

alsopointsout,inthisfirstchapterofhis,thePrincipleofSubstitutionwhichis

painfullyobvioustoreadabout.I'lluseapainfullyobviousexample.

Ifyouhaveatruestatementinalgebra

a(bc)=(ab)c

thenyoucanchooseanyexpressionfora,b,andc

a=x/y b=x² c=y²x

andthetruthremains

x/y(x²⋅y²x)=x⁴y=(x/y⋅x²)y²x

And,yes,weknewallthis.Butwedonotalltakealltheofadvantageofit.Later,here

andthere,IwillpointoutwhereyoumaynotbetakingadvantageofthePrincipleof

Substitution.Andifyouareslow&thicklikeIam,youwillwonder,asIdid,howyou

overlookedit.

Euclid'sAlgorithm

InDMEIcalledEuclid'sAlgorithmthedeterminingoftheGreatestCommonFactoror

GCF.Ididthatoutofpolitenesstowardsotherwidely-usedtextbooks.ButIdon'tlike

callingitthat.IliketraditionandtraditionallyEuclid'sAlgorithmdeterminesthe

GreatestCommonMeasureorGCM,asEucliddidnothavefactors(ordivisorsasin
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GCD).Sowe'regoingwithGCM,denotedgcm(a,b)=c,a,b,c∈N.There,Ifeelbetter.

Inmathematics,everythinginterestingbeginswithdivision.Whenyoudeterminethe

GCM,youcantakethemultipleofthedivisoreitheraboveorbelowthedividendand

theremainderwiththesmallestabsolutevaluewillshortentheprocess.

1595)4323(2

1133)1595(1

462)1133(2

209)462(2

44)209(4

33)44(1

11)33(3

0

1595)4323(3

462)1595(3

209)462(2

44)209(5

11)44(4

0

RHSshorterbytwosteps.Thestandpointyouneedtotakehereisnot"Iamlearning

algebra"but"Iambecominganalgebraist."Youaredevelopingyourownmind.And

sowitheachnewidea,youmustaskyourself,"HowcanIbringthisideatobearonmy

practiceofalgebra?"Andmyapproach,asIworkthroughChrystal,istograbevery

ideawhichseemstorelatetomypracticeandinterests.Andthisservesasafilterto

bringmoreusefulideasintomyunderstanding.

Recallournotationfor"aandbareprimetoeachother":p(a,b)andouruseof"a

divbyb"for"aisdivisiblebybwithoutremainder."BacktotheGCM.Allthatfollows

willeventuallyapplytointegralfunctions.

Thm.1.1.p(a,b),∀h∈N⇒anycommonfactorofa⋅handbdivideshexactly.

Cor1.p(a,b),a⋅hdivbyb⇒hdivbyb

Cor2.p(a,[b,c,d,…])⇒p(a,b⋅c⋅d⋅⋅⋅)

Cor3.A={a₁,a₂,…}B={b₁,b₂,…}ifp(A,B)⇒p(∏ai,∏bi)

Cor4.p(a,b),∀m,n∈N⇒p(am,bn)

AlsorecallthatIonlydoproofswhentheyarethebestexplanation.Butasyou

actuallyhavethecoreofmathematicsthroughDeMorganandEuclid,youhavedone

fartoomanyproofstoneedmetodoanyeasyonesforyou.Ifyouhaveanydoubtsas

tomyassertionsorfeeltheneed,asyousometimesshould,foraproofIhaven't

supplied,thengodooneand,whetheryousucceedornot,gofindonethatsatisfies

youinordertocheckyourwork.Anditisimportantthatyoudofindaproofactually

satisfying.Lookforonesthatdothis.Cherishyourownmind.
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Thm.1.2.Representa∈Nasa=qb+r:r<b⇒asrispos/neg∃!representation.

[Representnaturalnumberaasq⋅b+rsuchthatrislessthanbthenasrispositiveor

negativethereexistsauniqueq,b,andr.]

Proof

1)r>0

qmaxofqb<a⇒a-qb=r:r<b∴a=qb+runique

Elsexb+p=awherex≠q

∴qb+r=xb+p∴(r-p)=(q-x)b∴(r-p)divbyb↴(r,p<bbyhyp.)

2)r<0Sym.proof.■

Cor.1.adivby/!divbybasleastremainderrdoes/doesn'tvanish.

Above,ther'sareminimum (min)pos,negremainders.Minpositiveisusually

assumed.Iftherestrictionofr<bisremovedthenriscalledtheresidue.

Thm.1.3.remainderrfora,a'equalwithrespectto(wrt)b⇔(a-a')divbyb

Proof

a=rb+ta'=sb+t∴(a-a')=(r-s)b+(t-t)■

Example

a=29a'=13b=4

a=7⋅4+1b=3⋅4+1(a-a')=4⋅4=16divbyb

WesawinDMEthatpolynomialswithintegercoefficients(coeffs)aresubjectto

Euclid'sAlgorithm.Thereforetheyare"asintegers"andwhatappliestointegersin

arithmeticandnumbertheorymustapplytotheseintegralfunctions(ifn).The

followingtheoremscanallbeprovenfromtheformoftheGCM.

Thm.1.4.Ingcm(a,b),∀remainderhasform:±(Aa-Bb)positive(pos)onoddsteps,

negative(neg)oneven,whereA,B∈Ntakeonsuccessivevalues.

Cor.1.gcm(a,b)=g⇒±g=(Aa-Bb)

Cor.2.gcm(a,b)=1⇒±1=(Aa-Bb)

Note:Ineachcaseifp(A,B)⇒a/g,b/g∈N=l,m∴1=±(Aa-Bb)

Elseif!p(A,B)thencommonfactorC∴1divbyC↴

AllofthispertainstocontinuedfractionsandCor.2willbeseenagaininpartial

fractionsoffractionsofifns.

Cor.3.∀commonfactorofa,bisafactorofgcm(a,b).

Cor.4.Tofindgcm(a,b,c,…):gcm(a,b)=a',gcm(a',c)=b',…

ToseethatA,Btakeonsuccessivevalues,let'sseewheretheycomefrom.

Here,intheGCMalgorithm,c,d,earesuccessiveremainders:

Ifa=pb+cthenc=+(a-pb)

Nextstep,d=b+qc=b-q(a-pb)=-(qa-(1+pq)b)

e=c-rd=(a-pb)+r(qa-(1+pq)b)=+((1+qr)a-(p+r+pqr)b)
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Examples

1)Expressgcm(565,60)asA⋅565-B⋅60

565=9⋅60+25

60=2⋅25+10

25=2⋅10+5

10=2⋅5

∴25=565-9⋅60

10=60-2(2⋅565-9⋅60)=-(2⋅565-19⋅60)

5=25-2⋅10=565-9⋅60+2(2⋅565-19⋅60)=5⋅565-47⋅60

2)Solve5A-7B=1

7=1⋅5+2

5=2⋅2+1

∴2=7-51=5-2(7-5)=3⋅5-2⋅7

∴A=3,B=2

Thm.1.5.Givenfractionp/ab:p<abandp(a,b)⇒∃!representationa'/a+b'/b-k:

a',b'>0,a',b'<a,b,k=0∨1(∨≡"or")askis/isn'tintegralpartofa'/a+b'/b.

Example

6/35:35=5⋅7

3⋅5-2⋅7=1 (byaboveexample#2)

∴6/35=6/35⋅(3⋅5-2⋅7)=18/7-12/5

=(2⋅7+4)/7-(3⋅5-3)/5=24/7-3
3/5=3/5+4/7-1

Proof

Aa-Bb=±1

±p/b⋅A∓p/a⋅B=p/ab (×±p/ab) [1]

uppersign:

pA=lb+b'pB=ma-a'where0<a',b'<a,b

∴p/ab=l-m+a'/a+b'/b (by[1])

p/abproperfraction∴integralpartRHS=0

integralpartofa'/a+b'/b≤1

∴l-m=0∨-1

lowersign:

Sym.withpA=lb-b'pB=ma+a'

I'mnotsurewhyChrystalincludesthisnexttheoremwherehedoes.Maybehewants

toreassureusthatwewon'trunout.Iincludeitforastudyofsimplicityinproofs.

Thm.1.6.Thenumberofprimeintegersisinfinite.

Proof

Elselastprime=p

LetP=∏(primes≤p)∴Pdivby∀primes≤p

∴P+1!divby∀prime≤p↴

∴primesinfinite
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FormofDivision

Ifsomethingistrueofn∈N,thenitistrueofZandwithduecareitistrueofintegral

functions(ifns).Let'sdivide719by2,3,4…untilwerunoutofdividend.

2)719(

3)359(r1

4)119(r2

5)29(r3

5 r4

∴719=1+2⋅2+3⋅2⋅3+4⋅2⋅3⋅4+5⋅2⋅3⋅4⋅5

Takeaminutetofigureoutwhatwearedoinghere.It'sabitweird.Nowdivide719

by2,4,6,…

2)719(

4)359(r1

6)89(r3

8)14(r5

1r6

∴719=1+3⋅2+5⋅4⋅2+6⋅6⋅4⋅2+1⋅2⋅4⋅6⋅8

Ifwecall2,3,4,…or2,4,6,…ri[1-n]andcall1,2,3,4,5or1,3,5,6,1pi[0-n]andcall719N,

theningeneral:

Thm.1.7.Letridenoteanyseriesofn∈Ninnowayrestricted,thenanyN∈Nhasform:

N=p₀+p₁r₁+p₂r₁r₂+⋅⋅⋅+pnr₁r₂⋅⋅⋅rn [1]

wherepi<ri+1andgiventheri,theresultisunique.

Proof

IfwedesignatethesuccessivedividendsNi[1-n]

N=p₀+N₁r₁ p₀<r₁

N₁=p₁+N₂r₂ p₁<r₂

⋅⋅⋅

Nn-1=pn-1+Nnrn

Andbysubbing

N=p₀+r₁(p₁+N₂r₂)

=p₀+p₁r₁+r₁r₂N₂

andsoonuntilwehaveNinform[1]andformunique.

Else∃p'i≠pithensetourvariantresultsequalanddividebyp₁

p₀/r₁+(p₁+p₂r₂+⋅⋅⋅)=p'₀+(p'₁+p'₂r₂+⋅⋅⋅)

TermsinparensareinNandfractionsareproper.

∴p₀/r₁=p'₀/r1∴p₀=p'₀andsumsinparensareequal.

Sym.trueofalldivisionsbyri■
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Let'slookatfractionsthisway,beginningwithageneraltheorem.

Thm.1.8.AnyproperfractionA/Bhasform

A/B=p₁/r₁+p₂/r₁r₂+p₃/r₁r₂r₃+⋅⋅⋅+pn/r₁r₂⋅⋅⋅rn+F

wherepi<riandFiseitherzeroorhasalimitofzeroasn→∞.Givenri,formisunique.

Proof

Youdoit.A/B=Ar1/Br1=(Ar₁/B)/r₁=(p₁+q₁/B)/r₁=p₁/r₁+1/r₁⋅q₁/Betc.

IfA/Binlowestterms,F=0when∏ri=mBforsomem∈N

Examples

1)A/B=444/576

576=2⁶⋅3²ri=2,4,6,… ⇒ 444/576=37/48∴∏ri=48

∴444/576=1/2+2/2⋅4+1/2⋅4⋅6

2)A/B=11/13 !∃∏ri=13 ri=2,3,4,…

11/13=1/2+2/2⋅3+0/2⋅3⋅4+1/2⋅3⋅4⋅5+3/2⋅3⋅4⋅5⋅6+3/2⋅⋅⋅6⋅13

Hereseriescannotterminate. SoweterminateFwiththefactor13inthe

denominator(denom).

Hereisanalgorithmforexpandingaproperfractionwithaseriesofproperfractions

withnumeratorsofunity.Againwetake11/13andeachmultiplierisminimal.

11 ∴11/13=1/2+1/2⋅2+1/3⋅2⋅2+1/7⋅3⋅2⋅2+1/13⋅7⋅3⋅2⋅2

2×

13)22(1 Byusingaminimalmultiple,remaindersgotozerowhilethe

13 multipliersincrease.

9

2× 2/3 = 2×2=1/2+1/3

13)18(1 3)4(1

13 3

5×3 1×3

13)15(1 3)3(1

13 0

2×7

13)14(1 Butusemultipliers2,4,4,…then

13

1×13 2/3=1/2+1/2⋅4+1/2⋅4²+⋅⋅⋅+1/2⋅4n+1/2⋅4n⋅3

13)13(1

0 whereyouhavetoterminateF.

RecallfromDMEthatbyusingthesamedivisorNthereareN-1differentremainders

andallresultsthatholdforrepeatingdecimalsholdshere.
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Thm.1.9.∀N∈Nhasuniqueform

N=pnr
n+pn-1r

n-1+⋅⋅⋅+p₁r+p₀

where∀pi<r.

ProoffollowsfromThm.1.8.Andthisisnothingbutpositionalnotation.Ifwedivide

Nbyrtheremainderisp₀,divideN₁byrtheremainderisp₁,andsoon.Process

terminateswith0≤pn<r.Andwehaveseenthisnextbitbefore:

Base10 Base6

10)719( 6)719(

10)71(r9 6)119(r5

7(r1 6)19(r5

719=7⋅10²+1⋅10+9 3(r1

7196=3⋅6³+1⋅6²+5⋅6+5

∴71910=31556

Thm.1.10AnyproperfractionA/Bhastheform

A/B=p₁/r+p₂/r²+p₃/r³+⋅⋅⋅+pn/r
n+F

where∀pi<randeitherF=0orF→0andn→∞.ProoffollowsfromThm.1.9.And

thisisonlydecimalfractionalnotation.IfristhebaseandF=0then

A/B=0.p₁p₂p₃…pn

FromDMEweknowthatF=0⇔ denominform2m⋅5nforbase10.Soifyouwanted

2/3to5decimalplaces:

2/3=(2⋅10⁵)/(3⋅10⁵)=(66666+2/3)/10⁵=0.66666+(2/3)/10⁵≅0.66666

And5/64mustterminateas64=2⁶:

(5⋅10⁶)/(64⋅10⁶)=78125/10⁶=0.078125

or(5⋅5⁶)/(64⋅5⁶)=78125/10⁶

Nowthisnextbitisnotexactlyourdivisionalgorithmbutit'sclose.Anditshowsthat

whatwedidwithbasescanbedonewithpositionalfractions.
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Base10 Base7

0.168 0.168

10 7

1.)68 1.)176

10 7

6.)80 1.)232

10 7

8.)00 1.)624

∴=1/10+6/10²+8/10³ 7

4.)368

7

2.)576

∴0.16810≅0.111427

Wearelookingfortheformofnumberthroughtheformofdivisioninsuchawaythat

thebaseisarbitrary.Allofthisistrueofallbasesandallpositionalnotation.Two

moretheorems.Considerthat∀n∈Nhasadifferentformineachbase.

Thm.1.11.∀Ninbaser,divideNand∑(digitsofN)byr-1⇒sameremainderineach

case.

Proof

N=pnr
n+pn-1r

n-1+⋅⋅⋅+p₁r+p₀

N-(p₀+p₁+⋅⋅⋅+pn)=p₁(r-1)+p₂(r²-1)+⋅⋅⋅+pn(r
n-1)

m∈N,rm-1divbyr-1

∴N-(p₀+p₁+⋅⋅⋅+pn)=μ(r-1)forsomeμ∈N [1]

LetremainderofN÷(r-1)bes:N=λ(r-1)+s

∴by[1](p₀+p₁+⋅⋅⋅+pn)=(λ-μ)(r-1)+s■

Cor.1.Base10,N÷9(or3)hassameremainderas∑(digitsofN)÷9(or3)

Cor.2.n∈N,m=3nor9n,∑(digitsofm)=3or9.

Thm.1.12.Lambert'sTheorem

Letqi,ri[1-n]bequotientsandremainderswhenBdividedbyA,r₁,r₂,…then

A/B=1/q₁-1/q₁q₂+1/q₁q₂q₃-⋅⋅⋅+(-1)n-1/∏qi+F

whereF=((-1)nrn)/(∏qi⋅B)∴F<1/∏qi
Proof

Youdoit.B=Aq₁+r₁∴A/B=1/q₁-r₁/q₁B

B=r₁q₂+r₂∴A/B=1/q₂-r₂/q₂B

⋅⋅⋅

ThencombineandunpackA/Bintheformofthetheorem.

Example

113/244=1/2-1/2⋅13+1/2⋅13⋅24-1/2⋅13⋅24⋅61

wherer₄=4∴4/244=1/61

∴sumof1stthreetermswithin3dterm(1/624)of113/244

Thesearealmostcontinuedfractions,aren'tthey?
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RatioandProportion

Afewsimplethingsascorollariestowhatwealreadyknow.Leta>b,x>0.

a+x-a=b(a+x)-a(b+x)=x⋅b-a

b+x b b(b+x) bb+x

b-a<0∴RHT<0∴(a+x)/(b+x)<a/b (RHTisRightHandTerm)

Sym.a>b,a>0

a-x-a=b(a-x)-a(b-x)=x⋅a-b

b-x b b(b-x) bb-x

∴(a-x)/(b-x)>a/b

Ifa:b::b:cthena:c::a²:b²::b²:c²andb=√ac.

Ifa:b::b:c::c:dthena:d::a³:b³::b³:c³::c³:d³andb=³√a²dc=³√ad².

Thesemeanthatinsertingnmeanproportionsbetweenanytwovaluesrequires

takingnthroots:1:x::x:2∴x²=2∴x=+√2.

WecaninterestinglyextendEuclid5.2asfollows:

Thm.1.13.Ifa₁:b₁::a₂:b₂::⋅⋅⋅::an:bnthen∀lthisextendsto

::r√(l₁a₁r+l₂a₂r+⋅⋅⋅+lnan
r):r√(l₁b₁r+l₂b₂r+⋅⋅⋅+lnbn

r)

Proof

ai/bi=someδ∴ai
r=(δbi)

r=δrbi
rfor∀i

∴r√(∑liai
r)=r√(δr∑libi

r)=δr√∑libi
r

∴r√(∑liai
r)/r√(∑libi

r)=δ=a₁/b₁=a₂/b₂=⋅⋅⋅■

Moresimply,ifa:b::c:dthen∀l,m,p,q,r:

la+mb:pa+qb::lc+md:pc+qdandlar+mbr:par+qbr::lcr+mdr:pcr+qdr

whichIleaveforyoutoworkout.ThekeyideasfromEuclid5.11isthatifa:b::c:d

thena/b=c/dandthismustequalsomethingORa/b=c/d=λwhichcanremain

abstractifitwantsto.Andifa/b=c/dthenwehavea/b+1=c/d+1andoneisλ/λ

whereλisanyalgebraicterm.Itiseasiertoworkthingsoutwiththeforma/bthan

a:binmostcases.

WecanextendEuclid5.12evenfurther:

Thm.1.14.∀homogeneous(homog)ifnφ(x₁,x₂,…,xn)ofr°

anda₁:b₁::a₂:b₂::⋅⋅⋅∷an:bnandai/bi=p

⇒φ(a₁,a₁,…,an):φ(b₁,b₂,…,bn)=p
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Examples

1)a:b::c:d,A:B::C:D⇒a√A-b√B:c√C-d√D::a√A+b√B:c√C+d√D

Leta/b=c/d=λA/B=C/D=μ∴a=λbc=λdA=μBC=μD

∴a√A-b√B=λb√μB-b√B=(λ√μ-1)b√B=b√B

c√C-d√D λd√μD-d√D (λ√μ-1)d√D d√D

Sym.(a√A+b√B)/(c√C+d√D)=b√B/d√D

2)x/(b+c-a)=y/(c+a-b)=z/(a+b-c)⇒(b-c)x+(c-a)y+(a-b)z=0

Let[1]=pthenx=(b+c-a)py=(c+a-b)pz=(a+b-c)p

∴(b-c)x+(c-a)y+(a-b)z=(b-c)(b+c-a)p+(c-a)(c+a-b)p+(a-b)(a+b-c)p

andalgebrate.

3)NotethatIuse⋅|⋅(x,y)toindicate"betweenxandy".

Ifbismeanproportion⋅|⋅(a,c)then(a+b+c)(a-b+c)=a²+b²+c² [1]

a:b::b:c∴b²=ac (hyp.)

(a+c)²-b²=a²+b²+c² ([1])

∴(a+c)²-b²=(a+c)²-ac=a²+c²+ac=a²+b²+c²

Bysettinga/b=b/c=pyoucanshow(a+b+c)²+a²+b²+c²=2(a+b+c)(a+c)

Weshouldnotethatbychoosingtheunit,anytworationalquantitiesinaratiocanbe

expressedasintegers:31/4:43/8Lettheunitbe1/8.Ratiobecomes26:35.Inhis

demonstrationthatproportionsholdforallnumbersaswellasmagnitudes,Chrystal

writes:

Anytheorymaybeexpressedinalgebraicalsymbols,providedthefundamental
principlesofitslogicareinagreementwiththefundamentallawsofalgebraical
operation.

ThatEuclidVappliestonumberislongestablished.Ifyouareinterestedinthat

establishment,seeDeMorgan'sTheConnexionofNumberandMagnitudeforthe

prettiestdevelopmentoftheseideas.

Variance

Wecanrelateproportionstofunctionsasfollows.

Lety=f(x)thenx→y,x'→y'∴y:y'::x:x'

Ifwetakeactualvaluesforx'=x₀,y'=y₀theny:y₀::x:x₀ory/y₀=x/x₀andwe

arriveaty=y₀/x₀⋅xory=axwherea=y₀/x₀.

∴y'=ax'∴y/y'=ax/ax'=x/x'∴y:y'::x:x'

Wesayherethat"yvariesdirectlyasx"or"yisproportionaltox."Fornotation,we

willuseyRx.Thiscanbeexpandedbyreplacingxasfollows:
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y=ax² ⇒ y:y'::x²:x'²

y=a/x ⇒ y:y'::1/x:1/x' [1]

y=a/x² ⇒ y:y'::1/x²:1/x'² [2]

y=a(x+b) ⇒ y:y'::x+b:x'+b

In[1],yvaries"inverselyasx"andin[2],"inverselyasthesquareofx."Further:

u=axy ⇒ u:u'::xy:x'y'

u=a(x+y) ⇒ u:u'::x+y:x'+y'

u=a⋅x/y ⇒ u:u'::x/y:x'/y'

Youcanproveforyourselfthefollowing:

1. ifzRyandyRxthenzRx

2. ify₁Rx₁andy₂Rx₂theny₁y₂Rx₁x₂

3. ifyRxthenzyRzxwhetherzisvariableorconstant

4. ifzRxythenxRz/yandyRz/x

5. ifzdependsonlyonxandyandzRxwhenyconstantandzRywhenx

constantthenzRxywhenx,ybothvary

6. ifzdependsonlyonx₁,x₂,…xnandvariesasanyoneofthemwhentherest

areconstant,thenwhenallvaryzR∏xi
7. ifzRx(yconstant)andzR1/y(xconstant)thenzRx/y(x,yvary)

Examples

1)∀∆ABC,letA=area,b=baseBC,t=altitude⇒ARb(tconstant)andARt(bconstant)

∴ARtbawhent,bvary.Andconstanta=½.Butweknewthat.

2)sRt²(fconstant)sRf(tconstant)2s=fwhent=1Requiredrelationofs,f,t

By#5above,sRft²∴s=aft²whereaissomeconstant.Weneeda.

t=1s=f/2∴½f=af1²∴½f=af∴a=½∴s=½ft²

Logarithms

Considertheexponentialfnaxwherea∈Randa>1.Letx∈R.Ifx∈R-Q,wecan

approximateaxtoanydegreeofaccuracywithsomem/n∈Q.Sowecanconsider

onlysucham/n.Andifx<0,wedefineaxas1/a-x.Definedinthisway,axhastherange

[0,∞).Ify∈R,y>1,n∈N,thenasa>1,a1/n>1andasn→∞,a1/n→1.Givenn,wecan

choosem∈N:am/nm→∞,am/n→∞.Then∀y∃n:a1/n<y∴am/n<y<a(m+1)/n.The

differenceoftheseoutsidetermsisam/n(a1/n-1)∴n→∞thisdifference→0.Sono

matterwhatyis,wecanfindanx:ax=y.Nowlety∈(0,1)then1/y>1∴∃x:ax=1/y∴

a-x=y.Soforanyy∈(0,1)thereisalwaysanx:ax=yand,asnoyisexcluded,xis

continuous.Aquicktable:

x -∞ negx -1 0 1 posx +∞

ax 0 <1 1/a 1 a >1 +∞
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Inthisfigure,thesolidcurveis10x

andthedottedoneis100x.Note

thatbothintersecttheY-axisat

(0,1)andthatforanyx,thevalue

of100x=2⋅10x.

Iny=ax,yisacontinuousfnofx.

Butwecanusethesamefnto

determineacontinuousfnxofy.

Inax,aisthebase.Whenyisafnofxtobaseatheny=ax.Theinversefnx(y)isthe

logarithmofytobasea:x=logay.Allpropertiesofthelogfnmustbederivablefrom

itsinverseexponentialfn,whichistosayfromthelawsofindices.Ifwetake"log"to

mean"loga",itfollowsfromtheabovethaty=alogy.Inallthatfollows,wewilltake

"log"withoutabasetomean"log10"andwewilluse"ln"tomean"logε".

Thm.1.15.If10isthelogarithmbase,thenthecharacteristicofthelogdependson

thepositionofthedecimalpointandthemantissaisindependentofthedecimalpoint,

dependingonlyonthesuccessionofdigits.

Proof

Nisanynumberformedbyarowofdigits,cisN'scharacteristic,mN'smantissa.

ThenanynumberwiththedigitsofNbutwithadifferentdecimalpointplacementhas

theform10i⋅Ni∈Z.Thenlog10i⋅N=log10i+logN=i+logN=(i+c).m.Butbyhyp,

m∈Q,c,i∈N∴mantissaoflog10i⋅N=manditscharacteristicisi+c.∴characteristic

aloneisalteredbydecimalpoint.■

Thm.1.16.IfaseriesofnumbersareinG.P.,theirlogsareinA.P.

Proof

Takey₁,y₂,…,yninG.P.Theseequala
α,aα+β,aα+2β,…,aα+(n-1)β.

∴logsareα,α+β,α+2β,...,α+(n-1)β.■

Historicallyspeaking,itwasthisrelationthatledtologarithms.

Thm.1.17.Givenasystemoflogstobasea,wecanconvertthemtoanotherbasebby

multiplyingthemby1/logab.

Proof

x=logby⇒y=bx

∴logay=logab
x=xlogab

∴logby=x=logay/logab■ [1]

Def.μ=1/logabisthemodulusofsystembasebtosystembasea.

Cor.1.Ifin[1],y=bthenlogba=1/logab∴logab⋅logba=1

Cor.2.Let"log"be"loga"theny=b
xcanbewritteny=ax⋅logborif"log"is"logb"

theny=ax/loga∴thegraphofbxisdeduciblefromthegraphofaxby:

abscissabx:abscissaax::1:logab
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Inotherwords,givenanytwoexponentialgraphsA,B,eitherAistheorthogonal

projectionofBorBofAontoaplanepassingthroughtheY-axis.

Historicallyspeaking,logarithmsintableswereusedfornumericalcalculation.So

algebraicandothertextsdevotedconsiderablespacetotheoptimizedmethodsof

calculationbylogsandoflogtableusage.Now,thelogsarebuiltintothecalculating

deviceandweneverseethem.Buthereisaninterestingidea.RecallfromDMEthatif

xincreasesincrementally{x,x+h,x+2h,...}then,toalimitedextent,f(x)willincrease

incrementally.

Lethbethedifferencebetweenvaluesinalogtable.

LetD=f(a+h)-f(a)≡tabulardistanceofthelogs.

Leta+h'beavaluenotinthetablebetweena,a+h.suchthath'<h.

∴ f(a+h')-f(a)=(a+h')-a=h'

D (a+h)-a h

Inusage,f(a),D,andhareknown.Wenowhavearelationbetweenh'andf(a+h').So

ifweknowh'orf(a+h')wehave

f(a+h')=f(a)+h'/h⋅D

a+h'=a+((f(a+h')-f(a))/D)⋅h

Fromthefirst,wefindavalueoffgivenanincrementofa.Fromthesecond,wegetan

intermediatevalueofafrom anincrementoff. ThiswascalledtheRuleof

ProportionalParts.

Combinatorics

Letusdeepenourlanguageofpermutationsandcombinations.RecallfromDMEthat

iswehavemthingsandchoosen,notationisCm|nforcombinations(combs)andPm|n
forpermutations(perms).WewilluseChrystal'slanguageinwhatfollowsinsteadof

DeMorgan'sbutkeepournotation.

Permutations

Thm.1.18.Thenumberofr-permsofnthings(Pn|r)is

n(n-1)(n-2)⋅⋅⋅(n-(r+1))

[prooffollows]
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Proof

Enumeratether-permsofai[1-n]intoclassesasfollows:

1st.Allthosewherea₁isfirst.

2d.Allthosewherea₂isfirst.Andsoon.

Thereareasmanypermswherea₁isfirstasthereare(r-1)permsoftheremaining

n-1lettersORtherearePn-1|r-1permsofthefirstclassabove.

Thisistrueofallnclasses.

∴Pn|r=nPn-1|r-1
Ifn≥r,thisistrueof∀n,r∈N

∴ Pn|r=nPn-1|r-1
Pn-1|r-1=(n-1)Pn-2|r-2
⋅⋅⋅

Pn-r+2|2=(n-r+2)Pn-r+1|1
MultiplytheseandalltheP'scancelexceptPn|randPn-r+1|1
andthevalueofthelatterisn-r+1

∴Pn|r=n(n-1)(n-2)⋅⋅⋅(n-r+1)■ [1]

Cor.1.Pn|n=n(n-1)⋅⋅⋅3⋅2⋅1=∏ni[1-n]

Cor.2.Pn|r=n!/(n-r)!

Cor.3.Thewaysofarrangingnlettersincircularorderis(n-1)!or(n-1)!/2asclock-

wise(cw)andcounter-clock-wise(ccw)areorarenotdistinguished.

Thm.1.19.Wheneachofnletterscanberepeated,Pn|r=n
r.

Thm.1.20.Givennletterswheregroupsα,β,γ,...arethesameletterPn|n=n!/α!β!γ!...

Cor.1.Thewaysofputtingnthingsintorholes:αinfirsthole,βinsecondhole,...is

n!/α!β!...(Note:Heretheorderofholesisfixedbuttheorderoftheircontentsis

ignored.)

CircularExample

Inhowmanywayscanndistinctbeadsbemadeintoabracelet?

Sinceturningthebraceletoverturnsacwarrangementintoaccwarrangement,

∴thenumberis(n-1)!/2.

Combinations

Thm.1.21.Givenssetsofnithings:ni∈N[1-s],sthingscanbeselected,onefromeach

setinn₁n₂⋅⋅⋅nsways.

Thm.1.22.Thenumberofr-combsofnthings(Cn|r)is

n(n-1)⋅⋅⋅(n-r+1)/1⋅2⋅3⋅⋅⋅r [1]

Proof

TheproofisSym.totheproofofPn|rbutwehaverCn|r=nCn|r-1∴Cn|r=n/r⋅Cn-1|r-1
Thenenumeratethedescendingcasesandmultiply.Butwealreadydidthat.

Hereisashorterproof:Everyr-combofnletters,ifpermutedineverywaygivesr!

r-perms.Andeachr-permoccursonlyonceinthisway.

∴r!Cn|r=Pn|r∴Cn|r=Pn|r/r!■
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Cor.1.Multiplynumerator(num)anddenomofCn|rby(n-r)(n-r-1)⋅⋅⋅3⋅2⋅1

∴Cn|r=n!/r!(n-r)!

Cor.2.Cn|r=Cn|n-randthisfollowsfromCor.1.

Cor.3.Cn|r=Cn-1|r+Cn-1|r-1andthisistrueofallf(n)n∈Nofform[1]wherenis

unrestricted.

Cor.4.Cn-1|s+Cn-2|s+⋅⋅⋅+Cs|s=Cn|s+1
Cor.5.Cp|s+Cp|s-1Cq|1+Cp|s-2Cq|2+⋅⋅⋅+Cp|1Cq|s-1+Cq|s=Cp+q|s

Cor.4and5arepropositionsofseriessummation.Morethanthat,weareestablishing

anarithmeticofcombs.Ifyouworkedwithsmallsetsasconcreteexamples,you

wouldrealizetheformofthisarithmetic.Cor.5.alsotakestheform:

(p(p-1)⋅⋅⋅(p-s+1))/s!+(p(p-1)⋅⋅⋅(p-s+2))/(s-1)!⋅q/1+⋅⋅⋅

+(p(p-1)⋅⋅⋅(p-s+3))/(s-2)!⋅(q(q-1))/2!+

p/1⋅(q(q-1)⋅⋅⋅(q-s+2))/(s-1)!+(q(q-1)⋅⋅⋅(q-s+1))/s!=

((p+q)(p+q-1)⋅⋅⋅(p+q-s+1))/s! [2]

Cor.6.Multiplybothsidesof[2]bys!,denotep(p-1)⋅⋅⋅(p-s+1)bypsandwehave

Vandermonde'sTheorem:

(p+q)s=ps+Cs|1ps-1q1+Cs|2ps-2q2+⋅⋅⋅+qs

Thm.1.23.Ther-combsofp+qletters,palike,are

Cq|r+Cq|r-1+⋅⋅⋅+Cq|1+1

=q!(1/(r!(q-r)!)+1/((r-1)!(q-r+1)!)+⋅⋅⋅+1/(1!(q-1)!)+1/q!)

Cor.1.Ther-permsofsameare:

q!r!(1/(r!(q-r)!)+1/(r-1)!(q-r+1)!)+1/(2!(r-2)!(q-r+2)!)+⋅⋅⋅

+1/((r-1)!1!(q-1)!)+1/(r!q!))=

Cq|rr!+Cq|r-1⋅r!/1!+Cq|r-2⋅r!/2!+⋅⋅⋅+Cq|1⋅r!/(r-1)!+1

Thm.1.24.Ther-combsofnletters,eachletterrepeateduptortimes(Hn|r)is

(n+r-1)!=n(n+1)⋅⋅⋅(n+r-1)

(n-1)!r! r!

Cor.1.Hn|r=Cn+r-1|r
Cor.2.Hn|r=Hn-1|r+Hn|r-1

Cor.3.Hn|r=Hn-1|r+Hn-1|r-1+Hn-1|r-2+⋅⋅⋅+Hn-1|1+1

Cor.4.Thenumberofdifferentr-aryproductsusingndifferentlettersis

(n(n+1)⋅⋅⋅(n+r-1))/r!

andthenumberoftermsinacompleteifnr°ofnvarsis

((n+1)(n+2)⋅⋅⋅(n+r))/r!=Hn+1|r
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Andonceyougodownthisroad,theHwillhauntyou,justliketheCandPdo.Ihave

noideawhatHstandsfor.WecanrestatetheBinomialTheoremintermsofCn|r:

(a+b)n=an+Cn|1a
n-1b+Cn|2a

n-2b²+⋅⋅⋅+Cn|ra
n-rbr+⋅⋅⋅+bn

andthistakesform:

(a+b)n=∑(n!/(αi!(n-αi))×aαibn-αi

whereαisalwaysfollowedbyasubscriptandαitakesallpositiveintegersvaluessuch

that∑αi=nandthoselasti'sarebothactuallysubscripts[1-n]andthisisalso

=∑(n(n-1)⋅⋅⋅(n-αi+1)/αi!×a
αibn-αi

TheMultinomialTheoremgeneralizesthis

(a₁+a₂+⋅⋅⋅+am)
n=∑(n!/(∏αi!)×a1

α1a2
α2⋅⋅⋅aαm [1]

JustthinkaboutituntilyouseetheBinomialTheoreminthisway.Wecanusethisto

findthecoeffofxrintheexpansionof(b₁+b₂x+b₃x²+bm
m-1)n.Thegeneralterm,

usingαasaboveandlettingγ=α₂+2α₃+⋅⋅⋅+(m-1)αm,is:

n!/∏αi[1-m]×∑bi
ai
[1-m]×x

γ

whichlooksuglybutisuseableinpractice.Wewanttermswhereγ=randthiscoeff

takesitsformfrom[1]above.Butlet'susesomeexamplestoseewhattheheckwe're

talkingabout.Notethat0!=1.

Examples

1)Req.coeffofa³b²in(a+b+c+d)⁵is5!/3!2!0!0!=10

whichiswayeasierthanyouexpected.

2)Req.coeffofx⁵in(1+2x+x²)⁴

Weneedα₁+α₂+α₃=4

α₂+2α₃=5

∴α₁=α₃-1 α₂=5-2α₃

α₁ α₂ α₃

0 3 1

1 1 2

∴4!/(0!3!1!)⋅1⁰2³1¹+4!/(1!1!2!)⋅1¹2¹1²=56

Notethat(1+2x+x²)⁴=(1+x)⁸andcoeffx⁵=C8|5=(8⋅7⋅6⋅5⋅4)/(1⋅2⋅3⋅4⋅5)=56

BothChrystalandTodhuntergointothisprettydeeply,incaseyouarehungryfor

more.I'mfullnow,thankyou.
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Thm.1.25.Ifwehaversetsofni[1-r]differentletters,thenumberofwaysofmaking

combsbytaking1torlettersatatimebutnevermorethanonefromanysetis

(n₁+1)(n₂+1)⋅⋅⋅(nr+1)-1

Proof

Considertheproduct (1+a₁+b₁+⋅⋅⋅ofn₁letters)

×(1+a₂+b₂+⋅⋅⋅ofn₂letters)

×⋅⋅⋅

×(1+ar+br+⋅⋅⋅ofnrletters)

Hereeverycombofletterstaken1,2,3,…atatimeoccurswiththeterm1inaddition.

Ifwereplaceeachletterbyunity,eachtermintheproductbecomesunityandthesum

willexceedthecombsby1.Sosumabovecanbeexpressed:

∑n₁+∑n₁n₂+⋅⋅⋅+n₁n₂⋅⋅⋅nr■

Let'sfindthenumberofwaysndifferentletterscanbeputintorholes,everyhole

gettingoneormoreletters,wherewecareabouttheorderofholesbutnottheorder

oflettersinthem.LetDrbethenumber.Ifweleavesholesempty,wehaveDr-sinr-s

holes.Sothenumberofdistributions(D)isCr|sDr-s.Thetotaldistributionswhenany

ornoholesareemptyisrn.

∴ Dr+Cr|1Dr-1+Cr|2Dr-2+⋅⋅⋅+Cr|r-1D1=r
n

Ifweputr=2,r=3,…here,wecouldcalculateD₂,D₃,…andD₁=1.Sowecouldgetour

answer.Butwecandobetter.Sym.toabove:

Dr-1+Cr-1|1Dr-1+Cr-1|2Dr-2+⋅⋅⋅+Cr-1|r-2D1=(r-1)
n

Subtracting: Cr|s-Cr-1|s-1=Cr-1|s

∴ Dr+Cr-1|1Dr-1+Cr|2Dr-2+⋅⋅⋅+Cr-1|r-1D1=r
n-(r-1)n

Ifwecontinuethispatternofsubtractionandderivationweget:

Dr=r
n-Cr|1(r-1)

n+Cr|2(r-2)
n-⋅⋅⋅+(-1)Cr|r-11

n

Cor.1.Iftheorderofholesisignored,thenumberofdistributionsisDr/r!ORthe

numberofpartitionsofnthingsintorlots,noemptylots,isDr/r!andjusttoletyou

knowit'soutthere,thenumberofwaysnthingscanbederangedsothatnonearein

theiroriginalplaceis

n!(1-1/1!+1/2!+⋅⋅⋅+(-1)n/n!)

whichisknownasWhitworth'sSubfactorialn.
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Combinatoricscanbeusedtoanswertopologicalquestionssuchas:Therearen

pointsinaplane,no3collinearwiththeexceptionofpwhichareallinthesameline.

Findthenumberoflinesthatcanbemadeofthesepointsandthenumberoftriangles

withthesepointsasvertices.

Method

Takeanypairofn-ppointsandweget(n-p)(n-p-1)/2!lines.Takeanyofthen-p

pointsandoneofthep=(n-p)pstraightlines.Andpinoneline.

∴ (n-p)(n-p-1))/2!+p(n-p)+1lines

Orifnonecollinear(n(n-1))/2.Withpcollinear,wehaveonelineinsteadof

(p(p-1))/2

∴ (n(n-1))/2-(p(p-1)/2+1lines.

Nexttakeany3ofthen-p∴((n-p)(n-p-1)(n-p-2))/3!

Thentake2ofthen-ppointsand1p∴(p(n-p)(n-p-1))/2!

Thentake1ofn-pand2ofp∴(p(p-1)(n-p))/2!andsumfortotal.

ORifnonearecollinear(n(n-1)(n-2))/3!

Butwithpinonelinewelose(p(p-1)(p-2))/3!

Andthedifferenceoftheseequalstheabovesum.

Substitutions

Combinatorics,beyondthebasics,haslittletointerestme.Butifyouwanttostudy

GaloisTheory,andIdo,youwillneedtounderstandpermutationgroupsandcyclic

groupsof,asitusedtobecalled,SubstitutionTheory.Considerthelettersabcdeand

theirpermsbecda,bcade.Givenbecda,wecanmakebcadebychangingatoeandcto

aandetocandrepresentthisas:

(abcde:ebadc)becda=bcade

ormorebrieflyas

(ace:eac)becda=bcade

where(ace:eac)isanoperatoranditseffectissubstitution(sub).

Wecandenote(ace:eac)asS,then

S(becda)=bcade

ThesubstitutionS⁰istheidentityoperatorwhichleavesapermunchangedor

S⁰(becda)=becda
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Andwecandocompoundsubssuchas(abc:cab)≡S,(ae:ea)≡Tthen

ST(aebcd)=ecabd

whichisS•T(aebcd)=S(eabcd)=ecabd.WedenoteSSasS²:

S²(aebcd)=S(ceabd)=becad

NotethatSandTarenotcommutative:ST(perm)≠TS(perm)Butifthesubsare

disjoint(nolettersincommon),thecommute.Andthisconditionissufficientbutnot

necessaryasonesubcansimplyreverseanother.

Thepermsofnlettersarefinite.Sofor∀S,∃μ:Sμ=S⁰.Inotherwords,μisthe

smallestnumberororderofSthatreturnsthevariabletoitsoriginalstate.Therefore,

∀ρ∈N,Sμ=Sρμ=1whichisanotherwaytowriteS⁰.

Negativeindicesworkthisway:S-q=Sρμ-q:ρμ>q.

ThenSqS-q=SqSρμ-q=Sρμ=1∴(Sq)-1=S-qandwegetinversesubs.

SoifS≡(abcd:dabc)thenS-1≡(dabc:abcd)=(abcd:bcda)bysimplerearrangement.

Asetofsubssuchthattheproductofanyofthemisstillinthesetisagroup.The

numberofthesesubsisthegroup'sorderandthenumberoflettersorotherobjects

operatedonisthegroup'sdegree.Clearly,∀A,Snn∈Nisagroupanditsorderisμas

above.

Acyclicsubreplaceseachletterwithitsconsequent:(abcde:bcdea).Thiscanbe

simplydenoted(abcde).Asinglelettercycle(a)istheidentitycycleandatwoletter

cycle(ab)=(ba)isatransposition(trans).Clearlytheorderofacycleisthedegreeof

itsgroup.

Thm.1.26.Everysubiseithercyclicoftheproductofanumberofindependentcycles.

Proof

Ageneralapproach:Consider∀S=(abcdefgh:bfdcgaeh)

Herewehave(abf),(cd),(eg),and(h)

∴S=(abf)(cd)(eg)(h)

Thecyclesareindependentandsocommuteandsotheirorderofoperationis

indifferent.■ Thinkaboutwhythisisanadequateproof.

Thm.1.27.∀cycleofnlettersisaproductofn-1transpositions.

Proof

Thecycle(abcd)=(ab)(bc)(cd)andthiscanbeappliedgenerallytoo.■

Cor.1.∀sub=n-rtranspositionswherenisthenumberoflettersdisplacedandris

thenumberofitspropercycles.

Proof

UsingS=(abf)(cd)(eg)(h)above

=(ab)(bf)(cd)(eg)

wheren=7andcycles=3■
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Prop.1.1.Theproductoftwotranswhichhavetwolettersincommonistheidentity

sub.Youcanprovethisforyourself.

Prop.1.2.IntheproductoftwotransTT'withacommonletter,T'canbeplacedfirst

T'TifwereplacethecommonletterwiththeotherletterofT'.

(ab)(bc)=(abc:bca)=(bc)(ac)

Cor.1.(ef)(af)=(ae)(ef)

Cor.2.(ae)(af)=(af)(ef)

Prop.1.3.IfT,T'havenocommonfactor,theycommute.

Thm.1.28.Decompositionofasubintotransisnotunique.

Proof

Wecanintroduceapairoffactors(ab)(ab)andcommutatethemwiththeothersby

theaboveprops.Doingthisincreasesthetransbyanevennumber.

Thm.1.29.Thenumberoftransequivalenttoagivensubisalwaysoddoralways

even.Andyouwillseethistheoremagain.

Proof

Thisproofisalsoamethodforreducingaproductoftranstoastandardform.Take

thefirstletter"a"initsrightmostposition.Moveitleftalteringanytranswithaby

Prop.1.2.Ifaduplicatetransoccurs,removeboth.Eitheralltranswith"a"disappear

oranevennumber(0,2,...)areremovedandoneremainsonfarleft.Wash,rinse,

repeatwithremainingletters.Evenorodd.■ (Clearly,wecandivideallsubsinto

evenorodd.)

Cor.1.∀S,ifn=numberoflettersaltered,r=numberofcycles,2s=arbitraryeven

integer,thenumberoffactorsinanequivalentproductisn-r+2s.

Cor.2.Ofallsubsfornletters,oddsubs=evensubs.

Cor.3.Acycleisevenoroddasitslettersareoddoreven.(abc)=(ab)(bc)

Cor.4.Theproductofanynumberofsubsisevenoroddasthenumberofoddfactors

isevenorodd.Anypowerofanevensuboranyevenpowerofanoddsubiseven.

Cor.5.Alltheevensubsofasetofnlettersformagroupofordern!/2

Symmetricfnsofasetofnvarsareunalteredinvaluebyanysub(perm)ofitsvars.

Alternatingfnsadmitonlyevensubsoftheirvars.ThisisasfarasChrystaltakes

substitution.Andthatwasthebestintroductiontopermutationgroupsandcyclic

groupsIhaveeverseen.
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2.IntegralFunctions

Theformofapolynomialfunctionofonevariableingeneralis:

f(x)=c0x
n+c1x

n-1+c2x
n-2+⋅⋅⋅+cn-1x+cn [ƒ]

Whenci[1-n]∈Z,wecallthisanintegralfunction(ifn)andifc0=1,wehavearegular

integralfunction(rifn).Andifallcoeffs∈Q,wecallitarationalfunction(qfn).Be

warnedthat"rationalfn"isanoverloadedtermandcanmeandifferentthingsin

different,especiallyolder,texts.Butwewillalwaysuserationalfunctionorqfninthis

presentsense.Wewillbeginbylookingatthingsevenmoregenerallythanthis

dominantform.

MultinomialFactors

Consider(a+b)(c+d)(e+f)=what?Youdon'tactuallyhavetomultiplythisoutto

gettheproduct.Youcantakeonetermfromeachfactor,produceallpartialproducts,

andapplythelawofsigns:

∴ =ace+acf+ade+adf+bce+bcf+bde+bdf

Letthefactorshavel,m,n,…termsandtheresultingproducthasl⋅m⋅n⋅⋅⋅⋅terms.And

abovewehadthreefactorswithtwoterms∴2⋅2⋅2=8termsintheproduct.Before

wedomoreexampleshere,thereissomethingthatwearerarelyifevertoldin

algebra.Andthatisthattheabovepolynomialcanbeconsideredafnofanyofits

termsOR:

f(a)=(a+b)(c+d)(e+f)=ace+acf+ade+adf+bce+bcf+bde+bdf

=(ce+cf+de+df)a+bce+bcf+bde+bdf

Oritcouldbef(a,b)orf(a,c,e).Youwillseethatthisisausefulthingtoknow.Anyway,

ifwehave(a+b)(a+b),wemusthave2⋅2terms.Buttheonlypossibletermsarea⋅a,

a⋅b,andb⋅bsooneofthemisrepeatedina²+2ab+b².Sym.in(a+b)³wemusthave

eighttermswithonlyfourpossiblecombinations.Therearethreewaystogeta²b(or

ab²)orC3|2=(3⋅2/2⋅1)=3:aab,aba,baa.Andonlyonewaytogeta³orb³.Sowemust

have

a³+3a²b+3ab²+b³

With(a+b+c)²wemusthave3⋅3=9terms.Onlyonewaytogetanyα²andonlytwo

waystogetanyαβ:

(a+b+c)²=a²+b²+c²+2ab+2ac+2bc

whichgivesusnineterms,threetermscombinedoftwo.Whatabout(a+b+c)³?The
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pointhereisthatbyexaminingtheform,wedon'thavetomultiplyanything.Thereis

onewaytogetanyα³;threetogetanyα²β;andsixtogetabc.Ifyouwillworkuntil

youcanseethis,youcanseethesethreenumbers--1,3,6--andwrite:

a³+b³+c³+3a²b+3ab²+3b²c+3bc²+3a²c+3ac²+6abc

Thereisanolduseofthecapitalsigma"∑"whereitmeans"sumofcombinationsof

thisform".Therearefieldsinalgebrawhereitisstillusedand,ofcourse,youcanuse

ittooifyoufindithelpful.Usingit,wehave:

(a+b)³=∑a²+3∑a²b

(a+b+c)³=∑a³+3∑a²b+6abc

(b+c)(c+a)(a+b)=∑a²b+2abc

Usingwhatyouhavejustlearned,checkthatlastonetomakesureit'scorrect.(Idon't

actuallycatchallmytypos.)Andthencalculate(b-c)(c-a)(a-b)whichdoesnotlend

itselftosigmanotation.Fromallthis,wecanseethattheformheredictatesthe

following:

(a+b+c+d+⋅⋅⋅)²=∑a²+2∑ab

(a+b+c+d+⋅⋅⋅)³=∑a³+3∑a²b+6∑abc

Thereisalsoacapitalpi"∏"notationforproductsofcombinations.Forafunctionin

a,b,c,∏a²b=a²b×ab²×a²c×ac²×b²c×bc².Sowecouldsaythat(b+c)(c+a)(a+b)

is∏(b+c)=∑a²b+2abc.Anotherwaytolookatexpandingaknownidentity,like

theonesabove,istouseourPrincipleofSubstitution.Ishouldaddthatanidentityis

simplyatautologicaleqn.TheLHSequalstheRHSnomatterwhatyoufeedit.We

knowthat

(a+b)³=a³+3a²b+3ab²+b³

Sowecanletb=b+candthen

(a+b+c)³=a³+3a²(b+c)+3a(b+c)²+(b+c)³

andalgebrate.Andintheseexpansions,don'tforgettolookforyouroldfriend:

(a+b+c-d)(a-b+c+d)

=((a+c)+(b-d))((a+c)-(b-d))

=(a+c)²-(b-d)²

Thm.2.1.Ifalltermsinallfactorsareasingleletterwithoutcoeffandareallpositive

thensumofcoeffinproductequalsproductofnumbersoffactors.

Example

(a+b)³⇒1+3+3+1=2×2×2
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IntegralFunctionsofOneVariable

AquickreviewfromDMEontheseintegralfunctions(ifn).Thesum,difference,and

productofifnsareifns.IfifnAdividesifnBwithoutremainder,thequotientisanifn.

Thehighest/lowesttermsinanifnaretheproductsofthehighest/lowesttermsinits

factors.Andthedegreeoftheproductofifnisthesumofthedegreesofitsfactors.In

standardform[ƒ],afnofdegreenhasn+1terms,anyofwhichmayhavecoeffofzero.

Afewremarkstomovethingsabitfurther:Ifallthefactorsareintheform(x-αi)for

rootsαi[1-n],thetermsoftheproductbeginpositiveandalternatesign:

(x-a)(x-2a)(x-3a)(x-4a)

=x⁴+(1+2+3+4)ax³-(1⋅2+1⋅3+1⋅4+2⋅3+2⋅4+3⋅4)a²x²

+(1⋅2⋅3+1⋅3⋅4+1⋅2⋅4+1⋅3⋅4)a³x-(1⋅2⋅3⋅4)a⁴

=x⁴-10x³a+35x²a²-50xa³+24a⁴

Thisisbothanexampleofthealternationofsignandoftherelationofcoeffstoroots.

Ifalltherootsareinform(x-α),thenthefirstcoeffisunity.Usingourothernotation

ofNrforchoosingrthingsfromnthings,thethingsaretheroots,thedegreeofthefn

isN,andthecoeffsofthetermsfollowingthefirstareconstructedbychoosingNi

whereiistheterm(2d,3d,4th,...),taketheproductofeachcombination,andsum

themup.Andtheexampleshowsthatthisformremainsthesamewhethertheroots

are1,2,3,4or1a,2a,3a,4a:

4₀=1∴c₀=1

4₁=4∴c₁=a+2a+3a+4a

4₂=6∴c₂=a⋅2a+a⋅3a+a⋅4a+2a⋅3a+2a⋅4a+3a⋅4a

4₃=4∴c₃=a⋅2a⋅3a+a⋅3a⋅4a+a⋅2a⋅4a+2a⋅3a⋅4a

4₄=1∴c₄=a⋅2a⋅3a⋅4a

I'msurethatifyoutried,youcouldprovethisgenerallyfornrootsbyinduction.We

hadtheseideasinDMEandIguaranteeyouthattheywillnotgoaway.

n∈N xn-yn divbyx-y remainder:allterms+

nodd xn+yn divbyx+y remainder:termsalternate+-ends+

neven xn-yn divbyx+y remainder:termsalternate+-ends-

Ibringtheseuptoshowyouhowwithones,allthingsareeasier.Let'smultiplyx-y

bytheallpos-termremaindertoprovethefirstone:

1+1+1+⋅⋅⋅+1+1 =remainder

1-1 . =x-y

1 1 1 ⋅⋅⋅ 1 1

-1 -1 ⋅⋅⋅-1 -1-1

1 -1 =xn-yn

Ifthatdoesn'tseemright,useasmallnforatest.Anotherwayonesmakethingseasy

isthis:considerx³+x²+x+1.Wecansquareitwithdetachedcoeffs:
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1 1 1 1

1 1 1 1

1 1 1

1 1 1 1

1 2 3 4 3 2 1 andthencubeit:

1 2 3 4 3 2 1

1 2 34 3 2 1

1 2 3 4 3 2 1

1 3 6 101212106 3 1 whichis:

x⁹+3x⁸+6x⁷+10x⁶+12x⁵+12x⁴+10x³+6x²+3x+1

Homogeneity

Anintegralfunctionofanynumberofvariablesishomogeneous(homog)ifthedegree

ofeveryterminthesame.Thinkofthebinomialexpansionof(x+y)⁴.Thedegreeof

everytermisfour:x⁴,4x³y,etc.Onlyvariableshavedegree.Ifin3a²x,aisaconstant,

degreeisone.Ifaisavar,degreeis3.IfthenumberoftermsisNandthedegreeisn

then:

N=1/2⋅(n+1)(n+2)

whichisthesumofthefirstn+1naturalnumbers.

Thm.2.2.Ifinanhomogfn,n°,eachvarismultipliedbyp,theresultisthesameasfn

multipliedbypn.

Thiscouldbeusedasadefinitionofanhomogeneousfunction.Expand(pa+pb)²to

seewhatthismeans.

Thm.2.3.∀homogfn,1°,forx,y,z,…subλx₁+μx₂,λy₁+μy₂,λz₁+μz₂,…thentheresultis

thesameassubbingx₁,y₁,z₁,…andx₂,y₂,z₂,…respectivelyforx,y,z,…aftermultiplying

sumsbyλandμrespectively.

Example

Ax+By+Cz⇒A(λx₁+μx₂)+B(λy₁+μy₂)+C(λz₁+μz₂)

=λ(Ax₁+By₁+Cz₁)+μ(Ax₂+By₂+Cz₂)

Thisshowsupagaininanalyticalgeometryandlinearalgebra.

LawofHomogeneity

Theproductoftwohomogifns,degreesm°,n°,isanhomogifn(m+n)°
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Symmetry

1)Afnissymmetricwrt∀2varsifthetwovarscanbeexchangedwithoutchanging

thevalueofthefn.

(a+b)(a+b+c)issymmetricwrta,bbutnota,corb,c.

Thisiseasiertoseeinthefactorsthanintheproduct.

2)Afnissymmetricwrtallvarswhentheinterchangeofanytwovarsdoesnotaffect

thevalueofthefn.

x²y+y²z+z²xisnotsymmetricatall.

Exchanginganytwovarschangesthevalue.

3)Afniscollaterallysymmetricintwosetsofvars{xi[1-n]}and{ai[1-n]}whenthe

simultaneousexchangeoftwofromeachsetleavesthevalueunchanged.

a²x+b²y+c²z{a,b,c}{x,y,z}

Exchangingx⇔yanda⇔b:b²y+a²x+c²z∴collaterallysymmetric.

Wewilloftenuse"sym"todenote"symmetric"or"symmetrical"intheabovesense

andkeep"Sym."todenote"bysymmetricproof."

RuleofSymmetry

Thesum,product,andquotientoftwosymmetricfnsisasymmetricfn.Tomakeafn

symmetric:

Ax+By A=B Ax+Ay

Ax²+Bxy+Cy² A=C Ax²+Bxy+Ay²

Ax³+Bx²y+Cxy²+Dy² A,B=D,C Ax³+Bx²y+Bxy²+Ay²

Symmetrygivesusevenmoreleveragetoproduceproductsofmultinomialfactors

basedontheformofnumberratherthanbycalculation:

(a+b+c)(a²+b²+c²-bc-ca-ab)

twosymmetricterms∴productsymmetric:

a³coeff1∴b³,c³sym.

nob²c∴noc²a,a²c,bc²,ab²,ba²

clearly,-3abc

∴ product:a³+b³+c³-3abc

Withifns,thereisa"PrincipleofIndeterminateCoefficients",whichisoneoftheworst

namechoicesinmathematics.Itsaysthatbecausethecoeffsofanifnareindependent

(ind.)ofx,oncetheyareinanywaydetermined,theyarefixed.Whichistosaythat

thecoefficientsofafnaredeterminedbytheformofthefactorsandnotbythe

variablesandthatthisdeterminationisabsolute.
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Examples

1)(x+y)²=(x+y)(x+y)=Ax²+Bxy+Ay² [1]

Thismustbetrueofanyxandanyy.

Take(1+0)²=A⋅1²+B⋅1⋅0+A⋅0²∴A=1

∴Ax²+Bxy+Ay²=x²+Bxy+y²

Take(1+-1)²=1+B⋅1⋅-1+1∴B=2∴x²+2xy+y²

Thisisalsosolvableasasystemof1°eqns.

Using[1]withpoints(2,3)and(1,4):

25=13A+6B

25=17A+4B

∴A=1B=2

2)(x+y+z)(x²+y²+z²-yz-zx-xy) [2]

ByformthismustequalA∑x³+B∑x²y+Cxyz [3]

Letx=1,y,z=0∴A=1

Letx,y=1,z=0,A=1∴[2]=[3]∴2⋅1=2+B⋅2∴2B=0∴B=0

(Ifyoucan'tseewhywehaveB⋅2,expandB∑x²y.)

Thenletx,y,z=1,A=1,B=0∴3⋅0=3+C∴C=-3

∴productisx³+y³+z³-3xyz

AlgebraicForms

I'mabouttogiveyouChrystal'shugelistofidentitieswhichIprefertothinkofas

commonalgebraicformsofnumber.Letmetellyouastoryfirst.Ifyouwantedtobe

acabdriverinLondon,youwouldgototheSchoolofKnowledge.Andthere,forten

years,youwouldstudythemapofLondonuntilyoukneweveryoneofitstwenty-five

thousandstreetsandagreatdealaboutwhatisonthosestreets.Iamnotmakingthis

up.Thetestshavequestionslike:"Yourcustomerwantstogofromhishomeon

[obscurestreet]tohismother'shouseon[obscurestreetoppositesideofLondon].

Whatistheshortestroute?"Ilearnedthisonaradioprogramandhearingsomeone

reelofftherouteacrossLondonwasamazing.Whenaskedifhehadalwayshada

goodmemory,hesaid,no.

Youcandomorewithyourmindthanyouthinkyoucan.Allofthefollowingforms

arecommonenoughtobearmemorizing.Thinkaboutdoingjustthat.Itwillnottake

youtenyears.Itmightnoteventakeyouaweekend.Andoncetheyareinyourhead,

theyaretheretoconsiderwheneveryoulike.

WhatfollowsisthetableofidentitiesfromChrystal'sAlgebra-AnElementaryText
Book.
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I.

(x+a)(x+b)=x²+(a+b)x+ab

(x+a)(x+b)(x+c)=x³+(a+b+c)x²+(bc+ca+ab)x+abc

andgenerally

(x+a1)(x+a2)⋅⋅⋅(x+an)=xn+P1x
n-1+P2x

n-2+⋅⋅⋅+Pn-1x+Pn
[wherePi=sumof"nchooseiofthea's"]

(x±y)²=x²±2xy+y²

(x±y)³=x³±3x²y+3xy²±y³&c.;

andsoon,thenumericalcoefficientsbeingtakenfromthefollowing

tableofbinomialcoefficients:

II.

Power Coefficients .

1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

5 1 5 10 10 5 1

6 1 6 15 20 15 6 1

7 1 7 21 35 35 21 7 1

8 1 8 28 56 70 56 28 8 1

9 1 9 36 84 126 126 84 36 9 1

10 1 10 45120 210 252210 120 45 10 1

11 1 11 55165 330 462462 330 165 55 11 1

12 1 12 66220 495 792924 792 495220 66 12 1

III.

(x±y)²∓4xy=(x∓y)²

IV.

(x+y)(x-y)=x²-y²

(x±y)(x²∓xy+y²)=x³±y³

andgenerally

(x-y)(xn-1+xn-2y+⋅⋅⋅+xyn-2+yn-1)=xn-yn

(x+y)(xn-1-xn-2y+⋅⋅⋅∓xyn-2±yn-1)=xn±yn

upperorlowersignaccordinglyasnisoddoreven.

V.

(x²+y²)(x'²+y'²)=(xx'∓yy')²+(xy'±x'y)²

(x²-y²)(x'²-y'²)=(xx'±yy')²-(xy'±x'y)²

(x²+y²+z²)(x'²+y'²+z'²)=(xx'+yy'+zz')²+(yz'-yz')²+(zx'-z'x)²+(xy'-x'y)²

(x²+y²+z²+u²)(x'²+y'²+z'²+u'²)=(xx'+yy'+zz'+uu')²

+(xy'-yx'+zu'-uz')²

+(xz'-yu'-zx'+uy')²

+(xu'+yz'-zy'-ux')²

VI.

(x²+xy+y²)(x²-xy+y²)=x⁴+x²y²+y⁴
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VII.

(a+b+c+d)²=a²+b²+c²+d²+2ab+2ac+2ad+2bc+2bd+2cd

andgenerally

(a₁+a₂+⋅⋅⋅+an)²=sumofthesquaresofa₁,a₂,...,an
+twicesumofallpartialproductstwoandtwo.

VIII.

(a+b+c)³=a³+b³+c³+3b²c+3bc²+3c²a+3ca²+3a²b+3ab²+6abc

=a³+b³+c³+3bc(b+c)+3ca(c+a)+3ab(a+b)+6abc

IX.

(a+b+c)(a²+b²+c²-bc-ca-ab)=a³+b³+c³-3abc

X.

(b-c)(c-a)(a-b)=-a²(b-c)-b²(c-a)-c²(a-b)

=-bc(b-c)-ca(c-a)-ab(a-b)

=bc²-b²c+ca²-c²a+ab²-a²b

XI.

(b+c)(c+a)(a+b)=a²(b+c)+b²(c+a)+c²(a+b)+2abc

=bc(b+c)+ca(c+a)=ab(a+b)+2abc

=bc²+b²c+ca²+c²a+ab²+a²b+2abc

XII.

(a+b+c)(a²+b²+c²)=bc(b+c)+ca(c+a)+ab(a+b)+a³+b³+c³

XIII.

(a+b+c)(bc+ca+ab)=a²(b+c)+b²(c+a)+c²(a+b)+3abc

XIV.

(b+c-a)(c+a-b)(a+b-c)=

a²(b+c)+b²(c+a)+c²(a+b)-a²-b²-c²-2abc

XV.

(a+b+c)(-a+b+c)(a-b+c)(a+b-c)=2b²c²+2a²c²+2a²b²-a⁴-b⁴-c⁴

XVI.

(b-c)+(c-a)+(a-b)=0

a(b-c)+b(c-a)+c(a-b)=0

(b+c)(b-c)+(c+a)(c-a)+(a+b)(a-b)=0

PolynomialDivision

IfwehaveanyifnsA,DinonevarandifnQ:D⋅Q=AthenQ≡quotient,A≡dividend,

andD≡divisor.IfA,Dcoeff∈ZthenQcoeff∈Q.WhenQcanbetransformedinto

coeff∈Z,thenAdivbyDelseQisfractionalOR:
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Qifn⇒Q°=A°-D°

A°<D°⇒Qfractional

Thm.2.4.A,D,Q,Rifn:A=QD+R⇒AandRdivbyD

Proof

A=QD+R∴A/D=Q+R/D∴R/D=A/D-Q■

Becauseifnsare"asintegers"inEuclid'sAlgorithm,thesetheoremsfollowfromthe

proofsinDMEforarithmeticdivision.

Thm.2.5.Am,Dnifnsm°,n°thenwecantransformAm/Dn:Am/Dn=Pm-n+R/Dn
wherePm-nifn(m-n)°.IfR≠0,Rifnmax(n-1)°Whichistosay,DividingAmbyDn,we
getaquotientPm-nplusaremainderinexactlythesameformasinintegralarithmetic.

Thm.2.6.ThequotientA/Doftwoifntakestheuniqueform:P+R/D

whereP,RifnsandR°<D°

WeknowthatAdivbyD⇔R=0.Soifthedivisorisn°thenRis(n-1)°withncoeffs

∴nconditionsofdivisibility.

WecoveredpolynomialdivisioninDMEandmentionedthatpolynomialsofmorethan

onevariablecouldalsobedividedandthat"prime"factorscouldbefound.Butthis

wouldrequirespecialorderingofthepolynomialsinvolved.Consider:

a⁴-3a³+6a²b²-3ab²+b⁴÷a²-ab+b²

Herewemustchooseaorbasvarandthenorderappropriately.Ifwetakeaasvar

theorderhereiscorrect

1-36-31|1-11

etc. |1-23=a²-2ab+3b²

2-2=2ab³-2b⁴

IfwechoosebasvarandorderbothappropriatelythenQ=b²-2ba+3a²and

R=2ba³-2a⁴whichshowsthatthesefnsaresymmetric.InDME,weprovedthe

RemainderTheoremandusedSyntheticDivisiontodemonstrateitsuse.Thisgivesus

onewaytofactorifns.

Thm.2.7.Ifai[1-r]arerootsofifnf(x),n°:r<n⇒

f(x)=(x-a₁)(x-a₂)(x-a₃)⋅⋅⋅(x-ar)⋅φxwhereφisifn(n-r)°

Cor.1.ifnf(x)divby(x-ai)[1-r]:(x-ai)1°andaidistinct⇔f(x)divby∏(x-ai)

Cor.2.ai[1-n]rootsoff(x),n°⇒f(x)decomposableintonfactors(x-ai)

Cor.3.ifnf(x)vanishesformorethannfactors⇒eachofitscoeffsmustvanish

Example(x+1)(x-1)-x²+1hasroots1,2,3butitresolvesto0x²+0

Cor.4.Iftwoifnm°>n°beequalformorethanmdifferentvaluesofx,afortioriif
theybeequalfor∀x(identicallyequal)⇒coeffsoflikepowersmustbeequal.
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Cor.4isnottrivialinthewayourDMEtheoremaboutequatingcoeffsininfiniteseries

wasnottrivial.Infact,Cor.4isthePrincipleofIndeterminateCoefficientsredux.And

itimpliesthatthereisauniquetransformationofanyf(x)intoanifn.Let'sshowsome

usesoftheRemainderTheorem:

Examples

1)Determinek:x³+6x²+4x+kisdivby(x+2)

UsingSyntheticDivisionfromDME:

164k|-2

-2-88|

14-4

Herewehaveremainder8+k

Fordivby,need8+k=0∴k=-8

2)Is3x³-2x²-7x-2divby(x+1)(x-2)?

f(-1)=-3-2+7-2=0 divby(x+1)

f(2)=24-8-14-2=0 divby(x-2)

SobyRemainderTheoremfisdivbybothfactors.

∴3dfactor1°=ax+b∴a=3

Constantterm=-2∴-1⋅2⋅b=-2∴b=1∴remainingfactoris(3x+1)

3)n∈N when dividedby remainder meaning .

xn-an x-a an-an 0always

xn-an x+a (-a)n-an 0(neven),-2an(nodd)

xn+an x-a an+an 2analways

xn+an x+a (-a)n+an 0(nodd),2an(neven)

4)Showa³(b-c)+b³(c-a)+c³(a-b)=-(a+b+c)(b-c)(c-a)(a-b)

ConsiderLHSasfnofa∴vanisheswhena=b∨c

∴divby(a-b)and(a-c)

LHSasf(b)vanishesifb=c∴divby(b-c)

∴LHS=Q(a-b)(a-c)(b-c)

LHSasf(a,b,c)is4°∴Q(a,b,c)mustbe1°asfactorswrt∀varare3°

∴Q=(la+mb+nc)

∴RHS=(la+mb+nc)(a-b)(a-c)(b-c)=-(la+mb+nc)(a-b)(c-a)(b-c)

Bothfnsaresymmetric∴forldeterminecoeffa³bbothsides

∴l=1andbysym.m,n=1∴LHS=RHS

FactoringPolynomials

Consider
x³+3x²+3x+2

3x³+8x²+5x+2
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Ifweletx=10,thisbecomes

1332=2²⋅3²⋅37
3852 2²⋅3²⋅41

∴gcm(1332,3852)=36

Ifweexpressthisintermsofx=10,36becomes3x+6.

Dividingourtwoifnby(3x+6),wehave

⅓x²+⅓x+⅓

x²+⅔x+⅓

But(3x+6)isactually3(x+2)andifweuse(x+2)asourfactorwehave:

x²+x+1

3x²+2x+1

Whatwehavedoneisrealizedthatthefactorsofapolynomiallikethisarethefactors

nomatterwhatxis.Sotheyarethefactorswhenx=10andthereforearethefactorsof

f(10).Doweneedtoprovethis?Ifyouthinkaboutit,wedon't.Recallinghow

ridiculoussomeofthegreatestmindsofthe20thcenturylookedwhentheytriedto

provearithmetic,Ithinkwecanskipthat.Thismethodisonlyarithmetic.Andatfirst,

themethodstrikesyouassimpleandpowerful.Well,itisanditisn't.Oritisn'tandit

is,dependingonhowyoulookatit.

IcallthisNiemand'sMethodafterLewisCarroll'sfriendHerrDoktorNiemandinhis

EuclidandHisModernRivals.It'sakindofjoke.ButNiemand'sMethodisnotajoke.
Itismoreofaheuristicthanarigorousmethod.Butitdelivers.Letmeshowyou.We

callthevalueoff(10)thenval.Herearesomebasicexamples.

x²+15x+36

nval(286)=2⋅11⋅13

(x+3)(x+12)∴13⋅22

x²+9x-36

nval(154)=2⋅7⋅11

(x-3)(x+12)∴7⋅22

x²-15x+36

nval(-14)=-1⋅2⋅7

(x-3)(x-12)∴7⋅-2

x²-9x-36

nval(-26)=-1⋅2⋅13

(x+3)(x-12)∴13⋅-2

2x²+8x+6

nval(286)=2⋅11⋅13

(2x+6)(x+1)∴26⋅11

2x²+8x+5

nval(285)=3⋅5⋅19

(2x+a)(x+b)integralabmustbe1⋅5

∴nointegersolnforfactors3⋅5⋅19

(soln≡solution)
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2x²+8x+6=2(x²+4x+3)

nval(143)=11⋅13

(x+3)(x+1)∴13⋅11

∴2(x+3)(x+1)

x²+x+3

nval(113)≡prime

∴irreducible(complexfactors)

HowusefulisNiemand'sMethod?Forifnswithpositivecoefficients,itisthesupreme

methodoffactorization.Youcanseethatthenvalofaquadraticcanhavemorethan

twofactorsandthisexcessisevenmoretrueforfnsofhigherdegrees.Butfor

positivecoeffs,thisisstillthequickestmethod.

Letjustonecoeffbenegativeandit'sawhole'notherstory.Weknowtherelationof

coeffstoroots.Ifacubichasrootsa,b,c,thefirstcoeffis1,theseconda+b+c,thethird

isab+bc+ca,andthefourthisabc.Ifaisnegativewehaveb+c-a,bc-ab-ca,and-abc.

Butthatdoesn'tmakeanybutthelastcoeffnegativenecessarily.Andifthelastcoeff

isnegative,wecanonlyknowthatanoddnumberofrootsarenegative.Consider:

3x³-4x²-17x+6

Thenvalis2436=2²⋅3⋅7⋅29.Wecanseetherearenegativerootsandthattheremust

betwoofthemduetothelastcoeff.Andourfactorsmustbe(3x+a)(x+b)(x+c).Ifwe

combinethe7withthe2,3or4,thefactoris(x+4),(3x-9),or(3x-2)withonlythelast

beingpossible.The7alonegives(x-3).Wecanusesyntheticdivisiontodiscard

(3x-2)andaccept(x-3)∴(3x+a)(x+b)(x-3).The29isclearly(3x-1),root⅓,andis

easilyvalidated.Whichleaves2²⋅3=12⇒(x+2)andwe'redone.

Thenvalisconsistentinpolynomialdivision.Let'slookatfnswithnvalsof144:

x2+4x+4factorsinto(x+2)2or12⋅12=144.

2x2-6x+4factorsinto(x+2)(2x-10)r24and12⋅10+24=144.

But2x2-6x+4alsofactorsevenlyinto(x-2)(2x-2)or8⋅18=144.

3x2-16x+4factorsinto(x-2)(3x-10)r-16and8⋅20-16=144.

Onethingthispointstoisthatthismethodismoreusefulwithregularifnwherec0=1.

Wecanusethenvalbackwardstoinvestigatethepossibilityoffactors.With3x2-16x

+4wewouldneed(3x-a)(x-b)justfromtheformofthingsand-a⋅-b=4.Thenval

is144.Sofromtheformofthefactors,wecanaskourselves,using"?"asadigit's

placeholder,cantherebea2?⋅?=144=24⋅32.Theonlypossibilityforatwenty-

somethingis3⋅8=24=(3x-6)andthe-6scotchesourrequired4.

x3+12x2-32x-256hasannvalof1624=23⋅7⋅29.The12,32,and256encourage

ustobelievef(x)isdivby(x+4)andsyntheticdivisionshowsusthisissoandwitha

quotientofx2+8x-64.Our(x+4)hasarootof-4andannvalof14.1624÷14=116

andthisisthenvalofourquotientwithfactorsof22⋅29.The64andthe29tellus

therearenomoreintegralfactorsandthattheproductofthesurdrootsis-64.The

rootsare(-4±4√5)/4.
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Ifyouexaminealgebratexts,themethodsoffactoringpolynomialsareadhoc
attemptsusingtheRemainderTheorem andthefinalcoeffandthecanonical

extractionofrootsforquadratics,cubics,andquartics.Andforquinticsandbeyond,

theythrowuptheirhandsindespair.Niemand'sMethodoffactoringisclearly

superiortotheadhocmethod.Itdoesn'tpretendtoreplacethecanonicalmethodsas
itdoesn'tdeliveronrealorimaginarysurds.Whataboutfunctionsofhigherdegrees?

Eisenstein'sCriterionsaysthatforanifnwithcoeff∈Z,if∃primep:pdividesanyci
butthelastoneanddoesnotdividethelastone(cn),thenf(x)isirreducibleinQ[x]

(polynomialswithrationalcoeff).Sox7+6x5-15x4+3x2-9x+12isirreducibleusing

p=5.Thenvalhereis10450222=2⋅53⋅311⋅317.Weneedsevenrootsand±1donot

work.Sowehavethreepairofrealorimaginarysurds,togetherwithan8from(x-8)

forthe2andthen8⋅a₁⋅a₂⋅b₁⋅b₂⋅c₁⋅c₂=12,right?No,f(8)≠0.Assoonassurdsenter,

Niemandisnohelp.Inx²+x+3,thenvalis113andprime.Yetthereisnodirect

relationapparentbetweenthe113andtheeasilyderivedroots.Butwecanseeeven

moreclearlythanSergeihere(IassumethisEisensteinguyisthefilmdirector)what

wearedealingwith.Ifwecaneverrelatetheprimefactorsofthenvaltotherootsin

anyway,wewouldhaveevenmoretoworkwith,ifnottherootsthemselves.Andif

weareonlytalkingaboutifnofhigherdegreeswithpositivecoeffs,Niemandrocks.

Aswecontinue,IwillpointoutwhereNiemand'sMethodisusefulinourwork.

Perhapssomedayitwillamounttomorethananoftenusefulheuristic.But,hey,these

areNiemand'sideas.I'mjusthisamanuensisinthisworld,hebeingalreadydead

whenheappearedasaghosttoLewisCarroll.

Let'slookatmoretoolsforfactoringifns.Formcanrevealfactors:

x²-y²⇒factorsof(x+y)and(x-y)

xn±yn⇒factorsof(x+y)and/or(x-y)

x³+y³+z³-3xyz⇒factorof(x+y+z)

Butformisonlyahelpifyouhavetheformsinyourheadorwrittenoutnexttoyou

whereyoucanrefertothem.

Examples

1)x²-12x+32 Assume∃(x-a)(x-b)

∴x²-12x+32=x²-(a+b)x+ab

∴a+b=12∧ab=32

∴a=4∧b=8

2)x³-2x²-23x+60=(x-a)(x-b)(x-c)∧-abc=60

1-2-2360|3 (factor(x-3))

3 3-60|

11-20 0

∴(x-3)(x²+x-20)=(x-3)(x-4)(x+5)
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3)6x²-19x+15=(ax+b)(cx+d)

∴ac=6∧bd=15

∴(2x-3)(3x-5)

Youcanseethatthesetoolscomplementtheadhocmethodoffactoring.Ateverystep
youarejudgingpossibilitiesandvalidatingthem.Here'sahigherleveltool:

IfifnPcanbearrangedasasumoftermswhereQisafactorofeach,QisafactorofP.

IfPcanbearrangedintosuchaformandalsoanadditionalgroupwhereQisnota

factorthenQisnotafactorofP.

Examples

1)x³-2x²-23x+60

=x²(x-2)-23(x-2)+14∴(x-2)!factor

=x²(x-3)+x²-23x+60

=x²(x-3)+x(x-3)-20x+60

=x²(x-3)+x(x-3)-20(x-3)∴(x-3)factor

Andasasidenote,weknowfromotherideasthatthisshowsthatx³-2x²-23x+60is

thefnx²+x-20intermsof(x-3).Andfurther,thatthisisananalogofchanging

baseswithintegers.

2)px²+(1+pq)xy+qy²

=px²+xy+pqxy+qy²

=x(px+y)+qy(px+y)∴(px+y)factor

=(x+qy)(px+y)

Let'sgomoredeeplyintotheideaofquadraticfactorsandroots.

Tomakex²+px+qaperfectsquare(perfect²):

x²+px+q+α=(x+β)²=x²+2βx+β²

∴p=2β∧a=β²-q=(p/2)²-q

∴x²+px+q+(p/2)²-q=(x+β)²

Forthegeneralformofax²+bx+cthisbecomes:

ax²+bx+c+(b²-4ac)/4a=a(x+b/2a)²

∴ax²+bx+c=a((x+b/2a)²-((b²-4ac)/4a²))

Letthistaketheformofa((x+l)²-m²)

wherel=b/2aandm=√((b²-4ac)/4a²))

∴factorsarea((x+l)+m)((x+l)-m)

andnowwehavetheform(a+b)(a-b)=a²-b²



43

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.EarleHarris(c)2019

Examples

1)x²+2x-1=x²+2x+1-2

=(x+1)²-(√2)²

=(x+1+√2)(x+1-√2)

2)x²+2x+5=x²+2x+1+4

=(x+1)²-(2i)²

=(x+1+2i)(x+1-2i)

3)x²+2x+3=x²+2x+1+2

=(x+1)²-(i√2)²

=(x+1+i√2)(x+1-i√2)

4)x⁴+y⁴=(x²+y²)²-2x²y²

=(x²+y²)²-(√2⋅xy)²

=(x²+y²+√2xy)(x²+y²-√2xy)

Andthen

x²+√2xy+y²=(x+√2/2⋅y)-1/2⋅y²

andsoon.

Itfollowsthatinax²+bx+c [1]

thatwecanhavea,b,c∈Q∴l=b/2a∈Qand

1. ifb²-4acisapositivesquareofarationalnumberthenmisrationaland[1]

is(x+l+m)(x+l-m)astheproducthastwolinearfactorswithcoeff∈Q

2. ifb²-4acispositivebutnotasquareofsomeq∈Qthenm∈R-Qandthen

thecoeffsmustbeinR-Q

3. ifb²-4acisnegativethenm∈C-R(thatwouldbeimaginary)andcoeff∈C

4. ifb²-4acvanishesthenm=0and[1]isa(x+l)²,twofactorsrealand

identical

Youcanseehow,inallofthesequadraticideas,Chrystalhastakenadifferent

approachthanDeMorgandid.Todhuntertakesathirdapproach.Andeveryreal

mathematicianhashisownunderstandingtoshareofevenbasicideaslikethese.If

youfindyourselfstudyingabookwheretheauthordoesnothaveadistinctand

interestingviewpoint,chuckitandgofindabetterbook.Lotsofpeoplehave

compiledmathematicstextsbuthavenothingofthemselvestooffer.Youwantan

individualthinkertosharehisorherideaswithyou.Mathematicsistheproductof

individualthought.

Moregenerally,forf(x),n°withcoeff∈Nthereareanevennumberofroots∈Cwhich

wewillseeareinconjugatepairs.Thefunctionwillthenhavenfactors:proots∈R,

2q∈C:p+2q=n.

Whenthenumberofvarsisgreaterthanone,factorizationisnotgenerally

algebraicallysolvable.Anexceptionishomogeneousfunctionsoftwovars.InDME,

welookedatthegeneralseconddegreeequationoftwovariablesandshowedhowis

wasfactorable.Let'slookatthisalittlemoredeeplyfromChrystal'spointofview.
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Generalform:

ax²+2hxy+by²+2qx+2fy+c

=a(x²+2((hy+g)/a)x+(by²+2fy+c)/a)

=a(x²+2Px+Q)

=a((x+P)²-(P²-Q))

=a(x+P+√(P²-Q))(x+P-√(P²-Q))

Thesearerationalfactorsif√(P²-Q)isarationalfunctioniny.

∴P²-Qmustbeaperfect²wrty

P²-Q=((hy+g)²-a(by²+2fy+c))/a²

=((h²-ab)y²)+2(gh-af)y+(g³-ac))/a²

Andthisisaperfect²of

4(gh-af)²-4(h²-ab)(g²-ac)=0 or

-a(abc+2fgh-af²-bg²-ch²)=0

1)abc+2fgh-af²-bg²-ch²isthediscriminant.

2)Ifa=0andb≠0,wedotheabovebeginningwithpowersofyinsteadofx.

3)Ifa,b=0,themethodoffactoringfails.Butnowwehave

2hxy+2qx+2fy+c

andifthisisresolvabletolinearfactorsitmustbeofform

2h(x+p)(y+q)

∴2g=2hq 2f=2hp c=2hpq

Thefirsttwogivefg=h²pqor2hpq=2fg/h∴ch=2fg

h≠0⇒2fgh-ch²=0andwhenthisissatisfied,resolutionis

2hxy+2gx+2fy+c=2h(x+f/h)(y+g/h)

4)Ifa,b,h=0weareleftwith2gx+2fy+c

Thisisalinearfactorandthediscriminantvanishes.

Euclid'sAlgorithm

Let'sreviewalittleandthenextendourideaoftheGCMofpolynomials.Anifnf(x)

whichexactlydividestwoormoregivenifnofxisacommonmeasureorfactoror

divisoroftheseifns.Theifnofhighestdegreewhichexactlydivideseachoftwoor

moresuchifnistheirgreatestcommonmeasure.

IfA=BQ+R:A,B,Q,Rifnofx,gcm(A,B)=gcm(B,R).Andtheproofofthistakesexactly

theformoftheproofinDMEwhereanythingwhichdividesthedivisoranddividend,

dividesthedivisorandremainder.Ilovethatlittleproof.



45

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.EarleHarris(c)2019

IndeterminingtheGCM,wecanaddorremovetotheremainderordivisoranyifn

whichhasnocommonfactorinthem.Wecanremoveafactorcommontothemboth

ifwereintroduceitbackintotheGCM.Wecanaddorremoveanumericalfactorto

either.NoneoftheseaffecttheGCM.

Withpolynomials,weareusingthedegreeoff(x)asameasureofmagnitude.The

largerpolynomialhasthelargerdegree.TheproofoftheifnGCMissymmetrictothe

arithmeticproofexceptforitsterminatinginanyconstantandnotjustunityifthetwo

fnsareprimetoeachother(e.o.).

Thm.2.7l,m,p,q∈N:lq-mp≠0A,B,P,Qifns:

P=lA+mB

Q=pA+qB

thengcm(P,Q)=gcm(A,B)

Proof

Byinspection,anydivisorofA∧BdividesP∧Q(∧≡"and")

qP-mQ=q(lA+mB)-m(pA+qB)=(lq-mp)A

-pP+lQ=-p(lA+mB)+l(pA+qB)=(lq-mp)B

∴∀divisorofP∧QdividesA∧Bw/outremainder■

ThisissometimescalledtheAlternativeGCDalgorithm.Asapurist,Iconsideritasa

constructionbaseduponEuclid7.1.Whenusingit,l,m,p,qarechosensothatthe

highestterminlA+mBandthelowestterminpA+qBdisappear,justasonechooses

numericalmultiplierswhensolvingsimultaneouseqnsusingmatrixarithmetic.

Examples

1)gcm(A,B)

A=4x⁴+26x³+41x²-2x-24

B=3x⁴+20x³+32x²-8x-32

-3A+4B=2x³+5x²-26x-56

4A-3B=7x⁴+44x³+68x²+16x

Don'tbeconfusedbythisexample.Thel,mof-3,4wasusedtomakethex⁴cancelas

12x⁴'s.Anditjusthappensthatthesamenumberscanbeusedtocancelthe-24and-

32.Wecantossoutthefactorofxinthe2doneandcontinue:

A'=7x³+44x²+68x+16

B'=2x³+5x²-26x-56

Herecomesanotherunfortunatecoincidenceforl,m,etc:

2A'-7B'=53x²+318x+424

7A'+2B'=53x³+318x²+424x

Again,tossthexfactoranddivideby53:
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gcm(A,B)=x²+6x+8

2)gcm(A,B)

A=2x⁴-3x³-3x²+4

B=2x⁴-x³-9x²+4x+4

AnydivisorofA,BdividesA-Bor-2x³+6x²-4x

Or-x(x²-3x+2)orx(x-1)(x-2)

ByRemainderThm,A,Bdivbybothfactors

∴gcm(A,B)=x²-3x+2

3)SometimesthereisnoGCM

A=x²-3x+1

B=x²-4x+6

Usingdivisionwithdetachedcoeffs:

1-31|1-46

21| -15

11

ThisisChrystal:Itwillbewellatthisstagetocautionthestudentagainstbeingmisled
bytheanalogybetweenthealgebraicalandthearithmeticalGCM.Heshouldnotice
thatnomentionismadeofarithmeticalmagnitudeinthedefinitionofthealgebraical
GCM.Theword"greatest"inthatdefinitionrefersmerelytodegree.Itisnoteven
truethatthearithmeticalGCMoftwoarithmeticalvaluesoftwogivenfunctionsofx,
obtainedbygivingxanyparticularvalue,isthearithmeticalvalueoftheGCMwhen
thatparticularvalueofxissubstitutedtherein;norisitpossibletoframeany
definitionofthealgebraicalGCMsothatthisshallbetrue.

HerrNiemandbegstodiffer.Inexample#1above,thenvalsare70056and53088.

Andmycalculatortellsmethatgcm(70056,53088)=168or,asx=10,x²+6x+8.So

longasNiemand'sMethodremainsaheuristic,Imakenoclaimsforit.Butasitstands

upontheformofnumberandthetruth-groundsofarithmetic,noprogressinitsuse

willsurpriseme.InChrystal'sdefense,beingaTexan,IhaveanexpensiveTexas

Instrumentscalculatorwhichcanfactor70056inaninstantandgivemeGCM'sofany

twointegersthatwon'toverruntheregistersjustasquickly. Donebyhand,

Niemand'sMethodwouldbemind-numbinglytime-consuming.

IntegralFunctionsasIntegers

BecauseifnsaresubjecttoEuclid'sAlgorithm,wehavesaidtheyare"asintegers."

Let'sseehowfarthisanalogygoes.Theproofsofwhatfollowsaresymmetrictothe

proofsinDMEonnumbertheoryforintegers.

Def.Twoifnareprimetoeachother(notation:p(A,B))whentheyhavenocommon

divisor.
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Thm.2.8.ifnsA,B⇒∃ifnsL,MprimetoA,B:

gcm(A,B)=G⇒LA-MB=Gand

p(A,B)⇒LA-MB=1

Youwillseethatlastlineagaininpartialfractions.Theproofofthistheoremis

symmetrictothesimilarnumbertheoryproof.Thesameistrueofthefollowing

theorem.

Thm.2.9.ifnsA,B,Hp(A,B)⇒∀commondivisorofAH∧BdividesH

Cor.1.IfAHdivbyBandp(A,B)⇒HdivbyB

Cor.2.IfA'primetoA,B,C,…⇒A'primetotheirproducts

Cor.3.IfeachofA,B,C,…primetoeachofA',B',C',…thentheirproductsareprimeto

eachother.

Cor.4.m,n∈NIfp(A,B)⇒p(Am,Bn)

Cor.5.IfasetofifnscanberesolvedintofactorsandpowersofifnsA,B,C,…thenthe

GCMofthesetistheproductofallfactorscommontoallfnsoftheset,eachfactor

raisedtothelowestoccurringpower.

Thetakeawayhereisthatfunctionsofform[ƒ]withcoeffs∈Zareasintegersand

therefore,withduecare,youcanleveragethetruthsofnumbertheorywhendealing

withthem.Whatistrueofonemustbetrueoftheother.

TheLeastCommonMultiplealsoappliestoifns.Givenasetofifns,theLCMistheifn

oflowestdegreedivisiblebyeachofthemwithoutremainder.

Letgcm(A,B)=G⇒A=aG∧B=bGwherea,bifnsandp(a,b)

LetMbeacommonmultipleofA,B⇒M=PA=PaG

MdivbyB=bG⇒M/bG=PaG/bG=Pa/bandisanifn

∴P=QbwhereQisanifn∴M=QabG

∴lcm(A,B)=abG=AB/G

∴∀commonmultipleofA,Bisamultipleoflcm(A,B)

IntegralFunctionFractions

Def.IfA,BifnsthenA/Bisanintegralfunctionfraction,denotedifrac.

Notethatinvarioustextbooks,thesecanbecalledrationalfractionsorevenrational

functions.Asalwaysinmathematics,paymoreattentiontowhatitisthanwhatit's

called.

IfA,Bifns,wesayA<BifA°<B°andwecandenotethedegreeoffractionswhereif

A,Bofdegreem,nournotationisAm/Bn.Wecanthendistinguishbetweenproper

ifracs(pifrac)andimproperifracs(mifrac)withanexactanalogytonumerical

fractions.Andagain,asifnsare"asintegers"manytruthsofifracsfollowfrom

arithmeticalornumbertheoryproofs.
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Thm.3.1.∀ifracA/B:A>BisexpressibleasanifnQandanifracR/B

Prooffollowsfromdivisionalgorithmusing

Am =Qm-n+R

Bn Bn

Cor.1.IftwomifracsA/B,A'/B'areequalthentheintegralandfractionalpartsare

equal.

Proof

Am =Qm-n+RandA'm'=Qm'-n'+R

Bn Bn B'n' B'n'

fromthis

Qm-n-Q'm'-n'=(R'Bn-RB'n')/BnB'n'=C/D

degreesR,R'<n,n'⇒C°<n+n'

∴ifLHS≠0⇒integralfnLHS=pifracRHS↴ (nointegercanequalproperfraction)

∴Qm-n=Q'm'-n'∴R/Bn=R'/B'n'■

ExampleusingNiemand'sMethod

Showx³+2x²+3x+4=x⁵+4x⁴+8x³+12x²+11x+4

x²+x+1 x⁴+3x³+4x²+3x+1

LHS=x+1+ x+3 .

x²+x+1

RHS=x+1+ x³+5x²+7x+3. nval=1573.=11²⋅13.=13.⋅11²

x⁴+3x³+4x²+3x+1 13431 3⋅11²⋅37 11111²

=x+3.⋅(x+1)²=LHSNotethatusingNiemand'sMethodalwaysrequires

x²+x+1(x+1)² verification.Numericalfactorscanmislead.

Niemandworksherebecauseallcoeffsarepositive.

Thm.3.2.ifnsP,Q,P',Q'IfP/Q=P'/Q'andP/QinlowesttermsthenP'=λPQ'=λQ

whereλifnwhichreducestoaconstantifP'/Q'isreducedtolowestterms.

Proof

P'/Q'=P/Q∴P'=Q'P/Q⇒ LHSifn∴Q'PdivbyQ

p(P,Q)∴Q'=λQ∴P'=λQP/Q=λP

∴p(P',Q')⇒λconstant(couldbeunity)

Ourifracscanbeoperatedoninthesamefashionasnumericalfractions.And,

additionally,wecanbringtobearallthetoolsofalgebra.Makeeveryuseyoucanof
generalideas,suchashomogeneityandsymmetrytoshortenwork,toforetellresults
withoutlabor,andtocontrolresultsandavoiderrorsofthegrosserkind.
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Examples

1)UsingNiemand'sMethod

Solve2x³+4x²+3x+4-2x³+4x²-3x-2

x²+1 x²-1

Usingnvals:2434-2368=1798

101 99 9999

Clearly9999isx⁴-1.Butthenumeratormustbedetermined.Thenegativecoeffsin

theRHTsuggestthatthefirstterminthenum.is2x³.Bydoingaquickandpartial

multiplicationofdetachedcoeffsforx³,LHTis3+-2=1,RHTis-3+2=-1∴1-(-1)=

2∴2x³verified.Sowehave2x³+Ax²+Bx+C.Usingthesamequickverification,we

findA=-2∴B=0andC=2.Sothenum.is2x³-2x²-2and2000-202=1798.

2)UsingForm

SimplifyF= a³ .+ b³ .+ c³ .

(a-b)(a-c) (b-c)(b-a) (c-a)(c-b)

=-a³(b-c)-b³(c-a)-c³(a-b)

(b-c)(c-a)(a-b)

Consideronlythenum.asfn.Ifb=cthenfn=0∴divby(b-c)

Bysymm.divby(c-a)and(a-b)

Num.is4°∴remainingfactorisPa+Pb+Pc⇒comparecoeffofa³binnum.andin

P(a+b+c)(b-c)(c-a)(a-b)∴P=1

∴F=a+b+c

PartialFractions

IfwehaveifracsA,B,C,weknowwecanaddthem"asinteger"fractionswhereA+B+C

=DandDwillbeanifrac.Sohowdowegotheotherway,turninganyDintoasumof

A,B,C,…?Wearegoingtodrivethisideadownasfaraspossiblebecauseitrevealsa

greatdealabouttheformofnumber.

Thm.3.3pifracA/PQandp(P,Q)⇒A/PQequalssumofpifracsP'/P+Q'/Q

Proof

p(P,Q)⇒∃ifnL,M:LP+MQ=1 (Thm.1.4,2.8)

∴A/PQ=AL/Q+AM/P [1] (×A/PQ)

IfRHS[1]mifracs,reduce:

AL/Q,AM/P=S+Q'/Q,T+P'/P:S,Tifns,Q'/Q,P'/Qpifracs

∴A/PQ=S+T+Q'/Q+P'/P

LHS[1]pifrac∴S,T=0

∴A/PQ=Q'/Q+P'/P■
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Example

F= x⁴+1 .

(x³+3x²+2x+1)(x²+x+1)

∴A=x⁴+1P=x³+3x²+2x+1Q=x²+x+1

gcm(P,Q)=? 1+1+1)1+3+2+1(1+2(=x+2)

2 1 1

(-x-1=)-1-1)111(-1+0

0 1

1(=1)

∴R₁=-x-1R₂=1

GCMterminatesinconstant∴p(P,Q)

∴P=(x+2)Q+R₁Q=-xR₁+R₂

∴R₁=P=(x+2)Q

R₂=1=Q+xR₁

=Q+xP-x(x+2)Q

∴1=(-x²-2x+1)Q+xP

∴M=-x²-2x+1L=x

∴A/PQ=((x⁴+1)(-x²-2x+1))/P+((x⁴+1)x)/Q

= -x⁶-2x⁵+x⁴-x³-2x+1+x⁵+x

P Q

=-x³+x²-1+x²+2+x³-x²+1+-1=x²+2+-1

P Q P Q

Thinkofthetheorem asjustifyingthisbrute-forcemethodofattainingpartial

fractions.Thenrelaxaswelookatvariouscasesandtheirabbreviatedmethods.We

knowthatanyifnhasrealfactorsintheforms(x-α)rand(x²+βx+γ)s.

Case1.

F=A/B=A/((x-α)Q):(x-α)isnotamultiplerootandp((x-α),Q)

∴F=P'/(x-α)+Q'/Q

x-αis1°∴P'is0°orconstant

Let'sdoanexampleofthis,notingthatQ'/Qmayitselfbedecomposable.Letusalso

notewhatanamazingexamplethisactuallyis.Chrystalengineereditsothatitsimply

continuesintotheothercases.I'mnotthekindofpersontogo,"Oooh,that'sa

beautifultheorem"oranyofthatstuff.ButIdoadmiresimplicityandeleganceand,

especially,theexpressionofintelligence.Andthisissuchanintelligentlyexpressed

example.

Example

F=(4x⁴-16x³+17x²-8x+7)/((x-1)(x-2)²(x²+1))=A/B

∴F=p/(x-1)+Q'/((x-2)²(x²+1))andweneedaconstantp [I]

∴A=p(x-2)²(x²+1)+Q'(x-1) [II]

Letx=1∴4=2p∴p=2

∴F=2/(x-1)+Q'/((x-2)²(x²+1))
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Notethatif,atthispoint,youneedQ',inIIletp=2

andthensubtractLHTofRHSfrombothsides

∴2x⁴-8x³+7x²-1=Q'(x-1)

∴LHSdivby(x-1)⇒Q'=2x³-6x²+x+1

Case2.

F=A/B=A/((x-α)rQ):p((x-α),Q)

∴F=P'/(x-α)r+Q'/Q∴P'ifndegree<r

∴P'=a₀+a₁(x-α)+⋅⋅⋅+ar-1(x-α)
r-1

∴F=a₀/(x-α)r+a₁/(x-α)r-1+⋅⋅⋅+ar-1/(x-α)+Q'/Qwhereaiareallconstants

Example

GivensameaboveF=A/B=a₀/(x-2)²+a₁/(x-2)+Q'/(x-1)(x²+1) [I]

∴A=a₀(x-1)(x²+1)+a₁(x-2)(x-1)(x²+1)+Q'(x-2)² [II]

InIIletx=2∴-5=5a₀∴a₀=-1

InIIleta₀=-1,subtractLHTfrombothsidesagain,divideallby(x-2)

∴4x³-7x²+2x-3=a₁(x-1)(x²+1)+Q'(x-2) [III]

InIIIletx=2∴5=5a₁∴a₁=1

∴F=-1/(x-2)²+1/(x-2)+Q'/((x-1)(x²+1))

NotethatagainQ'canbederivedfromthispointusingIII.

Case3.

F=A/B=A/((x²+βx+γ)sQ):p((x²+βx+γ),Q)

∴F=P'/(x²+βx+γ)+Q'/Q:P'°≤2s-1

SobyexpressingP'inpowersof(x²+βx+γ)=f

P'=(a₀+b₀x)+(a₁+b₁x)f+(a₂+b₂x)f²+⋅⋅⋅+(as-1+bs-1x)f
s-1

∴F=(a₀+b₀x)/fs+(a₁+b₁x)/fs-1+⋅⋅⋅+(as-1+bs-1x)/(x²+βx+γ)+Q'/Q

Notethatifs=1thenF=(a₀+b₀x)/(x²+βx+γ)+Q'/Q

Example

GivensameF=A/B=(ax+b)/(x²+1)+Q'/((x-1)(x-2)²) [I]

∴(4x⁴-16x³+17x²-8x+7)/(x²+1)=((ax+b)(x-1)(x-2)²)/(x²+1)+Q' [II]

Bydivision,4x²+16x+13+(8x-6)/(x²+1)

=(ax+b)⋅(x+5+(7x+1)/(x²+1))+Q'

=(ax+b)(x-5)+(7ax²+(7b+a)x+b)/(x²+1)+Q'

=(ax+b)(x-5)+7a+((7b+a)x+(b-7a))/(x²+1)+Q' [III]

pifracsbothsidesofIIIareequal

(7b+a)x+(b-7a)=8x-6

∴7b+a=8b-7a=6∴b=a=1

∴F=(x+1)/(x²+1)+Q'/Q

OR
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x²+1=(x+i)(x-i)∴x²+1=0whenx=i

∴4x⁴-16x³+17x²-8x+7=(ax+b)(x-1)(x-2)²+Q'(x²+1)

=(ax+b)(x³-5x²+8x-4)+Q'(x²+1)

Letx=i∴8i-6=(ai+b)(7i+1)

=(7b+a)i+(b-7a)

∴(7b+a-8)i=-b+7a-6

whichisimpossibleunlessbothsidesequalzero

∴7b+a-8=0and7a-b-6=0andalgebrate

OR

Supposewedidthefirstcasesandhave:

F=2/(x-1)-1/(x-2)²+1/(x-2)+(ax+b)/(x²+1)

∴4x⁴-16x³+17x²-8x+7=

2(x-2)²(x²+1)-(x-1)(x²+1)+(x-1)(x-2)²(x²+1)+(ax+b)/(x-1)(x-2)²

∴x⁴-4x³+3x²+4x-4=(ax+b)(x-1)(x-2)²

∴LHSdivbyRHSfactors∴x+1=ax+b∴a=b=1

Whatanexample.Everyexampleshouldbethatgood.

Ifirstmetpartialfractionsinacalculusreviewbook.Itwaswrittenbyanengineer

andhewassooooproudofhispartialfractions.Hedidthemwiththederivativesand

hedidthemwiththeintegralsandgivenhalfanexcusehewouldhavedonethem

again.Butyoucouldtellthathedidn'treallyknowwhathewasdoing.Itwasrougher

thanNiemand'sMethod:halfheuristic,halfguessinggame.Ittickedmeoff.SoI

studiedpartialfractionswhereverIcouldfindthem.Andlikecontinuedfractionsor

taijiquan,theroadgoesonandonasfarasyouwanttotakeit.Someroadsneverend.

Let'sseehowfarwecangowithoutmakingthisabookonpartialfractions.We'lljust

checkoutsomeofthegoodstuff.

Example

1)

Anothergeneralmethodforthisisequatingcoeffs.

Decompose(3x-4)/((x-1)(x-2))

∴=a/(x-1)+b/(x-2)∴3x-4=a(x-2)+b(x-1)

∴3x-4=(a+b)x-(2a+b)

∴a+b=32a+b=4∴a=1b=2

2)

Orwecouldusetheformofnumber

F=(x²+px+q)/((x-a)(x-b)(x-c))=A/(x-a)+B/(x-b)+C/(x-c)[I]

∴x²+px+q=A(x-b)(x-c)+B(x-a)(x-c)+C(x-a)(x-b) [II]

Letx=a∴a²+pa+q=A(a-b)(a-c)

∴A=(a²+pa+q)/(a-b)(a-c) Sym.forB,C

∴F=(a²+pa+q)/((a-b)(a-c)(x-a))+(b²+pb+q)/((b-c)(b-a)(x-b))

+(c²+pc+q)/((c-b)(c-a)(x-c))
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Themethodofproperfractionsisinpointoffactafruitfulsourceofcomplicated
algebraicidentities.

Wecantiethisideaofpartialfractionstoseries.

Required:theseriesexpansionof(2x-3)/(x²-3x+2)

Bypartialfractions,(2x-3)/(x²-3x+2)=1/(x-1)+1/(x-2)=-1/(1-x)-1/(2-x)

-1/(1-x)=-(1-x)-1=-(1+x+x²+⋅⋅⋅+xn+⋅⋅⋅)

-1/(2-x)=-½(1-x/2)-1=-½(1+x/2+x²/2²+⋅⋅⋅+xn/2n+⋅⋅⋅)

∴generaltermof(2x-3)/(x²-3x+2)is-(1+1/2n)xn

Letusshowthatthecoeffsofsuchaseriesareconnectedbyadeterminablerelation.

RecallourtheoremfromDMSthatiftwoseriesareequalforanyfinitexthenthecoeff

ofcorrespondingtermsmustbeequal.Iftheseareequal

α=a₀+a₁x+a₂x²+⋅⋅⋅

β=A₀+A₁x+A₂x²+⋅⋅⋅

Thena₀-A₀=0,a₁-A₁=0,…Sothesumα+β=0.Importantly,thisistrueonlyofx:

α+βconvergentbecauseadivergentseriesneednotvanish.

Let(a+bx)/(1-px-qx²)=u₀+u₁x+u₂x²+⋅⋅⋅

∴a+bx=(1-px-qx²)(u₀+u₁x+u₂x²+⋅⋅⋅)

Ifn>1,coeffofxnonRHSisun-pun-1-qun-2(byDMEinfiniteseriesmultiplication)

ButxonLHSisfirstpower∴n>1,un-pun-1-qun-2=0 [1]

Using1stand2dtermsbothsides:u₀=au₁-pu₀=b

Thenwecanuse[1]andthesetodetermineu₂,u₃,…bymakingn=2,3,…

RecallourfnnotationfromDMEandwehaveashortergeneralproofofpartial

fractionsfromsomeguynamedCoxviaTodhunter'sIntegralCalculus.Iloveshort
andsimple.

LetF(x)=(x-a)nψx

∴φx= φx .=φx-(φa/ψa)ψx+(φa/ψa)

Fx (x-a)nψx (x-a)nψx (x-a)n

NumeratorLHTRHS=0whenx=a∴divby(x-a)

Letthisquotient=χx

∴φx= χx .+φa⋅ 1 .

Fx (x-a)n-1ψx ψa(x-a)n

ThisprocesscanberepeatedonLHTRHSuntilitterminates■

Andyouwillseethatagainandagainbeforewearedone.

Noteinthisthatifa=α+βithenb=α-βiisalsoaroot.Soifweaddthepifracs

φa/ψa⋅1/(x-a)n+φb/ψb⋅1/(x-b)nthentheresultisfreeofi.

SinceweknowderivativesfromDME,consider

Todhunter'sCase1:

φx/Fx=A/(x-a)+χx/ψx [1]

∴φx=Aψx+(x-a)χx [2]

Letx=ain[2]∴φa=Aψa∴A=φa/ψa

Fx=(x-a)ψx∴F'x=ψx+(x-a)ψ'x∴F'a=ψa

∴A=φa/F'a
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Todhunter'sCase2:

LetFx=(x-a)nψx

∴φx/Fx=A₁/(x-a)n+A₂/(x-a)n-1+⋅⋅⋅+An/(x-a)+χx/ψx

Multiplybothsidesby(x-a)nthenletf(x)=φx/Fx⋅(x-a)n

f(x)=A₁+A₂(x-a)+A₃(x-a)²+An(x-a)
n-1+χx/ψx⋅(x-a)n

Differentiatebothsidesandthenletx=aandwehave(keepinmindwhatf(x)is):

f(a)=A₁

f'(a)=A₂

f''(a)=2!A₃

f"'(a)=3!A₄

⋅⋅⋅

fn-1(a)=(n-1)!An
andwehavedeterminedAi.

WhereChrystalrestrictshisfactorstothosewithrealcoeffs,Todhunter'scases3and

4arei-roots,singleandmultiple.

Todhunter'sCase3:

Partialfractionsforasinglepairofi-roots,α±βi

Decomposeφx/Fx.Rootsa+bi⇒partialfractionsare

φa/F'a⋅1/(x-a)andφb/F'b⋅1/(x-b)

Letthesebe(A-iB)/(x-a)and(A+iB)/(x-b)or(A-ib)/(x-α-βi)and(A+iB)/(x-α+βi)

Andtheirsumis(2A(x-α)+2Bβ)/((x-α)²+β²)

OR

Letx²-px+qhaveourrootsα+βithen

φx/Fx=(Lx+M)/(x²-px+q)+χx/ψx

∴Fx=(x²-px+q)ψx (×Fx)

∴φx=(Lx+M)ψx+(x²-px+q)χx [1]

Letx=eitherroot∴[1]becomes

φx=(Lx+M)ψx [2]

Repeatedlysubpx-qforx²in[2]untileqn1°inxwithformPx+Q=P'x+Q'

Letx=α+βiandequatei-coeffsthenwehave2simult.eqnsasin2dmethodofCase3

above.

Todhunter'sCase4:

Letx²-px+qhaverootsagainofα+βiandletthisquadraticfactoroccurrtimes.

SolvablebymethodofCase2.

OR
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φx= Lrx+Mr+ Lr-1x+Mr-1+⋅⋅⋅+L₁x+M₁+χx

Fx (x²-px+q)r (x²-px+q)r-1 x²-px+q ψx

MultiplybothsidesbyFx=(x²-px+q)rψx

∴φx=(Lrx+Mr)ψx+(Lr-1x+Mr-1)(x²-px+q)ψx+⋅⋅⋅+(x²-px+q)
rχx [1]

Letx=eitherroot∴φx=(Lrx+Mr)ψx

FindLr,MrasinCase3.Thenfrom[1]

φx-(Lrx+Mr)ψx=(Lr-1x+Mr-1)(x²-px+q)ψx+⋅⋅⋅

∴quadfactorbothsides.Dividebyquadfactor.LetLHS=φ₁x

∴φ₁x=(Lr-1x+Mr-1)(x²-px+q)ψx+⋅⋅⋅andproceedasabovetofindLr-1,Mr-1untilall

Li,Midetermined.

Todhunter'scases3,4arenotthatdifferentthanChrystal's.Itisamatterofreading

themathematicsatasomewhathigherlevel.Andthenthequestionbecomes,Canyou

expressthemathematicspracticallyinapartialfractionfromthehigherstandpoint?

Justonemoreideawithpartialfractionsandthenwe'llmoveon.Youhavebasic

integralCalculusfromDME.Soyoucannowtaketheintegralofanythinglike

(5x²+1)/x²-3x+2)

Bydivision=5x+15+(35x-29)/(x²-3x+2)

RHT,RHS=A/(x-1)+B/(x-2)∴35x-29=A(x-2)+B(x-1)

Letx=1andthen2

∴35-29=-A∴A=-6 70-29=B∴B=41

∴F=5x+15-6/(x-1)+41/(x-2)

∴∫Fdx=5x²/2+15x-6ln(x-1)+41ln(x-2)
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3.AlgebraicFunctions

Afewremarksontheway.Considerfractionalpowersk1/p:

Ifk=h2pthenk1/2phastworealvalues:±h.

Ifk=h2p+1thenk1/(2p+1)hasonerealvalue:h.

Ifk=-h2p+1thenk1/(2p+1)hasonerealvalue:-h.

Consideralsothatwithxp/q,p/qmustbeanactualfractioninlowestterms,else

x4/2=√x⁴=±x²

∴x²=-x²

OR

(xm)n=xmn=(xn)m

(x½)²=(x²)½

∴(±√x)²=±x

x=±x

Puttingp/qinlowesttermsavoidsthiserror,whichisanobviouserrorherebutnot

soobviouswhentheexpressionsaremorecomplex.

RationalizingFactors

Def.P,Qifnsofgivenirrationals(constantsorvariableswithfractionalcoeffs).IfPQ

isrationalwrtthegivenirrationalsthenQisarationalizingfactorofPwrtthegiven

irrationalmonomials.

Example

P=A(p½)2m+1(q½)2n+1=(Apmqn)p½q½

LetQ=p½q½ ∴PQ=(Apmqn)pq

P=16⋅23/2⋅35/2⋅51/2

Q=21/2⋅31/2⋅51/2=301/2∴PQ=16⋅2²⋅3³⋅5

P=Apl/sqm/trn/u

Q=p1-l/sq1-m/tr1-n/u∴PQ=Apqr

InDMEwetalkedbrieflyabouttossingouttheradicalstosimplifyanequation.And

thatiswhatwearedoingherebutmoremethodically.Torationalizebinomials:
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1)∀a√p+b√qrationalizingfactor(ratfac)isa√p-b√q

whichisauseof(a+b)(a-b)=a²-b²orherea²p-b²q.

Thesefactorsareconjugates.

2)apα/γ±bqβ/δLetx=apα/γy=bqβ/δ

P=apα/γ-bqβ/δ=x-y

m=lcm(γ,δ)

∴(xm-1+xm-2y+⋅⋅⋅+xym-2+ym-1)P=xm-ym

=ampmα/γ-bmqmβ/δwheremα/γ,mβ/δ∈Z∴xm-ymrational

∴(xm-1+xm-2y+⋅⋅⋅+xym-2+ym-1)≡ratfac

TrinomialsofformP=√p+√q+√rarerationalizedusingconjugates.

(√p+√q-√r)P=(√p+√q)²-(√r)²=p+q-r+2√pq

Usingconjugatesagain:

(p+q-r-2√pq)(√p+√q-√r)P=(p+q-r)²-(2√pq)²

=p²+q²+r²-2pq-2pr-2qr

Notethattheratfachereis:

(√p+√q+√r)(√p+√q-√r)(√p-√q-√r)

whichiseverypermutationofsignsin√p±√q±√rwhichisnotinP.Thisuseof

permsisthegeneralrule.Given1+√2+√3+√5thesignsare++++.Sowewould

need2³-1factorswherethefirsttermisalways+.

Thm.3.1.∀ifnofsquareroots√p,√q,…canbeexpressedasasumofrationalterms

andrationalmultiplesof√p,√q,…andtheirproducts√pq,…

Proof

∀ifnφ(√p):√ponlysquareroot

∀termofeven°rational,∀term(2m+1)°=A(√p)2m+1

whichreducesto(Apm)√p.RationaltoP,rootstoQ

∴φ(√p)=P+Q√p [1]

∀ifnφ(√p,√q)thenby[1]φ(√p,√q)=P+Q√p

Sym.P=P'+Q'√qandQ=P"+Q"√q

∴φ(√p,√q)=P'+Q'√q+(P"+Q"√q)√p

=P'+P"√p+Q'√q+Q"√pq

andsoonforφ(√p,√q,√r)…■

Cor.1.

φ(-√p)=P-Q√p∴φ(-√p)isratfacofφ(√p)

Cor.2.

∀φ(√p,√q,√r,…)thenforanyroot,say√q,φ(√p,-√q,√r,…)isaratfac.
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Example

φx=x³+x²+x+1

φ(1+√3)=16+9√3

∴φ(1-√3)istheconjugateofφ(1+√3)or16-9√3

∴φ(1+√3)φ(1-√3)=16²-(9√3)²=13

Theorem3.1canbeusedtoprovethegeneralruleforratfacs.Foreverypermofsigns,

wemusthaveitsconjugate.Youneedoneconjugateforthefirstroot,twoforthe

second,fourforthethird,…orgivennterms,2n-1conjugates.

Thm.3.2.∀fractionalfn,ifnornot,of√p,√q,…canbeexpressedasasumofthe

rationalpartandrationalmultiplesofrootsandtheirproducts.

Proof

R,Pof√p,√q,…,QratfacofP

∴R/P=RQ/PQwherePQrationalandRQifnof√p,√q,…

∴RQexpressibleinrequiredformbyThm.3.1.■

Example

1 .= 1+√2-√3 =1+√2-√3=√2(1+√2-√3

1+√2+√3 (1+√2)²-(√3)² 2√2 4

=¼(√2+2-√6)=½+¼√2-¼√6

Itcanbeshownthatwhatistrueaboveforsquarerootsistrueofanyfractional

exponentsandthataratfacalwaysexists.

Surds

Nowadayssurdsarecalledradicals.Butlike"greatestcommonmeasure",Istickwith

theoldwordwhichistheLatinwordfor"root."Asurdistherootofanyfnwithcoeffs

inQwhentheserootscontainvaluesfromQwithfractionalexponentswhicharenot

imaginary.So2+√εisnotasurdbut1+√2isasurd.Surdsarealgebraicnumbersand

areconstructibleinEuclideangeometry.Ifyoucanconstruct√2+1,youcanconstruct

√(1+√(2+1))andsoontoanydepth.Althoughinoldertexts,thesecompound

surdsarenotconsideredsurds,theyjustare.Simplystated,surdsareradicals,are

algebraicnumbers,aretherootsoffunctionswithcoeffsinQ.

Def.Surdsaresimilar(~)whentheycanbeexpressedasmultiplesofthesamesurd.

Example

√18=3√2√8=2√2∴√18~√8 √6!~√8,√18
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Def.Surdsarisingfromthesamenthrootareequiradical(eqR).Therearen-1surds

eqRwithp1/n:p1/n,p2/n,…,p(n-1)/n.Letm>n,thenpm/n=pλ+μ/n=rationalmultipleof

oneofp1/n'sequiradicals.AllsurdseqRwithp1/nareifnofp1/nand∀fnofp1/nis

expressibleasalinearfunctionofthesen-1eqRsurdsintheform:

A₀+A₁p1/n+A₂p2/n+⋅⋅⋅+An-1p
(n-1)/n

where∀Aiarerationalwrtp
i/n.Theproductandquotientoftwosimilarquadratic

surdsarerationalandconversely.Ifsurdsarerootsofafunctionofdegree>2,the

productoftwosimilaroreqRsurdsiseitherrationaloraneqRsurd.

Thm.3.3.Ifp,q,A,B∈Q,A≠0,√p,√q∈R-Q(thoserealswhicharenotrational)we

cannothave√p=A+B√q.

Proof

Elsep=(A+B√q)²=A²+B²q+2AB√q

∴q=(p-A²-B²q)/2AB↴(LHS∈R-QRHS∈Q)■

Inratfacs,wesawthatanyfnof√qhastheformA+B√q,∴onequadraticsurdcannot

beexpressedasarationalfnofadissimilarsurdor

If√p=A+B√qthen∃m∈Q:√p=m√q

Itfollowsthatnorationalsolutionwhichisnotamereeqn((√3)²+(√2)²=5)can

existbetweentwodissimilarsurds.ThismeanstherelationmustbeinC-Q.

∴Aquadraticsurdcannotbearationalfnoftwodissimilarquadraticsurds.

∴Aquadraticsurdcannotbethesumoftwodissimilarquadraticsurds.

ItfollowsthatifA+B√p+C√q+D√pq=0thenA,B,C,D=0

Thm.3.4.x,y,z,u∈Q√y,√u∈R-Q x+√y=z+√u⇒x=z,y=u

Proof

x=a+z:a≠0

∴a+z+√y=z+√u

∴a+√y=√u

∴a²+y+2a√y=u

∴√y=(u-a²-y)/2a↴(√y!∈Qbyhyp.)

∴x=z∴y=u■

Let'slookdeeperintotakingsquarerootsofsimplesurdstoseewhethertheresults

canbeexpressedassurds:

√(p+√q) √(p-√q)

FromDME,weknowwecanset√(p+√q)=√x+√yor√(p-√q)=√x-√y.Wetake

thefirstandsquarebothsides:

p+√q=x+y+2√xy

∴x+y=p [1]

and2√xy=q [2]
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Squaringpandsubtracting4xywehave

(x+y)²-4xy=p²-q

∴(x-y)²=p²-q

∴x-y=±√(p²-q) [3]

Withuppersign,using[3],[1]

(x+y)+(x-y)=p+√(p²-q)

(x+y)-(x-y)=p-√(p²-q)

Addingandsubtracting

2x=p+√(p²-q) 2y=p-√(p²-q)

∴x=(p+√(p²-q))/2 y=(p-√(p²-q))/2

Notethatusingthelowersignin[3]merelyexchangesxandy

∴√x=±√((p+√(p²-q))/2) √y=±√((p-√(p²-q))/2)

Notethatin[2]2√xy=2√x⋅√y=+q∴√x=±…√y=±…above.Ifwehadbegunwith

√(p-√q)thesewouldbeopposites(±…,∓…)togive-q.

∴√(p+√q)=(√((p+√(p²-q))/2)+√((p-√(p²-q))/2))

√(p-√q)=(√((p+√(p²-q))/2)-√((p-√(p²-q))/2))

Comparethistoour√(11+4√7)=2+√7inDME.Wecanonlygetasimplesurdhere

whenp²-qisaperfect²∈N.Here11²-16⋅7=9.Wearestudyingtheformofsurds,

lookingdownonit.

Whencan√(p+√q+√r+√s)taketheform√x+√y+√z?

Setthemequalandsquare:

p+√q+√r+√s=x+y+z+2√yz+2√zx+2√xy

Let2√yz,2√zx,2√xy=√q,√r,√sThenmultiplyingthelasttwo:

4x√yz=√rs

Combinedwiththefirst:

x=½√(rs/q)

Sym.y=½√(qs/r),z=½√(qr/s)

Andfromtheoriginalformsx+y+z=p

∴∑(√rs/q)=2pwhereeachtermmustbepositive

∴eachsquarerootmustberational

∴rs/q=α²qs/r=β²qr/s=γ²whereα,β,γ∈Qandα+β+γ=2p

∴Inordertotakeform√x+√y+√z:q=βγ,r=γα,s=αβ
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RecallfromDMEthatwhenwetakethesquarerootofanumberthatyoucandouble

thedecimalplacesatanypointbydroppingthesquarerootalgorithmandcontinuing

byusingdivisionalthoughthelastdigitmaybewrong.Let'slookatwhythisworks.

Thm.3.5.N∈N,ifthefirstpofndigitsof√Narefoundd₁d₂…dp=P:P⋅10
n-p≅√Nthen

thenextp-1digitswillbethefirstp-1digitsoftheintegralpartofthequotient:

N-(P⋅10n-p)²

2⋅P⋅10n-p

Proof

Lettherestofthesquareroot'sdigitsmakeupthenumberQ

∴√N=P⋅10n-p+Qwhere10p-1<P<10pandQ<10n-p

∴N=(P⋅10n-p)²+2PQ10n-p+Q²

∴N-(P10n-p)²=Q+ Q².

2P10n-p 2P10n-p

where Q².<102(n-p)⋅10p-1⋅10n-p<10n-2p+1

2P10n-p 2 2

∴Q²/2P10n-paffectsatmostthe(n-2p)thdecimalplacefromtheright

andQhasn-pdigits.

∴(n-p)-(n-2p+1)=p-1digitsinquotientfromlefthandsidearecorrect.■

Youcantakeacalculator,abign∈N,find√nandworkoutanexampleofthisfor

yourself.Thinkabouthowthisproofusesdisparateformsofnumber,includingthe

formofpositionaldecimalnotation,toachieveitsend.Let'sdothatagainwithifns.

Thm.3.6.IfF=p₀x2n+p1x
2n-1+⋅⋅⋅and√F=(q₀xn+q₁xn-1+⋅⋅⋅+qn-γ+1x

n-γ+1)+

(qn-px
n-p+⋅⋅⋅+qn)=P+Qandifthefirstptermsof√F=Pareknownthenthenextp

termsarethefirstptermsoftheintegralpartof(F-P²)/2P.

Proof

F=P²+2PQ+Q²

∴(F-P²)/2P=Q+Q²/2P

∴Q²/2Pisdegree2(n-p)-n=n-2p

∴downtotermxn-2p+1(F-P²)/2P=Q

orthefirstn-p-(n-2p)=ptermsLHSarefirstptermsofQfor√F■

Example

WedothisjustliketheintegeralgorithminDMEforthefirstthreetermsthenweuse

theabovetheoremforthenextthreeintaking√F.Notethatthedoublingofthe

"divisor"onlyaffectsthelatestofitsterms.
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F=x10+6x⁹+13x⁸+4x⁷-18x⁶-12x⁵+14x⁴-12x³+9x²-2x+1

16134-18-1214-129-21|1

1)1

2+3)6134-18-1214-129-21|3

6 9

2+6+2)4 4-18-1214-129-21|2

412 4

2+6+4+-4)-8-22-1214-129-21|-4 (-8÷2)

-8-24-1616

2+6+4+8)2 4 -2-129-21|1 (2÷2)

2 6 4 -8

-2 -6 -49-21|-1 (-2÷2)

-2 -6 -48

1-21

∴√F=x⁵+3x⁴+2x³-4x²+x-1andbecausetheremainderx²-2x+1isthesquareof

thelasttwotermsx-1,Fisaperfect².Andbychangingallthesignsin√Fwegetthe

othersquareroot.ThenvalofFhereis17320928881sothe√nval=131609.Butthe

negativecoeffsconfusetheissueafterx⁵+3x⁴.Wecouldstartwiththe√nvaland

workthisout.

Ifwehave√F=x⁵+px⁴+qx³+rx²+sx+tthen

F=x10+2px⁹+(p²+2q)x⁸+(2pq+2r)x⁷+⋅⋅⋅where

2p=6p²+2q=132pq+2r=4allfromF

∴p=3q=2r=-4

∴√F=x⁵+3x⁴+2x³-4x²withnval131600

∴0x+9or1,-1∴x-1forlasttwoterms.

Thiscombinesusingthenvalwithournontrivialindeterminatecoefftheoremfrom

DME.Ofcourse,ifFisnotaperfect²ofanifn,√Fbecomesanapproximation.Butthis

isrevealedimmediatelywhenyoutakethesquarerootofthenvalofF.

Justaswecantakeanon-perfect²andusethesquarerootalgorithmtoapproximatea

resultandjustaswecandivide1by1-xtoget1+x+x²+x³+⋅⋅⋅bylongdivision,we

canusethisalgorithmfor√Ftoproduceaninfiniteseriesfor√(x+1)andsimilar.But

agrainofcompassionremainsinmymathematically-hardenedheartsowewon'tdo

thathere.Butitwillhurtsogoodifyoudoityourself.

ComplexNumbers

Thm.3.7.Thesum,difference,product,andquotientof∀z₁,z₂∈Carealsocomplex

numbersinCwithforma+bi:a,b∈R.

WedemonstratedthistheoreminDME.Inthistext,wewillonlyincludethemore

generalideasofcomplexnumbersandleavethemoredevelopedideasfortheSecond

CircleofTrigonometry.
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Acoupleofdefinitionreminders:

Arealfnisafnofform[ƒ]withcoeffs∈R.

Arationalfnisafnofform[ƒ]withcoeffs∈Q.

Cor.1.Becauseeveryrationalfn(ifn)involvesonlythefouroperationofarithmetic,

everysuchfnofoneormorecomplexvarsproducescomplexnumbers.

Cor.2.∀realfnf(x+iy)canbereducedtofnsP+QiwhereP,Qrealfns.Pcontainsonly

evenpowersofy,Qonlyoddpowers.Ifwechangethesignofy,QchangessignandP

doesnot∴f(x+iy)=P+Qi⇔f(x-iy)=P-Qi.

Cor.3.Ifφ(x₁+iy₁,…,xn+iyn)isarealfnofncomplexnumbers=X+iYthen

φ(x₁-iy₁,…,xn-yn)=X-iYwhereX,Yrealfns.

Cor.4.Ifφ(z)vanishesforz=a+bithenφvanishesforz=a-bi.

Cor.5.If∀realfnφ(x₁+iy₁,…,xn+iyn)vanishesfornvaluesofxi+iyithenφvanishesif

allthosevaluesarereplacedbytheirconjugates.

Cor.2.isextremelyuseful.Anyrealfnofcomplexvarsalwaysreducestoarealterm

andanimaginaryterm.Thisisabasictruthlike"anyfnofdegreenhasnroots".

Examplewithour∑notationcombs

(b+c-ai)(c+a-bi)(a+b-ci)

=(∏(b+c)-∑c(b+c))+(abc-∑a(a+b)(a+c))i

=2abc+(abc-∑a³-∑a²(b+c)-3abc)i

=2abc-(∑a³+(b+c)(c+a)(a+b))i

ExampleofBinomialTermofAnyExponent

(x+yi)⁴=(x⁴-6x²+y⁴)+(4x³y-4xy³)i

Evenpowersofyturniintoalternating±1,oddintoalternation±i.

Weknowthata+bianda-biareconjugates.Theirsum(2a)andproduct(a²+b²)are

real.Conversely,ifthesumandproductoftwocomplexnumbersarerealthenthey

areeitherconjugatesortheyarepurelyreal.

Def.Thenormofx+yiisx²+y²,denoted"norm".

Def.Themodulusofx+yiis√(x²+y²),denoted"mod".

Warning:Thesetermsvaryinuse.Sometextsequatethem.Insomealgebras,the

normisgeneralizedinto"innerproduct"andthenthemodulusbecomesthenorm.

Here'stheimportantpart:theoneundertheradicalsigngivesthemagnitudeofx+iy.

Mathematicianswillnevergettheirname-spacesorted.Sopayattentiontowhateach

thingactuallyisandleteachbookcallitwhateveritwantsto.We'llstickwiththe

abovedef.sinthistext.

Conjugateshavethesamenormandthesamemodulus.Ifacomplexnumbervanishes,

itsmodulusvanishesandconversely.Iftwocomplexnumbersareequal,theirmoduli

areequal,butnotconversely.Orx²+y²=x'²+y'²!⇒x=x'∧y=y'.
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Thm.3.8.∀realφ,norm(φ(a+bi))=norm(φ(a-bi))=φ(a+bi)φ(a-bi)

Proof

φ(x+yi)=X+Yi∴φ(x-yi)=X-Yi

∴norm(φ(x+yi))=norm(X-Yi)=X²+Y²

=(X+Yi)(X-Yi)=φ(x+yi)φ(x-yi)■

Cor.1.mod(φ(a+bi))=mod(φ(a-bi))=√(φ(a+bi)φ(a-bi))

Cor.2.TheoremandCorollaryholdforφ(c₁,c₂…,cn):ci∈C

Cor.3.Themodulusofaproductofcomplexnumbersisequaltotheproductoftheir

moduli.

Cor.4.Themodulusofaquotientofcomplexnumbersisequaltothequotientoftheir

moduli.

Lookathowtheformofonethingleadsunexpectedlytotheformofanotherthing:

(x₁+y₁i)(x₂+y₂i)=(x₁x₂-y₁y₂)+(x₁y₂+x₂y₁)i

∴norm(LHS)=norm(RHS)

=(x₁x₂-y₁y₂)²+(x₁y₂+x₂y₁)² (bydef.)

=x₁²x₂²+y₁²y₂²+x₁²y₂²+x₂²y₁²

=x₁²(x₂²+y₂²)+y₁²(x₂²+y₂²)

=(x₁²+y₁²)(x₂²+y₂²)

Nowletxi,yiabovebe∈N

∴∀productoftwointegers,eachasumofperfect²s,isasumoftwoperfect²s.

Sym.(Dothealgebra)Aproductofthreesuchintegersisasumoftwoperfect²s.

Byinduction,∏(nsuchintegers)isasumoftwoperfect²s.

Socomplexnumbersleadtoaresultinnumbertheory.

Thm.3.9.Themodulusofasumofcomplexnumbersisalwayslessthanorequalto

thesumoftheirmoduli.

Proof

UsingthegraphicalrepresentationofcomplexnumbersinDME,weknowthatonly

sumsofparallelorconcurrentvectorscanbeequaltothesumoftheirlengths.Soin

mostcases,themodulusofthesumwillbelessthanthesumofthemoduli.■

AlgebraicFunctionswithVariablesinC

Recallthatrationalfnsonlyusethefouroperators+,-,×,÷.Algebraicfnsaddthe

extractionofrootsorthen√operatorwithn∈N.Wewanttoconfirmthatthevaluesof

suchfnswithvars∈CproducealltheirresultsinC.Soweneedtoshowthatthenth

rootof∀c∈CisitselfinC.Considerthecaseofthesquareroot:

√(x+yi)=X+Yi

x+yi=X²-Y²+2XYi:X,Y∈R

∴X²-Y²=x 2XY=y

∴(X²+Y²)²=x²+y²

∴X²+Y²=+√(x²+y²)

∴2X²=+√(x²+y²)+x

∴X²=(+√(x²+y²)+x)/2

∴X=±√((+√(x²+y²)+x)/2)
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Sym.Y=±√((+√(x²+y²)-x)/2)

x²=y²>x∴quantitiesinradicalsarereal

Because2XY=y,wetakeunlikesignsasyispos.orneg.

ypos.⇒√((x+yi)=±(√((+√(x²+y²)+x)/2)+i(√((+√(x²+y²)-x)/2)))

yneg.⇒use-iaboveinsteadofi

NotethatthevaluesofX,YareinQonlywhenx²+y²=q²forsomeq∈Q.

Example

Express√iand√-1ascomplexnumbers.

√i=x+yi [1]

i=x²-y²+2xyi

∴x²-y²=0 2xy=1

∴(x+y)(x-y)=0∴y=x∨-xbut-x↴(2xy=1)∴y=x

∴2x²=1∴x=±1/√2

∴√i=±(1+i)/√2 (from[1])

Sym.√-i=±(1-i)/√2

Thm.3.10.∀nthrootrof∀c∈C⇒r∈C.

1)∀c∈C,∃nrootsofcinC

Generalcaseofthenthrootofr(cosθ+isinθ)∈C

r>0∴∃!r1/n>0

ConsidernnumbersinC:

r1/n(cos(θ/n)+isin(θ/n)) [1]

r1/n(cos((2π+θ)/n)+isin((2π+θ)/n)) [2]

r1/n(cos((4π+θ)/n)+isin((4π+θ)/n)) [3]

⋅⋅⋅

r1/n(cos((2sπ+θ)/n)+isin((2sπ+θ)/n)) [s+1]

⋅⋅⋅

r1/n(cos((2(n+1)π+θ)/n)+isin((2(n+1)π+θ)/n)) [n]

Alldistinctasallargs<2π.Eachtothenthpower=r(cosθ+isinθ)

i.e.(s+1)n=(r1/n)n(cos((2sπ+θ)/n)+isin((2sπ+θ)/n))n

=r(cos(n(2sπ+θ)/n)+isin(n(2sπ+θ)/n)) (DeMoivre'sThm)

=r(cos(2sπ+θ)+isin(2sπ+θ)

=r(cosθ+isinθ)

2)∀n∈N,c∈C,∃nnthrootsandonlynnthroots

Leta=r(cosθ+isinθ),z=∀nthrootofa∴zn=a∴zn-a=0

∀fnφzn°∃nroots∴a,z-z₁,z-z₂,z-z₃,…,z-zn-1areallthefactorsandaretheonly

factors.■

Cor.1.R⊂C∴∀r∈R,∃nnthrootsofr.

Cor.2.Imaginarynthrootsofr∈Rexistinconjugatepairs.Becauseifrreal⇒

if(x+yi)n=rthen(x-yi)n=r.

Itfollowsthat∀r∈R+(or[0,+∞))rhasformr(cos0+isin0)and∀r∈R-((-∞,0])has

formr(cosπ+isinπ).

∴nthrootsof±1giveusthenthrootsfor∀r∈R.
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AndweworkedoutthenthrootsofpositiveandnegativeunityinDME.Thefirstof

theimaginaryrootsofunity:

cos(2π/n)+isin(2π/n) [1]

isprimitive,whichisanynthrootwhichisnotalsoarootofanorderlessthann.

ORr=cos2π/3+isin2π/3isthe6throotof+1butalsoacuberootof+1.Soitisnot

primitive.Dependingonn,therecanbemultipleprimitiventhroots.Denote[1]asω.

ωs=(cos(2π/n)+isin(2π/n))s=cos(2sπ/n)+isin(2sπ/n)byDeMoivre'sThm

ωn=(cos(2π/n)+isin(2π/n))n=cos2π+isin2π=1

∴ourωisaprimitiveimaginarynthrootofunityandrootsareω,ω²,ω³,…,ωn.

Sym.ω'isaprimitiventhrootof-1andthenthrootsof-1areω'¹,ω'³,ω'⁵,…,ω'2n-1.

Sother(cosθ+isinθ)formofω'iswhat?Itfollows:

Thm.3.11.∀binomialifnform(xn±A)hasnfactorswithcoeffs∈Corcanbefactored

intoatmosttworealfactors1°andremainingrealfactorsof2°:

Example

1)x2m-a2mvanishesforanyωia[1-2m]

∴=(x-aω)(x-aω²)⋅⋅⋅(x-aω2m)

Togetrealfactorswefirstuse(x+a)(x-a)

thenwehaverootsa(cos(2sπ/n)+isin(2sπ/n)or

(x-a⋅cos(2sπ/n)-a⋅i⋅sin(2sπ/n))(x-a⋅cos(2sπ/n)+a⋅i⋅sin(2sπ/n))

=(x-a⋅cos(2sπ/n))²+a²sin²(2sπ/n)

=x²-2ax⋅cos(2sπ/n)+a²

Sothefactorsare:

(x+a)(x-a)(x²-2ax⋅cos(2π/n)+a²)(x²-2ax⋅cos(4π/n)+a²)⋅⋅⋅

wherethequadraticsmayormaynothaverealfactors.

2)ωimaginarycuberootofunity.

Then1)1+ω+ω²=0and2)(ωx+ω²y)(ω²x+ωy)∈R.

1)1+ω+ω²=(1-ω³)/(1-ω)=0asω³=1

2)(ωx+ω²y)(ω²x+ωy)=ω³x³+(ω⁴+ω²)xy+ω³y²

ω³=1 ω⁴+ω²=ω+ω²=-1as1+ω+ω²=0

∴(ωx+ω²y)(ω²x+ωy)=x²+xy+y²∈R

FundamentalTheoremofAlgebra∀ifnofform[ƒ]n°,coeffs∈Chasnroots.

TheFundamentalTheoremofArithmeticisthatanywholenumberhasuniqueprime

factors.Thistheoremsaysthesamethingaboutpolynomials.Thebestproofuses

Gauss'sTheorem:

Gauss'sTheorem∀alg.eqnfofform[ƒ]n°withcoeffs∈C⇒∃a=c+di:f(a)=0.
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Gaussgivesusoneroot.RemainderTheoremmakesthatrootafactorleavinganother

fof(n-1)°,whichhasGauss'soneroot,itsfactor,andanfof(n-2)°,…orwash,rinse,

repeat.Chrystal'sproofofGauss'sTheoremistheugliestthinginhisbooksofarand

threepageslong.Ifyoucare,gofindaversionofGauss'sTheoremthatyoulike.But

weuniquelyfactorwholenumberswithouthavingtoproveanything.Sowecantrust

Gaussandfactoraway.Ourifnsare"asintegers".Mostly,wedon'tneedtoknow

everyproof.Decidewhetherornotyouneedtoknowthisoneandfindaprettierone

thanChrystal's.Youwillseelater(tomyimmensesatisfaction)thatMurphysimply

assumesGauss'stheoremwhenhetalksaboutthis.

Anotherwaytolookatthequadraticrealfactorsaboveisthatifa+biisarootthen

a-biisarootand(x-a+bi)(x-a-bi)=(x-a)²+b².SothisfactorisfullyinR.Soone

takeawayhereisthatanyrealfn(rfn)hasrealfactorsofpositiveintegralpowersof

degreesoneortwo.

EquationsofCondition

Equationsofconditionarenotidentities.Theyareoneormoreequationssolvedby

oneormoresetofvaluesassignedtothevariables.Ifonlyoneset,equationsare

singlydeterminate.Ifmorethanoneset,multiplydeterminate.Ifnosolution,

indeterminate.Thefollowingpropositionsapplytoequationsofcondition.

Prop.3.1.Thesolnofasystemofeqnsisingeneraldeterminedwhenthenumberof

eqnsequalsthenumberofvars.

Prop.3.2.Ifthenumberofeqnsislessthanthenumberofvarsthesolnisgenerally

indeterminate,i.e.infinitesolnsexist.

Prop.3.3.Ifthenumberofeqnsisgreaterthanthenumberofvarsthereisingeneral

nosolnandthesystemisinconsistent.

Prop.3.4.Anifnofn°inonevarhasnroots,realorcomplex,singleormultiple.

Prop.3.5.Adeterminatesystemofintegral(ifn)equationsofmvarswhosedegreesin

thosevarsarep,q,r,…hasatmost∏pqr⋅⋅⋅solnsandgenerallyexactlythatmanysolns.

Cor.1.Ifmoresolnsthan∏pqr⋅⋅⋅arefound,thesystemisindeterminatewithinfinite

solns.

Def.TwosystemsofequationsA,Bareequivalentwheneverysolnofoneisasolnof

theother.IfinderivingBfromA,eachstepmaintainsequivalence,eachstepis

reversible.Ifastepdestroysequivalence,thatstepisirreversible.

LetP,Qbetwofnsin(x,y,z,…)suchthatforanyvalueofthevars,P,Qarefinite.IfP⋅Q=

0andQ≠0thenP=0.AndifP⋅Q=0andP≠0thenQ=0.Otherwise,theonlyvalues

thatmakeP⋅Q=0aretherootsofPorQ.ItfollowsthatifP=QthenP±R=Q±Rwhere

Riseitherconstantorisanyfnofthevars.
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Sojustaswithintegers

P+Q=R+S⇒ P+Q-S=R

andsimilar,whereSiseitheraconstantorafnofthevars.Therefore,anysystemcan

bereducedtotheformR=0:

P=Q⇒ P-Q=Q-Q⇒ P-Q=R=0

Formultiplication,P=Q⇒PR=QRifRisanon-zeroconstantbutnotifRisafnofthe

varsbecausethefollowing

PR=QR⇒ PR-QR=0⇒(P-Q)R=0

issatisfiedbyvaluesthatmakeR=0whichwillnotsatisfyP-Q=0.Dividingboth

sidesofanequationbyanythingotherthananon-zeroconstantisirreversibleaswe

maylosesolns.

Example

(x-1)x²=4(x-1) [1]

x²=4 (÷(x-1))

∴x²-4=0∴(x+2)(x-2)=0solns:2,-2

But[1]=(x-1)(x+2)(x-2)solns:1,2,-2

Sincemultiplyingordividingbyaconstantisreversible,ifwehaveaneqnwithcoeffs

∈Q,wecanfindanequivalenteqnwithcoeffs∈ZbyusingLCMandwecantakeany

ifnofform[ƒ]andchangec₀tounity.

Example

((p+q)/q⋅x+p/(p-q)⋅y)((p-q)/p⋅x+q/(p+q)⋅y)=2xy

Multiplybothsidesbyp⋅q⋅(p+q)⋅(p-q)anditresolvesto:

(p²-q²)x²+p²q²y²=0

Everyifracisreducibletoanifnbutthismayintroduceextraneoussolns.

2x-3+(x²-6x+8)/(x-2)=(x-2)/(x-3) [1]

(2x-3)(x-2)(x-3)+(x²-6x+8)(x-3)=(x-2)²

Thisisanifnandsolvedbyanysolnof[1].Butdoanysolnsof(x-2)(x-3)solve[1]?

Clearly,x=3doesnot.Butx=2does.Nowx²-6x+8=(x-2)(x-4).Therefore[1]is

2x-3+x-4=(x-2)/(x-3)andx=2isnotasolnofthisequation.Wehave

introduceditfalselyandmustdiscardit.

P=Q⇒ P-Q=0

multiplyby(Pn-1+Pn-2Q+⋅⋅⋅+Qn)⇒Pn-Qn=0
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Buthereweintroducesolns.Sym.rationalizingfactorsintroducesolnsateverystep.

Itcanbeevenworse:

√(x+1)+√(x-1)=1 [1]

√(x+1)=1-√(x-1)

x+1=1+x-1-2√(x-1)

1=-2√(x-1)

1=4(x-1)

4x-5=0

∴x=5/4whichisnotasolnof[1]

GivensystemA:Pi=0[1-n]ifwederivesystemB:

L₁P₁+L₂P₂+⋅⋅⋅+LnPn=0P₂=0…Pn=0

thetwoareequivalentifL₁isanon-zeroconstant.Andifl,l',m,m'∈Ranyofwhich

canbezerobutlm'-l'm≠0then

A:U=0U'=0

B:lU+l'U'=0mU+m'U'=0

areequivalentsystems.Andgiven

A:P=Q R=S

anysolnofAisasolnof

B:PR=QSR=S

butthesystemsarenotequivalent.AnysolnofAisasolnofB.ButBissolvedby

solnsofR=0andS=0whicharenotinA.Animportantmethodofsolniselimination.

Sayyouhavetwoequationsinx,y.Youeliminateyinoneofthem.Theotherretains

yourrelationofytox.Asimpleexampleofthiswouldbe

A:x²+y²=1 x+y=1

Weeliminateyfromthefirsteqn.

x+y=1∴y=1-x

∴x²+(1-x)²=1

x²+1-2x+x²=1

x²-x=0

∴B:x(x-1)=0 x+y=1isanequivalentsystemtoA

whichseemstrivialhere.Buteliminationisveryusefulwhenthesystemsgetlarger

andmorecomplicated.
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Examples

1)Rationalize√X±√Y±√Z±√U=0

Wegetageneralsolnbytakingonly+assquaringreducesthenalltothesamething.

√X+√Y=-√Z-√U (square)

X+Y+2√XY=Z+U+2√ZU

X+Y-Z-U=2√ZU-2√XY (square)

(X+Y-Z-U)²=4XY+4ZU-8√XYZU

∑X²-2∑XY=-8√XYZU

(∑X²-2∑XY)²=64XYZU

Butthisgeneralsolnisnotthesimplestmethod:

√(2x+3)+√(3x+12)-√(2x+5)-√3x=0

√(2x+3)+√(3x+12)=√(2x+5)-√3x

5x+5+2√(6x²+13x+6)=5x+5+2√(6x²+15x)

6x²+13x+6=6x²+15x

6=2x

3=x

2)Ifx+y+z=0 [1]

then∑(y²+yz+z²)³=3∏(y²+yz+z²)³

y²+yz+z²=y²+z(y+z)

=(-z-x)²+z(-x) (by[1])

=z²+zx+x²

=x²+xy+y² (bysym.)

∴∑(y²+yz+z²)³=3(y²+yz+z²)³and3∏(y²+yz+z²)=3(y²+yz+z²)³

3)Givenx,y,z≠0,eliminatex,y,zin[1]-[3]

y²+z²=ayz [1]

z²+x²=bzx [2]

x²+y²=cxy [3]

x²-y²=(bx-ay)z ([2]-[1]) [4]

∴bx-ay≠0.Elsex²=y²∴By[3]x=0↴

z²(bx-ay)²+x²(bx-ay)²=bzx(bx-ay)² ([2]⋅(bx-ay)²)

(x²-y²)²+x²(bx-ay)²=bx(bx-ay)(x²-y²) ([4])

∴(x²-y²)²=xy(ax-by)(bx-ay)

∴(x²+y²)²-4x²y²=RHS [5]

(c²-4)xy=ab(x²+y²)-(a²+b²)xy (from[3],[5]becomesthis)

∴(a²+b²+c²-4)xy=ab(x²+y²) [6]

∴(a²+b²+c²-4-abc)xy=0 (from[3])

xy≠0∴(a²+b²+c²-4-abc)=0 [7]

This[7]istheeliminantorresultantofthissystemofequations.
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Functions

Afewremarksonalgebraicfnsofform[ƒ]withcoeffs∈R.

1)f(x)canbeinfiniteforsomefinitex,usuallywhenapproachingform1/0.

2)f(x)caninstantaneouslyincreaseordecreasebutonlybydefinitionasin

f(x)=3x+1∈(-∞,1),3x+2∈[1,∞).Otherwise,alg.fnsarecontinuous.

Def.Afnf(x)iscontinuousiff(x)hasalimitbifasx→athenf(a)=b.Or

limitf(x)asx→a=f(a)

Intuitively,thismeansyoucangraphanyintervaloff(x)withoutliftingyourpencil

fromthepaper.Or,youalwaysgettowhereyouaregoing.Nosurprises.

3)Ifci∈R,f(x)canbecomplexforsomerealvaluesofx.Letf(x)=+√(1-x²)thenf(x)

hasrealvaluesonlyon[-1,1]andimaginaryvalueselsewhere.Butthiscannothappen

iff(x)isarationalalgebraicfnusingonlythefouroperationsofarithmeticandno

radicals.

ThesenextsixpropositionsrefinesomeideasinDMEandcanbeprovedusingthe

ideasoflimitsfromthattext.Theyconsiderwhathappensonanintervalwherethe

twofnsapproachextremevalues.Keepinmindthattherecouldbemanyintervals

wherethishappensifweconsiderthewholedomainofalg.fnsP,Q.

Prop.3.5.Pfinite,Q→0⇒PQ→0

Prop.3.6.Pfinite,Q→∞⇒PQ→∞

Prop.3.7.P!→0whenQ→0⇒(Q→0⇒P/Q→∞)

IfP∧Q→0,theformbecomes0/0whichisindeterminate.

Prop.3.8.P!→∞whenQ→∞⇒(Q→∞⇒P/Q→0)

Prop.3.9.P∧Q→0⇒P+Q→0

Prop.3.10.(P∨Q→±∞)∨(P∧Q→(+∞∨-∞))⇒P+Q⇒±∞

Wecanextendtheseideas:

Prop.3.11.IfP=∏Pi[1-n]thenPremainsfiniteifallPiremainfinite.

IfanyPi→0thenP→0andifanyPi→∞thenP→∞.

Prop.3.12.IfS=∑Pi[1-n]thenSremainsfiniteifallPiremainfinite.

S→0onlyifallPi→0.ButS→∞ifanyPi→∞.

Alongthesesamelines,considerP/Q:
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Prop.3.13.P/QfiniteifPandQfinite.

ItmaybefiniteisP∧Q→0orP∧Q→∞.

Prop.3.14.P/Q=0if(P=0∧Q≠0)∨(P≠∞∧Q=∞)

ItmayequalzeroifP∧Q→0orP∧Q→∞.

Prop.3.15.P/Q=∞if(P=∞∧Q≠∞)∨(P≠0andQ=0)

ItmayequalgotoinfinityifP∧Q→0orP∧Q→∞.

Theaboveideashaveimplicationsregardingcontinuity.

Prop3.16.Thealgebraicsumofafinitenumberofcontinuousfnsisacontinuousfn.

Prop3.17.Theproductofafinitenumberofcontinuousfnsisacontinuousfnsolong

asallthefactorsremainfinite.

Cor.1.IfAconstant,Pcontinuousfn⇒APcontinuousfn.

Cor.2.IfAconstant,m∈N⇒Axmcontinuousfn.

Cor.3.∀ifnf(x)iscontinuousandcannotbecomeinfiniteforafinitevalueofx.

Prop.3.18.IfP,QifnsofxthenP/Qisfiniteandcontinuousforallfinitevaluesofx

whereQ(x)≠0.

Theunderlyingideaintheselastthreepropositionsisthatineachcasenothingoccurs

totakef(a)awayfrom thelimitoff(x)asx→a.Inadditionorsubtraction,the

incrementsoftheelementsareallcontinuous,sothesum oftheincrementsis

continuous.Nothingbreaksthepathtothelimit.Theninmultiplication,wecan'tlet

anyfactorgotoinfinityoritproducesadiscontinuity,Andthesamehappensin

divisionifthedenominatorrunsofftozero.

IfP=A+B,P(x+h)=A+a+B+b=A+B+a+b.Sotheincrementofthefnisa+b.The

limitsofA,Bbeingcontinuous,thelimitofthesumiscontinuous,orrather,thesum

providescontinuity.Inaproduct(A+a)(B+b),wehaveAB+Ab+Ba+abwhichgoes

toABasa,b→0andcontinuityispreservedsolongasAandBarewell-behavedand

remainfinite.Youcanworkoutthesymmetricideasforquotientsonyourown.

Thm.3.12.Iff(x)continuouson[a,b]wheref(a)=p,f(b)=q,thenf(x)passesatleast

oncethrougheveryvalueon[p,q].

Cor.1.Iff(a),f(b)differentsignsthenf(x)hasatleastoneroot,andinanycaseanodd

numberofroots,on[a,b].

Cor.2.Iff(a),f(b)samesign,iff(x)hasanyrootson[a,b]theremustbeaneven

numberofthem.Notethatiff(x)merelytoucheslineab,therootsaremultipleroots.

Cor.3.Acontinuousfncanchangesignonlybypassingthroughthevaluezero.

Cor.4.IfP,Qcontinuousifnsandp(P,Q)(or"P,Qprimetoe.o.")thenP/Qcanonly

changesignbypassingthrough0or∞.

Arguably,theseareallprovablebygraphinganycontinuousfn.Notethatthe

RemainderTheoremallowsyoutoexcludethecaseof0/0andthereforeCor.4.

followsfromCor.3.ThisnexttheoremstrikesmeasavariationofDeMorgan's

theoremthatbychoosingx,anytermofafncancontainallthefollowingterms.
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Thm.3.13.∀ifnf(x):1)Bytakingxsmallenoughf(x)canhavethesamesignasits

lowesttermand2)bytakingxlargeenough,f(x)canhavethesamesignasitslargest

term.

Proof

Takey=px³+qx²+rx+s

1)Ifs≠0thenbyinspectionwecanmakepx³+qx²+rx<s

Ifs=0,wehave(px²+qx+r)xandthesamereasoningholds.

2)Wecanalterthefnto

y=x³(p+q/x+r/x²+s/x³)

whereforlargexwemakey=px³.■

Thm.3.14.∀ifnf(x)ofform[ƒ]canbemadearifnwithc₀=1∴

iffodd°thenf(+∞)=+∞andf(-∞)=-∞

iffeven°thenf(±∞)=+∞

Cor.1.∀ifnodd°,coeff∈Rhasatleastonerealrootandifmorethenanoddnumber.

Cor.2.If∀ifneven°hasrealroots,ithasanevennumberofthem

Cor.3.∀ifn,coeff∈R,ifithascomplexroots,ithasanevennumberofthem.

MaximaandMinima

Chrystalintroducesheretheideasofmaximaandminima.ButwithouttheCalculus,

theserequirelotsofhand-waving.FortunatelyfromDMEwehaveenoughCalculus

forthis.

Def.f(x)hasamaximumwheref'(x)(firstderivativeoff(x))changesfrompositiveto

negative.Thecurvestopsgoingupandstartscomingdownatthispoint.Andf(x)has

aminimumwheref'(x)changesfromnegativetopositive.Thereforewhereverf(x)

hasamaximumorminimum,f'(x)=0.

Acoupleofcaveats.Afnf(x)couldgoup,decreaseitstangenttozeroandthengoup

again,makingakindofflattenedS-curve.Andf'(x)wouldequalzeroheretoo.Soin

everycaseyouhavetotestf(x)onbothsidesoff'(x)=0.Also,f(x)couldhavea

maximumorminimumwhere,byhavingsomekindofinstantaneouschange,itwould

havenof'(x).

Sotofindmaximaandminimaforf(x):

1. derivef'(x);

2. solveforf'(x)=0;and

3. testrootsformaxima,minima,andfalsepositives.

Example

y=x³/3-2x²+3x+2

y'=x²-4x+3 roots:1,3

Sowehaveamaxorminatboth(1,3⅓)and(3,2)andyoucandeterminewhichis

which.
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Thm.3.15.Iff(x)iscontinuous,itsmaximaandminimasucceede.o.alternately.

Thm.3.16.Iff(x)notconstantandhasrealrootsa,b:a<bthentheremustbeatleast

onemaxorminon[a,b].

Thm.3.17.Letx=pbeamaxorminoff(x)thenthefnf(x)-phasadoubleroot.

(Useaquicksketchofsomef(x)toseethatthistheoremissaying.)

FunctionsofTwoVariables

Letz=f(x,y)beanifn,x,y,coeff∈R.Byconsideringonlysuchz,thevalueofzwillbe

real.Ourincrementoffisnowf(x+h,y+k)-f(x,y).ButwiththesetermsinformAxmyn

youcouldeasilyprovethatasxgoesfroma→a'andyfromb→b'thatzmustpass

continuouslyfromsomec→c'.

NowletP=(a,b),P'=(a',b').

There are an infinity of

continuouscurvesfromPtoP'.

LetlinePQhavethemagnitude

off(x,y)atPwhereQisabove

theXYplaneifpositive,below

ifnegative.Thenthelocusof

allpossibleQisagraphical

surfaceoff(x,y).AsPtravels

anycurveSintheXYplane,Q

travelscurve∑onthesurface

off(x,y)so thatS isthe

orthogonalprojectionof∑.

Ifwewanttoknow where

f(x,y)=c,wecutthesurface

withsomeplaneU‖planeXY

atdistancecaboveorbelow

theXYplaneascispositiveor

negative.PlaneUintersects

thesurfaceatsomecurve∑

whichisthecontourlineofc

onthesurface.IfweletU=XY,

thiscontourisf(x,y)=0.This

istheboundary,oneitherside

ofwhichf(x,y)hasopposite

signs.

Sowehaveanalogsoftheabovetheorems,suchas

Thm.3.18.IfP=f(a,b)>0andQ=f(a',b')<0theniffcontinuousfpassesthrough

zeroanoddnumberoftimesasitpassesfromPtoQ.
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Andingeneralitfollowsthatanyplanecurvecanbeanalyticallyrepresentedbyafn

oftwovariables.Thisisonlyapreviewoftwovarfns.Asimilarpreviewofcomplex

fnsfollows.

ComplexFunctionsofaSingleVariable

Letf(x)beanifnofx,coeffs∈C.Herex=a+bi.Andf(a+bi)iscontinuousfroma+bito

a'+b'iifavariescontinuouslyfromatoa'andbfrombtob'.Weknowthatanyfn

f(a+bi)reducestosomeA+BiwhereA,Bifnwithcoeffs∈R.Sof(a+bi)iscontinuous

ifA+Biiscontinuous.Graphically,wecansaythatthegraphoftheindvarisa

continuouscurveSwhenthegraphofthedependentvar(f(a+bi))isacontinuous

curveS'.

WecanthinkofA,BinA+Biasφ(a,b),ψ(a,b).SothevaluesthatmakeA=0willmake

φ=0.Sym.forBandψ.Whereφ=0wehaveacurveSandwhereψ=0,acurveT.

ThereforetheintersectionS∩Tistherootsoff(a+bi).WhichIfindaestheticallyvery

pleasing.

Example

y=ix²+8

A+Bi=i(a+bi)²+8

=2(4-ab)+(a²-b²)i

∴A=2(4-ab)B=a²-b²

CurvesSandTarederivedfrommakingbafnofaorb(a)

S)b=4/a

T)b=+a,-a

∴Sisanhyperbolaintersectedbythelineb=aatP=(2,2)andQ=(-2,-2)

∴rootsofix²+8are2+2iand-2-2i.

Equations1°

Let'slookatafewthingswealreadyknowbutnowfromChrystal'sviewpoint.

ax+b=0

∴a(x-(-b/a))=0

∴soln:x=-b/a

Thm.3.19.∀eqn1°hasuniquesoln.

Proof

Lettheretwosolns:α,βanda≠0

aα+b=0

aβ+b=0

a(α-β)=0 (-)

a≠0∴α-β=0∴α=β■
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Def.Asystem(sys)ofeqnsisconsistentifauniquesolnsatisfiesalleqnsinthesys.

Twoeqns1°aregenerallyinconsistent.Givenax+b=0andcx+d=0,consistency

requiresad-bc=0where,geometricallyspeaking,linesareparallel(‖).Ifb,d=0,

eqnsareconsistentassolnisx=0.Andiftwoareconsistent,thenforsomer∈R:

ax+b=r(cx+d)

∀eqn1°oftwovarshasinfinitesolns.Theformisax+by+c=0.Givenanyy,

x=-(by+c)/a

sowecanthinkofyhereasanarbitraryconstantandtheeqnashavingaone-fold

infinityofsolns.

∀l,l',m,m'∈Q:lm'-l'm≠0,thenthesetwosystems(1,2and3,4)areequivalent.

ax+by+c=0 [1]

a'x+b'y+c'=0 [2]

l(ax+by+c)+l'(a'x+b'y+c')=0 [3]

m(ax+by+c)+m'(a'x+b'y+c')=0 [4]

Clearly,thetwosystemshaveonlythesamesolnsandsolnsof[3],[4]give:

m'(l(ax+by+c)+l'(a'x+b'y+c'))-l'(m(ax+by+c)+m'(a'x+b'y+c'))=0[5]

-m(l(ax+by+c)+l'(a'x+b'y+c'))+l(m(ax+by+c)+m'(a'x+b'y+c'))=0[6]

And[5],[6]reduceto:

(lm'-l'm)(ax+by+c)=0 [7]

(lm'-l'm)(a'x+b'y+c')=0

whichiflm'-l'm≠0areequivalentto[1]and[2].

Ifweletl=+b',l'=-b,m=-a',m=+athenlm'-l'm=ab'-a'band[3],[4]become:

(ab'-a'b)x+cb'-c'b=0 [3']

(ab'-a'b)y+c'a-ca'=0 [4']

∴x=cb'-c'b y=ac'-a'c

ab'-a'b ab'-a'b

whichisuniqueifab'-a'b≠0.Eqns[1],[2]arecollaterallysymmetricalwrtxy,ab,cd.

Soifweknowxthenyisobtainedbysubbingbfora,aforb,a'forb'andb'fora'.
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Bezout'sMethod

Ifwestartwith[1],[2]andanyλ,anysolnofthesyssolves

(ax+by+c)+λ(a'x+b'y+c')=0 [3]

or (a+λa')x+(b+λb')y+(c+λc')=0 [4]

Selectanyλ,lety=0and[4]→(a+λa')+(c+λc')=0

Butλ=-b/b'∴x=(c+λc')/(a+λa')=(b'c-bc')/(ab'-a'b)Sym.fory.

Ifwebeginwithsys[1],[2],thisisanequivalentsys:

y=(-ax+c)/b

a'x+b'y+c'=0

andsubbing,thisisanequivalentsys:

y=(-ax+c)/b

a'x-(b'(ax+c))/b+c'=0

Andalgebrating,wegetthesameresults.Soouroriginalsys[1],[2]isconsistentif

ab'-a'b≠0or,fromDME,thedeterminantofthecoeffsisnon-zero.Ifweaddtheeqn,

a"x+b"y+c"=0tooursys,thesyshasasolnifthedeterminant

abc

Deta'b'c'≠0 ORa"(bc'-b'c)+b"(ca'-c'a)+c"(ab'-a'b)≠0 [1]

a"b"c"

Forlineareqns,anon-zeron×ndeterminantistheconditionofconsistencyforanysys

ofneqns.Thedeterminant[1]showstheconsistencyofthreeeqnsineitherofthese

forms:

ax+by+c=0

ax=by+cz+d=0

Nowallofwhatwehavesaidherescalesupwithlinearequations.Anyeqn1°ofthree

varsax+by+cz+d=0hasatwo-foldinfinityofsolutions.Assignanyarbitrary

constantsforyandzandxisthendetermined.Asysoftwosucheqnshasaone-fold

infinityofsolns:

ax+by+cz+d=0

a'x+b'y+c'z+d'=0

Chooseanyzandyouhavethesolnoftwolineareqnsintwovarsasabove.Alater

exampleshowshowthiscanbedonewithanarbitraryconstantandratios.
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Givenasysofthreesucheqns:

ax+by+cz+d=0 [1]

a'x+b'y+c'z+d'=0 [2]

a"x+b"y+c"z+d"=0 [3]

withanon-zerodeterminant:

a(b'c"-b"c')+b(c'a"-c"a')+c(a'b"-a"b')≠0 [4]

ButholdthatthoughtwhileImaketworemarksondeterminants.First,theselasttwo

determinantsabovearethesame.Youcanuseanyrowforthecoeffsandtheothers

forthetwo-partfactor.Second,ifyouweretotakeallthetwo-partbitsinthesame

direction,theywouldalternatepos/negandsecondtermabovewouldbe

-b(a'c"-c'a")

anddifferenttextsdothisindifferentbutvalidways.Returningtooursys,itis

equivalentto:

ax+by+cz+d=0 [5]

c'(ax+by+cz+d)-c(a'x+b'y+c'z+d')=0 [6]

c"(ax+by+cz+d)-c(a"x+b"y+c"z+d")=0 [7]

Thenlet:A=ac'-a'c B=bc'-b'c C=dc'-d'c

A'=ac"-a"c B'=bc"-b"c C'=dc"-d"c

Andthisbecomes:

ax+by+cz+d=0 [5']

Ax+By+C=0 [6']

A'x+B'y+C'=0 [7']

Andthedeterminantbecomes:AB'-A'B≠0 [8]

∴ x=BC'-B'C y=CA'-C'A

AB'-A'B AB'-A'B

Subbingtheseinto[5]weget

z=-a(BC'-BC)+b(CA'-C'A)+d(AB'-A'B)

c(AB'-A'B)

Wecanseefromgeometry,thatifwithtwoeqnstheyareinformax+by=0orwith

threeeqnstheyareinformax+by+cz=0,thenwehavelinesorplaneswhichhave

notbeendisplacedfromtheoriginandsolnsbecome:x,y=0orx,y,z=0solongasthe

determinant(det)isnon-zero.
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Ifwehaveax+by=0anda'x+b'y=0anddet=0,wethenhave

a(x/y)+b=0

a'(x/y)+b'=0

andthenforanyx,y:x:y::-b:aorx:y::-b':a'isasoln.Notethatheretheseeqnsare

consistent.Sowehaveaone-foldinfinityofsolns.Andgoinguponedimension,ifwe

havedet=0withthreeeqnsofformax+by+cz=0:

a(x/z)+b(y/z)+c=0

a'(x/z)+b'(y/z)+c'=0

a"(x/z)+b"(y/z)+c"=0

thenagain,thedet=0meanstheeqnsareconsistentandanytwoofthemdetermine

theratiosx:z,y:z.Thereforex:y:z=bc'-b'c:ca'-c'a:ab'-a'bwherebc'canbebc',

bc",orb'c"andsoonsym.alteringtherestofthetermsdependinguponwhichtwo

eqnsdeterminetheratios.Sowhenasysofeqnsishomogeneousandconsistent,the

valuesofthevarsareindeterminatebuttheirratiosaredeterminate.Ifwehave:

3x+5y-7z-2=0

4x+8y-14z+3=0

3x+6y-8z-3=0

thesimplestmethodofsolnisourmatrixmethodfromDMEwhichIwillgivein

running-styleforyoutopuzzleout:

35 -7-2 0-41417 001021 0012.1

48-143 13-7-5 10-4-8 1000.4

36 -8-3 01-1 1 01-1 1 0103.1

∴x=0.4 y=3.1 z=2.1 Let'sconsidertherelationofeqnstosolns.

Prop.3.19.Asysofn-reqns1°innvarshasasolninvolvingrarbitraryconstantsand

thereforeanr-foldinfinityofsolns.

Prop.3.20.Asysofneqns1°innvarshasauniquedeterminatesolnsolongasdet≠

zero.

Prop.3.21.Asystemofn+reqns1°innvarsisgenerallyinconsistent.Tosecure

consistency,rdifferentconditionsmustbesatisfied.

Othersystemsofequationscanbereducedtolinearsystems.Ifallstepstakenare

reversible,thelinearsolutionwillbethesolutionoftheoriginalsystem.Else,

solutionshavebeenaddedinthereductionandresultsmustbeverified.
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Example

x²-y²=x-y 2x+3y-1=0

LHEqn≡(x-y)(x+y-1)=0

∴systemequivalentto

I.x-y=0 2x+3y-1=0

II.x+y-1=0 2x+3y-1=0

Solns:I.(1/5,1/5) II.(2,-1)

Solutionsoflinearsystemscanbesimplifiedbyusingauxiliaryvariables.

Examples

1)(x-a)³/(x+b)³=(x-2a-b)/(x+a+2b)

Letx+b=z∴x=z-bandletc=a+b

∴(z-c)³/z³=(z-2c)/(z+c)

(z-c)³(z+c)=z³(z-2c)

z⁴-2z³c+2zc³-z⁴=z⁴-2z³c

2c³z-c⁴=0∴soln:c/2∴x=c/2-b=(a-b)/2

2)a(x+y)+b(x-y)+c=0 a'(x+y)+b'(x-y)+c'=0

Letx+y=m x-y=n

am+bn+c=0 a'm+b'n+c'=0

whichsolvesasalinearsystemwithexpressionsform,n

Thenx+y=expr.mx-y=expr.n(expr.≡expressionof)

Addanddivideby2forx;subtractanddivideby2fory.

3)Systemofthreeeqns:

x-2y+3z=0 [1]

2x-3y+4z=0 [2]

4x³+3y³+z³-xyz=216 [3]

Ratherthansolving[1],[2]bychoosinganyz,

wecanalsotakeanyarbitraryλ.Then

x=λ(bc'-b'c)y=λ(ca'-c'a)z=(ab'-a'b)or

x:y:z=bc'-b'c:ca'-c'a:ab'-a'b

x:y:z=1:2:1orx/1=y/2=z/1=λ

∴x=λy=2λz=λ [4]

∴27λ³=216∴λ³=8

solns:λ=2λ=2(-1+i√3)λ=2(-1-i√3)

Subeachoftheseinto[4]fortheactualthreesolns.
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GraphicalRemarks

Alineisy=ax+b,therefore

1. ifb=0theny=axoralinewithslopeaontheorigin

2. ifa=0theny=boraline‖X-axisaboveorbelowitatdistanceb

3. ifa,b=0theny=0ortheX-axis

In#1,therootis(0,0).In#2,thereisnoroot.In#3,0x+0=0∴x=0/0andlineis

indeterminateasallofX-axisisits"root."

Aplaneisz=ax+by+canditscontourlinesaaseriesof‖lines.Letk=∀constant,

thenax+by+c=k∴y=(-a/b)x+(k-c)/bwhichisaline.Note,however,thatlines

havenowidth,composenothingandcertainlycannotbeusedtobuildaplane.Inthis

linethexinterceptis(k-c)/aandtheyinterceptis(k-c)/b.Takeanytwosuchlines

andtheratiooftheirxandyinterceptsarethesameasthesetwolines.Soallare‖

whichistosaythattheslopesallequal-a/b.Thezerocontourlinehereis

ax+by+c=0 [1]

whichdividestheplaneintwo.Anypointononesideof[1]makes[1]positiveand

anypointontheothermakesitnegative.Twosuchlines,whetherinthesameorin

differentplaneswillhavegenerallyonepointofsolution.Iftheyareparallel(see

EuclidBookXI)thereisnosolntothesystem.Iftheyarecoincident,youcanderive

x=y=0/0andsohaveanindeterminatesystem.

Threesuchlineshaveasolnorpointofintersectioniff(ifandonlyif)det=0.Inour

det,wehavethecaseswhereoneormoreofab'-a'b,a"b-ab",a'b"-a"b'vanish.Of

course,iftwovanish,theyallvanish.Sowehaveonlytwocases.

LetthelinesbeL,L',L".

1. Letab'-a'b=a"b-ab"=0.ThenL‖L'andL‖L"∴alllinesareeitherparallel

ofcoincident.

2. Letab'-a'b=0.ThenL‖L'andL"isneither‖norcoincidentwithL,L'.Here

thethreecanhavenocommonsolutionunlessL≡L'.

Let'sprovethatlastone:

Letab'-a'b=0

k=∀constant:a'/a=b'/b=k

∴a'=kab'=kb

∴det=a"(bc'-b'c)+b"(ca'-c'a)=0

=a"(bc'-kbc)+b"(cka-c'a)=0

=(a'b-ab")(c'-kc)=0

LHT≠0byhyp.∴RHT=0∴c'=kc

∴Ifk=1asolnexists.■
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Equations2°

DeMorgancoveredallthebasictheoryonquadratics.Sowe'lltakeitfromthere.But

first,hereisa

CoolExample

Solve√(7+√(7+√(7+⋅⋅⋅)))

Lettheexpressionequalx,thenx²=7+x

∴x²-x-7=0andalgebrate

Thistechniquecanbeusedwithotherinfiniteformssuchasinfiniteseries.

Wecansolvesomehigherdegreeeqnsbyviewingthemas,orreducingthemto,

quadratics.

Examples

1)Solvex³+1=0

Reducesto(x+1)(x²-x+1)=0

Sothethreerootsareallwithinthescopeofquadratics.

2)Solve7x³-13x²+3x+3=0

Clearlydivby(x-1)asx=1isasolnbyinspection

∴(x-1)(7x²-6x-3)=0

3)p(ax²+bx+c)²-q(dx²+ex+f)²=0

FromA²-B²=(A+B)(A-B)

=(√p(ax²+⋅⋅⋅)+(√q(dx²+⋅⋅⋅))(√p(ax²+⋅⋅⋅)-(√q(dx²+⋅⋅⋅))

LHTmult.outisquadratic:(a√p+d√q)x²+⋅⋅⋅andSym.forRHT.

Ineverycase,weuseourunderstandingoftheformofnumbertofindwhatsimple

formsliewithinourwork.Andthenweexploitthem.Weknowthatwecanreduce

everyalgebraiceqntoanifn.Butwemusttrackourworkandexcludeanyextraneous

solnsweintroduce.

Examples

1)1/(x+a+b)+1/(x-a+b)+1/(x+a-b)+1/(x-a-b)

UsingA²-B²=(A+B)(A_B)combineterms1and4,2and3.

2x/(x²-(a+b)²)+2x/(x²-(a-b)²)=0

∴2(2x²-2(a²+b²)=0

Equiv.tosys:x=0 x²-(a²+b²)=0

Roots:0,±√(a²+b²)andnoneintroducedbyprocess.

2)(√(a+x))/(√a+√(a+x))=(√(a-x))/(√a-√(a-x))

Rationalizedenomsandalgebrate:

4x⁴-3a²x³=0∴roots:0,±a(√3/2)

Buttheseareallintroducedbytheprocessanddonot

satisfytheoriginaleqn.
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Quadraticsolncanbeachievedbychangeofvariable.Ifwecanputaneqninform:

(f(x))²+p(f(x))+q=0

wecansolveitasaquadraticoff(x)andiff(x)is1°or2°thenwecancompletelysolve

itwithwhatweknowsofar.

Examples

1)x²+3=2√(x²-2x+2)+2x

x²-2x+2-2√(x²-2x+2)+1=0

∴f(x)=x²-2x+2∴(f(x)-1)²=0

√(x²-2x+2)=1

x²-2x+2=1

(x-1)²=0 ∴roots:x=1

2)22x-3⋅2x+2+32=0

(2x)²-12(2x)+32=0

(2x-4)(2x-8)=0

Equivtosys:2x=4 2x=8∴soln:x=2,3

ReciprocalEquations

Thisisaveryusefulform.Considerthesereciprocaleqns,i.e.wherethecoeffs

equidistantfromtheendsareequal.(Thatwasadefinition,right?)

ax⁴+bx³+cx²+bx+c=0

ax⁴+bx³+cx²-bx+c=0

Thesereduceto:

a(x²+1/x²)+b(x+1/x)+c=0

a(x²+1/x²)+b(x-1/x)+c=0

Or:

a(x+1/x)²+b(x+1/x)+c-2a=0 [1]

a(x+1/x)²+b(x-1/x)+c+2a=0 [2]

Letrootsof[1]=α,β[2]=γ,δ.

Then[1]isequivtosys:x+1/x=α x+1/x=β

Or:x²-αx+1=0 x²-βx+1=0

Sym.[2]isequivtosys:x²-δx-1=0 x²-γx-1=0

Andtherootsofthesepairsaretherootsofthe4°originaleqn.
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Moregenerally,ifwehave:

ax⁴+bx³+cx²+dx+e=0

itcantaketheform:

a(x²+e/(ax))+b(x+d/(bx))+c=0

andife/a=d²/b²thistakestheform:

a(x+d/(bx))²+b(x+d/(bx))+c-2⋅ad/b=0

Further,ifwehave:

ax⁵+bx⁴+cx³±cx²±bx±a=0

whereeithertheupperorlowersignsarealltakentogether,thishasform:

a(x⁵±1)+bx(x³±1)+cx²(x±1)=0

whereeither(x+1)or(x-1)isafactor.Andremovingthisfactorweobtaina

reciprocal4°eqnasabove.

Elimination

Idonotyetfullygraspthemethodsofelimination.ButIcanseetheimportanceofit.

LetmeshareasmuchofitasIhavegraspedandyoucandigintoitmoredeeply.

Let'slookatsystemswithquadratics.Ifwehaveasysof2eqnsl°(that'snota1)and

m°inx,y,thesyshasl⋅msolns.Ifweeliminatey,thesysinxwillbe(l⋅m)°.Andthis

eqnistheresultanteqninx.Thesameideaextendstosyswithmorethantwoeqns

andmorethantwovars.Generally,suchasyshas(n-1)1°eqnsandonequadratic.By

firstsolvingthe(n-1)1°eqns,wesubstitutethosevaluesinthequadratic.Thisgives

tworootsolnswhichinturngivesasecondvaluetothe(n-1)solns.

Theideaofelimination,simplestcase,is:giventwoeqnsinx,y,weeliminateyinone

ofthem,solveforxandsubthatvaluebackintotheothereqnfory.Andthisbasic

ideascalesupformoreeqnsandmorevars.

Example

lx+my+n=0 [1]

ax²+2bxy+by²+2gx+2fy+c=0 [2]

[1]equivto:y=-(lx+n)/m [3]

suby→[2]=am²x²-2hmx(lx+n)+b(lx+n)+2gm²x-2fm(lx+n)+cm²=0

=(am²-2hlm+bl²)x²+2(gm²-hmn+bnl-flm)x+(bn²-2fmn+cm²)=0[4]

∴sys[1],[2]≡[3],[4]and[4]givestwovaluesofx.

Subx'sinto[3]fortwovaluesofy.
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Moregenerallyconsider:

ax²+2hxy+by²+2gx+2fy+c=0 [1]

a'x²+2h'xy+b'y²+2g'x+2f'y+c'=0 [2]

Asquadraticsiny,theseare:

by²+2(hx+f)y+(ax²+2gx+c)=0

b'y²+2(h'x+f')y+(a'x²+2g'x+c')=0

whichwecanabbreviateas:

by²+px+q=0 [1']

b'x²+p'x+q'=0 [2']

Mult.byb,b'andsubtract,mult.byq'andthenqandsubtract:

(pb'-p'b)y+(b'q-bq')=0 [3]

(b'q-bq')y²+(p'q-pq')y=0 [4]

Ifb'q-bq'≠0,theseareequivto[1'],[2'].Ingeneral,valuesofxthatmakebq'-b'q=0

arenotsolnsof[3]and[4]andneitherisy=0.Therefore,thesys:

(pb'-p'b)y+(b'q-bq')=0 [3']

(b'q-bq')y+(p'q-pq')=0 [4']

isequivto[1'],[2'].Mult.[3']by(b'q-bq')and[4']by(pb'-p'b)andsubtract:

(b'q-bq')²-(pb'-p'b)(p'q-pq')=0 [5]

Ifb'q-bq'≠0,then[4'],[5]equivto[3'],[4'].Expandingthese,wegetequivalentsto

theoriginalsystem:

(b'(ax²+2gx+c)-b(a'x²+2g'x+c'))y

-4(b'(hx+f)-b(h'x+f'))(h'x+f')(ax²+2gx+c)-(hx+f)(a'x²+2g'x+c'))=0 [6]

(b'(ax²+2gx+c)-b(a'x²+2g'x+c'))²

+2((h'x+f')(ax²+2gx+c)-(hx+f)(a'x²+2g'x+c'))=0 [7]

[6]isabiquadraticgiving4valuesofx

[7]is1°inyandgivesonevalueofyforeachx

[6]isonlyreducibletoaquadraticinthefollowingcasesandthesecasesarewhere

theintersectionoftwoconicsareconstructiblewitharulerandcompass.

1)Ifb'/b=f'/f=c'/c,[6]becomes

x²(b'(ax+2g)-b(a'x+2g'))²

-4(b'h-bh')((h'x+f')(ax+2g)-(hx+f)(a'x+2g')+(h'c-hc')))=0

wheretworootsarezeroandtwocomefromthequadratic.
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2)Ifa'/a=b'/b=h'/h,thetwohighesttermsdisappearfrom[6].Twoofitsroots

becomeinfiniteandtheothertwocomefromthequadratic.

3)Iff,g,f',g'=0thenonlyevenpowersoccurin[6]andtheresultantbecomesa

quadraticinx².

4)Insomecases,theresultantwillbeareciprocaleqn.

Homogeneoussystemsofhomogeneouseqnsinx,yareoftensolvedbylettingy=vx.

Example

x²+xy=12 xy-2y²=1

Lety=vx

x²(1+v)=12 x²(v-2v²)=1

∴x²(1+v)-12x²(v-2v²)=0

∴x²(24v²-11v+1)=0

Becausex=0notsolnoforiginalsys,originalsysequivto

x²(1+v)=12 24v²-11v+1=0

Fromquadraticinv,v=1/3,1/8

Fromv=1/3,x=±3,from1/8,x=±4√(2/3)

Solns:(3,1)(-3,-1)(4√(2/3),1/√6)(-4√(2/3),-1/√6)

Symmetricalsystems,likesym.eqns,areunchangedbytheexchangeofanytwovars.

Thesearesym.sys:

Sys1:x+y=a x²+y²=b

Sys2:x²+y=a y³+x=a

Sys3:x-y+z=a yz+zx+xy=c x²+y²+z²=b

Thesolnsofsuchsystemsmustalsobesymmetrical.Ifthereareanevennumberof

solns,say4,andtwoarex=a₁,a₂y=b₁,b₂,thentheothertwomustbex=b₁,b₂and

y=a₁,a₂.Ifthenumberofsolnsisodd,thevaluesofx,ymustbeequal,elsethere

wouldbeanothersym.soln.

Example

System: [1]

A(x²+y²)+Bxy+C(x+y)+D=1

A'(x²+y²)+B'xy+C'(x+y)+D'=1
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1stmethod

Lety=vx,eliminatexasabovetogetaresultantinv.

((D'A)+(D'B)v+(D'A)v²)²=(D'C)(1+v)²((C'A)+(C'B)v+(C'A)v² [2]

whereD'A≡D'A-DA',D'B≡D'B-DB',andsoon.[2]isreciprocalandsolvableby

quadratics.Thesystemcomesdownto(inthisD'Anotation):

((D'A)+(D'B)v+(D'A)v²)x+(D'c)(1+v)=0 [3]

andissolvablefromthere.

2dmethod

sys[1]isequivto

A(x+y)²+(B-2A)xy+C(x+y)+D=0

A'(x+y)²+(B'-2A')xy+C'(x+y)+D'=0

or

Au²+(B-2A)v+Cu+D=0 sys[4]

A'u²+(B'-2A')v+C'u+D'=0

Eliminateu²thenvforequivsys:

(A'B)v+(A'C)u+(A'D)=0 sys[5]

(A'B)u²+((C'B)-2(C'A)u+((D'B)-2(D'A))=0

where(A'B)etc.asabove.Sys[5]hastwosolns,sayu=a,a'v=b,b'.Thenoriginal

systemsoln:

x=(a±√(a²-4b)/2,(a'±√(a'²-4b'))/2

y=(a∓√(a²-4b)/2,(a'∓√(a'²-4b'))/2

wherebothsolnscanbetreatedas:

2(x²+y²)-3xy+2(x+y)-39=0

3(x²+y²)-4xy+(x+y)-40=0

GeneralTheoryofIntegralFunctions

Wecanviewanyifnofform[ƒ]asaproductofitsfirstcoeffc₀anditsfactors.

f=c₀(x-a₁)(x-a₂)⋅⋅⋅(x-an)

whereaiareitsnroots.Comparingthistotheformandalgebrating,wefind:
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-c₁=∑nrootstakenoneatatime

c₂=∑productofnrootstakentwoatatime

⋅⋅⋅

cn=productnroots

Forifα,βrootsofax²+bx+c=0thenα+β=-b/aandαβ=c/aandifα,β,γrootsof

ax³+bx²+cx+d=0thenα+β+γ=-b/a,βγ+γα+αβ=c/aandαβγ=-d/a.Itfollowsthat

consideringthesecoeffsumsassi[1-r]ofthe1torpowersofrootsα,βofthe

quadratic

x²+p₁x+p₂=0 [1]

thatwecanexpresssiasintegralfnsofp₁andp₂

s₁=α+β=-p₁ [2]

s₂=α²+β²=(α+β)²-2αβ=p₁²-2p₂ [3]

Togets₃,weknow

α²+p₁α+p₂=0 β²+p₁β+p₂=0 [4]

Mult.1stbyα,2dbyβandadd:

s₃+p₁s₂+p₂s₁=0 [5]

s₃=-p₁(p₁²-2p₂)+p₂p₁=-p₁³+3p₁p₂ [6]

Mult[4]byα²,β²respectively:

s₄=p₁s₃+p₂s₂=p₁⁴-4p₁²p₂+2p₂²

andsoon.Itfollowsthatwecanexpressanysym.ifnoftherootsofquadratic[1]as

anifnofp₁andp₂.Andasα,βareanyquantitieswhatever,then:

Thm.3.20.∀sym.fnoftwovarscanbeexpressedasarationalifnofthetwo

elementarysym.fns:p₁=-(α+β)andp₂=αβ.

Note:1)Ifcoeffofsym.fn∈Nthencoeffofequivfninp₁,p₂∈N.2)Thesumofthe

suffixes(i.e.1forp₁)ofthep'sareequaltothedegreeofthesym.fninα,β.Asin[6]:

-p₁³+3p₁p₂⇒ 1+1+1=3=1+2

andthissumistheweightofthesym.fn.
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Examples

1)Calculateα⁴+β⁴intermsofp₁,p₂

Bynote#2,α⁴+β⁴=Ap₁⁴+Bp₁²p₂+Cp₂²ashomog.fn4°.SoA,B,Ctbd.

Letβ=0⇒p₁=-αp₂=0∴α⁴=Aα⁴∴A=1

∴α⁴+β⁴=(α+β)⁴+B(α+β)²(αβ)+Cα²β²

Termα³βnotonLHS∴B=-4

Letα=-β=1⇒p₁=0p₂=-1∴C=2

∴α⁴+β⁴=p₁⁴-4p₁²p₂+2p₂²

ORfroms₄+p₁s₃+p₂s₂=0

s₄=-p₁(-p₁³+3p₁p₂)-p₂(p1²-2p₂)

=p₁4-4p₁²p₂+2p₂²

2)Calculateα⁵+β⁵+α³β²+α²β₃intermsofp₁,p₂

Asabove=Ap₁⁵+Bp₁³p₂+Cp₁p₂²

Letβ=0⇒A=-1

Fortermα⁴βwewouldhaveB=5,letα=β=1⇒C=-6

∴=-p₁⁵+5p₁³p₂-6p₁p₂²

Becauseanyalternatingifnofα,βvanishesifα=β,itcanbeexpressedas(α-β)times

somesym.fnofα,βorasproductof±√(p₁²-4p₂)andanifninp₁,p₂.

Example

Expressα⁵β-αβ⁵intermsofp₁,p₂.

=αβ(α⁴-β⁴)

=(α-β)αβ(α+β)(α²+β²)

=±√(p₁²-4p₂)(p₁p₂(p₁²-2p₂))

Further,anysym.ifracisexpressibleintermsofp₁,p₂:

α³+2α²β+2αβ²+β³=(α+β)³-αβ(α+β)=-p₁³+p₁p₂=p₁²-p₂

α²β+αβ² αβ(α+β) -p₂p₁ p₂

Newtonextendedthisideatosym.fnsofanynumberofvars.

Thm.3.21.Newton'sFundamentalTheoremofSymmetricFunctions

Thesumsoftheintegralpowersoftherootsofanyifnofform[ƒ]withcoeffspicanbe

expressedasifnsofpiwithcoeff∈Z.

Herethepiareourciandusingthesamesiasabove,hederivedthefollowingtwo

tablesforcalculatingsiintermsofpi.

Table1

s₁+p₁=0

s₂+p₁s₁+2p₂=0

s₃+p₁s₂+p₂s₁+3p₂=0

⋅⋅⋅

sn-1+p1sn-2+p₂sn-3+⋅⋅⋅+(n-1)pn-1=0
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Table2

sn+p₁sn-1+⋅⋅⋅+npn=0

sn+1+p₁sn+⋅⋅⋅+s₁pn=0

sn+2+p₁sn+1+⋅⋅⋅+s₁pn=0

⋅⋅⋅

Therefore,inexpressionsofsr,thesumofthesuffixesofpiwillber.Sotofindall

possibletermsinsr,wefindallproductsofpowersofpi[1-n]wherethesumof

suffixesisr.

Example

Findthesumofthecubesoftherootsofx³-2x²+3x+1=0

s₁-2=0 s₂-2s₁+2⋅3=0 s₃-2s₂+3s₁+3⋅1=0

∴s₁=2s₂=-2s₃=-13

Wecantakethisonestepfurther:

Thm.3.22.∀sym.fnfinform[ƒ]ofnvarsxi[1-n].Usingoursigmanotation,let∑x₁,

∑x₁x₂,…,∑x₁x₂⋅⋅⋅xnbetheelementarysymmetricfnsofxi.Thenfisexpressibleasan

ifnoftheseelementaryfnsandtherefore,anyrationalsym.fnofthesevars

expressibleasarationalfnofthesenelementarysym.fns.

Thisideawillpersistthroughoutthetext.Let'sdoacoupleofexamplestoseewhere

thisleads:

Examples

1)α,β,γrootsofx³-p₁x²+p₂x-p₃=0

Expressβ³γ+βγ³+γ³α+γα³+α³β+αβ³intermsofpi
p₁=∑αp₂=∑αβp₃=∑αβγ

Notermhigherthan3°occursin∑α³β

∴∑α³β=Ap₁²p₂+Bp₁p₃+Cp₂² [1]

Letγ=0⇒p₁=α+βp₂=αβp₃=0

[1]⇒α³β+αβ³=A(α+β)²αβ+Cαβ∴A=1B=-2

∴∑α³β=p₁²p₂+Bp₁p₃-2p₂²

Letα,β,γ=1∴p₁=3p₂=3p₃=1

∴6=27+3B-18∴B=-1

∴∑α³β=p₁²p₂-p₁p₃-2p₂²

∴∑α³β=(∑α)²∑αβ-αβγ∑α-2(∑αβ)²

2)Eliminatex,y,zfromsystem:

x+y+z=0 x³+y³+z³=a

x⁵+y⁵+z⁵=b x⁷+y⁷+z⁷=c

Usingoursumsofpowers:s₃=3p₃s₅=-5p₂p₃s₇=7p₂²p₃

Soweneedtoeliminatep₂,p₃from:3p₃=a -5p₂p₃=b 7p₂p₃=c

Thiscanbedoneatonce.Theresultis21b²-25ac=0
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RecallouranalysisofquadraticrootsinDMEwhere,informax²+bx+c=0,oneor

moreofthecoeffsvanished.Wecantabulatetheseresultsforquadratics.

α,β∈R b²-4ac>0

α,β∈C-R b²-4ac<0

α=β b²-4ac=0

α=-β b=0

α,β>0 c/a>0b/a<0

α,β<0 c/a,b/a>0

Rootsoppsign c/a<0

Oneroot>0 c=0

Tworoots=0 b,c=0

Oneroot∞ a=0

Tworoots∞ a,b=0

Wecangeneralizethisforfnsofform[ƒ].Ifthelastrcoeffsvanishtheneqnhasr

infiniteroots.Further,ifc₀=0,thesumoftherootsequalszero.Theconditionthat

tworoots,whererootsareai[1-n],areequalisdeterminedbyexpressing∏(a₁-a₂)²

(oursigmanotation)intermsofpi([ƒ]'sci)andequatethistozero.

Example

x³+p₁x²+p₂x+p₃=0 rootsα,β,γ

∏(β-γ)²=(β-γ)²(γ-α)²(α-β)²=-4p₁³p₃+p₁²p₂²+18p₁p₂p₃-4p₂³-27p₃²

SotheconditionforequalrootsisRHS=0.

Ifallrootsarereal,RHS>0.Butiftwoareimaginary,RHS<0.

Asyoucanimagine,gettingtheRHSfromtheLHSwasagrind.

Thm.3.23∀quadraticifnf(x)iscompletelydeterminedwhenitsrootsaregivenand

alsothevalueoffforanyxnotaroot.

Proof

Letrootsofybeα,β∴y=A(x-α)(x-β)

LetV=f(λ)∴V=(λ-α)(λ-β)whichdeterminesA

∴y=V⋅((x-α)(x-β))/((λ-α)(λ-β))■

Cor.1.∀ifnuniquelydeterminedbyn+1valuesVoff(λi)[1-(n+1)]

Proof

f=ax²+bx+c,λi[1-3]

aλ₁²+bλ₁+c=V₁aλ₂²+bλ+c=V₂aλ₃²+bλ₃+c=V₃

Thislinearsystemuniquelydeterminesa,b,c.

∴y=V₁(x-λ₂)(x-λ₃)+V₂(x-λ₁)(x-λ₃)+V₃(x-λ₁)(x-λ₂)

(λ₁-λ₂)(λ₁-λ₃) (λ₂-λ₁)(λ₂-λ₃) (λ₃-λ₁)(λ₃-λ₂)

whichisallgeneralinreasoning.■

Andso,forn+1values,wehaveLagrange'sInterpolationFormula

y=∑V₁((x-λ₂)(x-λ₃)⋅⋅⋅(x-λn+1))/((λ₁-λ₂)(λ₁-λ₃)⋅⋅⋅(λ₁-λn+1))

Ishouldpointoutthatthisoldersigmanotationcanbedistinguishedfrommodern

summationnotationbyitsnothavingindices.Itissigmaof∑V₁⋅etc.wherethe

modernwouldbe∑Vi⋅etc.[1-(n+1)].Assoonasthisdawnsonyou,thetwoareno

longerconfusing.
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Examples

1)Requiredeqnofmin°,coeff∈Qwithroot√2+√3.

Weknowotherrootsmustbe√2-√3,-√2+√3,-√2-√3

∏(x-√2-√3)=x⁴-10x²+1=0

2)Requiredquadraticf(x):for2,3,4=4,4,6.

∴4(x-2)(x-3)+4(x-1)(x-3)+6(x-1)(x-2)

(1-2)(1-3) (2-1)(2-3) (3-1)(3-2)

=x²-3x+6

Theconditionthattwoquadraticshaveacommonrootisthesameastheirhavinga

commonfactorwhichistosaythattheirGCMisnotequaltoaconstant.Soiftwoifns

haverrootsincommon,theirGCMisr°anditscoeffsarerationalfnsofthecoeffsof

thetwooriginalifns.Andifrisodd,atleastonerootisreal.

Considertheseformsofy=ax²+bx+crootsα,βa>0 [1]

1.y=a((x-l)²-m)α=l+√m β=l-√m

2.y=a(x-l)² α=β=l

3.y=a((x-l)²+m)α=l+i√m β=l-i√m

Here,l,m∈Randm>0.Inallcases,asx→∞,(x-l)²→∞∴yinfinitewhenxinfiniteandy

hasthesignofa.Excludingthefactora,asx→0,y→0whenx>l;yisminwhenx=l,and

yincreasesasx<l.Therefore,yhasmaxorminwhenx=lasaisnegorpos.In#1,

rootsrealandunequalthenysameordifferentsignasaasxdoesordoesnotlie

betweentheroots.Intheothertwo,yalwayshasthesamesignasa.Iffrom[1]we

derive

ax²+bx+(c-y)=0 [2]

wehaveequalrootswhenb²-4a(c-y)=0or

y=-(b²-4ac)/4a∴x=-b/2a [3]

Ify<0in[3],yisminbelowX-axis.Ify=0,thisminisontheX-axis.Andify>0,minis

abovetheaxis.Ifa<0,theseminsaremaxs.Ifweviewy=2x²-12x+13inthisway

y=2(x²-6x+9)-5

=2((x-3)²-5/2)

=2(x-(3-√(5/2))(x-(3+√(5/2))

Thereforeitistype#1andyisminwhenx=3∴minaty=-5.Allofthisgivesusa

kindofpre-Calculusalgebraicapproachtoproblemsofmaximaandminima.Somore

generally,wecanexpresstheconditionforanyy=f(x)thattherootsoff(x)-y=0are

equalbeingthatwehaveamaxormin,asbyincreasingordecreasingyfromthat

pointtherootsarelost.
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Examples

1)y=x³-9x²+24x+3∴x³-9x²+24x+(3-y)=0rootsαi[1-3]

LetDdenote∏(α₁-α₂)thenrootsreal,twoequal,twoimaginaryasD>=<0.

UsingourD=-4p₁³p₃+⋅⋅⋅above,p₁=-9,p₂=24,p₃=(3-y)∴D=-27(y-19)(y-23)

∴y=19,23aremaxormin.Bytesting,19minand23max.

Atmaxormin,tworootsareequal:α,α,γ.Sowecancalculatexasα.

2α+γ=9 α²+2αγ=24 α²-6α+8=0∴α=2,4∴(4,19)minand(2,23)max

2)Analyze(x²-7x+6)/(x²-8x+15)

Firstwederiveaquadraticforxintermsofy:

(1-y)x²-(7-8y)x+(6-15y)=0 [1]

∴D=(7-8y)²-4(1-y)(6-15y)=4(y-(7/2-√6))⋅(y-(7/2+√6))

∴max/minofy=7/2±√6

x=½(7-8y)/(1-y)∴x=9±2√6

(Here,xcamefromyourhigh-schoolquadraticequation)

Furtheryisdiscontinuousatx=3,5,andwhenx=∞,y=1

andyalsoequals1atx=9.

Youshouldgraphthislasteqn.WeknowfromourelementaryCalculusinDMEthat

thesemax/minaretherootsoff'(x).Buthere,thismethodisprobablyquickerthan

takingthederivative.
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4.Series

Progressions

Webeginbyextendingourunderstandingofarithmeticandgeometricprogressions

andtheirrelatedsimpleseriesandsums.

Def.Thesumofntermsformedbysomelawf(n)n∈Nisaseriesandtakesform:

f(1)+f(2)+⋅⋅⋅+f(r)+⋅⋅⋅+f(n) [1]

Therthtermhereisthegeneralterm.

Example

f(n)=n²+2n

(1²+2⋅1)+(2²+2⋅2)+(3²+2⋅3)+⋅⋅⋅+(n²+2n)

=3+8+15+⋅⋅⋅+(n²+2n)

Ifweconsider[1]assomeφ(n)thenφhasthepropertythatthenumberofitsterms

dependsuponthevalueofitsvar.We'vehadarithmeticserieswhereaisthefirst

termandbisthecommondifference:

aa+ba+2b⋅⋅⋅a+nb

andherethesumwas∑=n/2(2a-(n-1)b)oriflisthelastterm,∑=n⋅(a+l)/2.

Examples

1)Sum5+3+1+-1+⋅⋅⋅to100terms.

100/2(2⋅5+(100-2)⋅-2)=50(10-198)=-9400

2)Sumfirstnoddnaturalnumbers

∑=1+3+5+⋅⋅⋅+(2n-1)=n⋅(1+(2n-1))/2=n²

3)Sum1-2+3-4+5+⋅⋅⋅+(2m-1)+2mtonterms

neven)=2m∴1-2+3-4+⋅⋅⋅+(2m-1)+2m

=1+3+5+⋅⋅⋅+2m-1

-2-4-6-⋅⋅⋅-2m whereeachlinehasmterms

Line1=m²by#2Line2=-m(2+2m)/2=-m(m+1)

∴∑=m²-m(2+2m)/2=-m=-n/2

nodd)=2m-1∴∑=1-2+3-⋅⋅⋅+2m-1

orlastresult+2m=m=(n+1)/2

Let'sdevelopageneralmethodastheaboverequireseachtermtobeofsamedegree.
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Letthenthtermofaseriesbe:

p₀nr+p₁nr-1+p₂nr-2+⋅⋅⋅+pr

wherepiisindependentofn.Let'sdenotethesumsofthefirsttorthpowersofthe

firstn∈Nasns1tonsr:

ns1=1+2+3+4+⋅⋅⋅+n

ns2=1²+2²+3²+4²+⋅⋅⋅+n²

⋅⋅⋅

Let∑denotethesumofntermsofaserieswhere[1]isthenthterm:

∑=p₀nsr+p₁nsr-1+p₂nsr-2+⋅⋅⋅+npn

where,forexample,1stterm=p₀1r+p₀2r+⋅⋅⋅+p₀nretc.Soweneedtocalculatensi:

ns1In(x+1)²-x²=2x+1weletx=n,n-1,…

(n+1)²-n² =2n+1

(n²)-(n-1)² =2(n-1)+1

⋅⋅⋅

3²-2² =2⋅2+1

2²-1² =2⋅1+1

adding:

(n+1)²-1=2ns1+n

2ns1=(n+1)²-(n+1)=(n+1)n

ns1=((n+1)n)/2

∴Sum1stpowersoffirstn∈Nisa2°ifnf(n)

ns2Sym.(x+1)³-x³=3x³+3x+1andagainx=n,n-1,…andweadd:

(n+1)³-1 =3ns2+3ns1+n

3ns2=(n+1)³-3/2n(n+1)-(n+1)=(n+1)/2⋅(2n²+n)

ns2=1/6⋅n(n+1)(2n+1)

∴Sumsquaresoffirstn∈Nisa3°ifnf(n)

ns3Sym.using(x+1)⁴-x⁴=4x³+6x²+4x+1

ns3=((n(n+1))/2)²

∴Sumcubesoffirstn∈Nis4°ifnf(n)andthesquareofthesumoftheirfirstpowers.

∴Ingeneral,nsrisanifnf(n)of(r+1)°ofform:

nsr=q₀nr+1+q₁nr+q₂nr-1+⋅⋅⋅+qr+1

Furthernsrdivbyn(n+1)

nsr=n(n+1)(nr-1/(r+1)+p₁nr-2+p₂nr-3+⋅⋅⋅+pr-1)
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Wecannowsumanyserieswherethenthtermisanifnf(n).Becauseitisanifnf(n)

of(r+1)°itmusthaveform:

Anr-1+Bnr+⋅⋅⋅+K

andbygivingvaluestonwedetermineA,B,…,K.IfSi[1-(r+2)]arethesumsofthe

1,2,…,(r+2)termsoftheseries,thenbyLagrangeabove,thesumis

∑Si⋅(x-1)(x-2)⋅⋅⋅(x-i+1)(x-i-1)⋅⋅⋅(x-r-2) [1-(r+2)]

(i-1)(i-2)⋅⋅⋅1⋅-1⋅⋅⋅(i-r-2)

Examples

1)Suma+(a+b)+(a+2b)+⋅⋅⋅+(a+(n-1)b)

a-b+nb

a-b+(n-1)b

⋅⋅⋅

a-b+2b

a-b+b

n(a-b)+ns1b=(a-b)n+b⋅(n(n+1)/2=n/2⋅(2a+(n-1)b)

Butweknewthat.

2)∑=1²+3²+5²+⋅⋅⋅nterms.Thenthterm=(2n-1)²=

4n²-4n+1

4(n-1)²-4(n-1)+1

⋅⋅⋅

4⋅2²-4⋅2+1

4⋅1²-4⋅1+1

4ns2-4ns1+n

∴((2n-1)n(2n+1))/3

3)∑=2⋅3⋅4+3⋅4⋅5+4⋅5⋅6+⋅⋅⋅+(n+1)(n+2)(n+3)

∴nthterm=n³+6n²+11n+6

∴∑=ns3+6ns2+11ns1+6n

∴=¼(n⁴+10n³+35n²+50n)

Wecanfindthegeneralsolnforageometricseriesaswell.Thenthtermis

(p₀ns+p₁ns-1+p₂ns-2+⋅⋅⋅+ps)r
n

wherepiisindependentofnands∈N.OurDMEG.P.isthesimplestcaseofthiswhere

thenthtermis

psr
n orpsr⋅r

n-1 orarn-1:a=psrisconstant
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Heretheratioofeachtermtoitsantecedentisr≡constant.

∑=a+ar+ar²+⋅⋅⋅+arn-1 [1]

Mult.bothsidesby(1-r)

(1-r)∑=a+ar+ar²+⋅⋅⋅+arn-1

-ar-ar²-⋅⋅⋅-arn-1-arn

=a-arn

∴∑=(a-arr)/(1-r)oriflislasttermandarn=rl,∑=(a-rl)/(1-r)

Examples

1)∑=3/2+3/4+3/8+⋅⋅⋅for10terms

a=3/2 r=1/2

∑=3/2⋅(1-(1/2)10)/(1-1/2)=3(1-1/210)

2)∑=1-2+4-8+⋅⋅⋅fornterms

a=1 r=-2

∑=1⋅(1-(-2)n)/(1-(-2))=(1-(-1)n2n)/3

∴neven∑=1/3(1-2n)nodd∑=1/3(1+2n)

3)∑(x+y)+(x²+xy+y²)+(x³+x²y+xy²+y³)+⋅⋅⋅fornterms

=x²-y²+x³-y³+x⁴-y⁴+⋅⋅⋅+xn+1-yn+1

x-y x-y x-y x-y

=1/(x-y)⋅(x²+x³+⋅⋅⋅+xn+1)-1/(x-y)⋅(y²+y³+⋅⋅⋅+yn+1)

=x²/(x-y)⋅(1+x+⋅⋅⋅+xn-1)-y²/(x-y)⋅(1+y+⋅⋅⋅+yn-1)

1+x+⋅⋅⋅+xn-1=(1-xn)/(1-x)

1+y+⋅⋅⋅+yn-1=(1-yn)/(1-y)

∑=x²(1-xn)-y²(1-yn)

(x-y)(1-x) (x-y)(1-y)

Nowinsteadofaconstant,letabeanifn,f(n)1°,generalterm:

(a+bn)rn:a,bconstants [1]

Notethatthisform wouldariseifeachterm ofanA.P.seriesweremult.byits

correspondingterminaG.P.series.Sothisisanarithmeticogeometricseries,if

anyoneasks.

∑=(a+b⋅1)r¹+(a+b⋅2)r²+⋅⋅⋅+(a+b⋅n)rn

Mult.bothsidesby(1-r)

(1-r)∑=(a+b⋅1)r¹+(a+b⋅2)r²+⋅⋅⋅+(a+b⋅n)rn

-(a+b⋅2)r²-⋅⋅⋅-(a+b⋅(n-1))rn-(a+b⋅n)rn+1

=a+br+br²+⋅⋅⋅+brn-(a+bn)rn+2
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Wemult.bothsidesby(1-r)again.Verifythatthisyields:

(1-r)²∑=(a+b)-(a+b)r+br²-(a+(n+1)b)rn+1+(a+bn)rn+2

∴∑=RHS/(1-r)²

Sowhat'sthedealwithmultiplyingby(1-r)?

Letfs(n)beanifninnofs°.Thenfs(n)-fs(n-1)is(s-1)°asyoucanworkoutbyusing

theseriestermsabove.Thenfs(n-1)-fs(n-2)is(s-2)°andsoon.Sowehavethe

series:

∑=fs(1)r+fs(2)r²+⋅⋅⋅+fs(n)r
n [1]

(1-r)∑=fs(1)r+fs(2)r²+⋅⋅⋅+fs(n)r
n

-fs(1)r²-⋅⋅⋅-fs(n-1)r
n-fs(n)r

n+1

=fs(1)r+fs-1(2)r²+⋅⋅⋅+fs-1(n-1)r
n+fs(n)r

n+1

Ifweexcludefirstandlastterms,wehaveasimpleseriesoflowerdegree.Ifwemult.

[1]by(1-r)s+1thissimpleserieswouldvanish,leavingonlyafixednumberofterms

yieldingaformulafor∑.

Example

∑=1²r+2²r²+3²r³+⋅⋅⋅+n²rn

rnismultipliedbyatermof2°∴mult.bothsidesby(1-r)³toget

∑=r+r²-(n+1)²rn+1+(2n²+2n+1)rn+2-n²rn+3

(1-r)³

Ifthelasttermhadbeen-n²rn,youwouldmult.bothsidesby(1+r)³.

RecallfromDMEthatifx∈(0,1)then1/(1-x)=1+x+x²+x³+⋅⋅⋅.

InG.P.,∑=a+ar+ar²+⋅⋅⋅+arn-1

r=1 ∑=a+a+a+⋅⋅⋅+a=na∴n→∞∑→∞

r>1 ∑=a(rn-1)=arn -a.∴Again,n→∞∑→∞

r-1 r-1 r-1

r∈(0,1)∑=arn/(r-1)-a/(r-1)∴n→∞LHT→0RHT→a/(1-r)

r=-1∑=a-a+a-⋅⋅⋅∴n→∞∑oscillatesbetweenaand0.

Examples

1)∑=1/2+1/2²+1/2³+⋅⋅⋅

∑=1/2⋅(1-1/2n)/(1-1/2)=1-1/2n∴n→∞∑→1

2)Evaluate0.34343434…

∑=34/100+34/100²+34/100⁴+⋅⋅⋅=34/100⋅1/(1-1/100)=34/99
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ForA.P.,given∑=n/2⋅(2a+(n-1)b),ifwehavethreeof∑,a,b,n,wecansolvefor

thefourth.Whennisunknown,theeqnisaquadratic.

Examples

1)∑=36a=15b=-3

∴36=n/2⋅(30-(n-1)3)

∴n²-11n+24=0soln:3,8

Verifythatthesumofthefirst8termsequalsthesumofthefirst3termsinorderto

understandthesoln.

2)∑=14a=3b=2

∴n²+2n=14∴n=-1±√13≅2.87,-4.87

Thenegativerootisoutsidetheproblemspace.Thefractionalvalueof2.87shows

thattheseriesdoesnotsumto14.Butitwillsumtoitsvaluesnearest14bytaking

thenearestvaluesinNto2.87:2,3.

AnA.P.isdeterminedbyitsfirsttermanditscommondifferencewhichmakesanA.P.

atwofoldmanifoldness:determinedbytwoindependentdata.

Sowecanwrite3,4,5,…termsofanA.P.inageneralway:

α-β α α+β

α-3β α-β α+β α+3β

α-2β α-β α α+β α+2β

…

Foranoddnumberofterms,commondifferenceisβ,foreventerms2β.

Example

Ifa,b,cinA.P.thena²(b+c)+b²(c+a)+c²(a+b)=2/a⋅(a+b+c)² [1]

Leta=α-βb=αc=α+βthen[1]becomes

(α-β)²(2α+β)+α²2α+(α+β)²(2α-β)=2/9⋅(3α³)=6α³

LHS=2α((α-β)²+(α+β)²)+β((α-β)²-(α+β)²)+2α³

=2α(2α²+2β²)+β(-4αβ)+2α³

=6α³

Ifa,b,cinA.P,thenb-a=c-b∴b=(c+a)/2.Herebisthearithmeticmeanofa,c.

∀a,c∀Ai[1-n]:a,A₁,A₂,…,An,cinA.P.thenAiarenarithmeticmeansbetweena,c.Ai
arecalculatedbyA₁=a+b,A₂=a+2b,…,c=a+(n+1)b∴b=(c-a)/(n+1)

∴A₁=a+(c-a)/(n-1)A₂=a+2(c-a)/(n-1)andsoon.

Thearithmeticmeanofnquantitiesai[1-n]is(∑ai)/n.
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WehavethesumofntermsinG.P.:∑=a(rn-1)/(r-1).Soifthreeif∑,a,r,naregiven,

thefourthisdetermined.Ifrunknown,wehaveanifnofn°andsolnwillbe

approximatefordegree>4.Ifnunknown,wehaveanexponentialeqnrn=s,wherer,s

known.Thisissolvedbylogarithms.G.P.isalsoatwofoldmanifoldness.

Example

Ifa,b,c,dinG.P.then

4(a²+b²+c²+d²)-(a+b+c+d)²=(a-b)²+(c-d)²+2(a-d)²

Letb=rac=r²ad=r⁴a∴

4a²(1+r²+r⁴+r⁶)-a²(1+r+r²+r³)=a²(1-r)²+a²r⁴(1-r)²+2a²(1-r³)²

4(1+r²+r⁴+r⁶)-(1+2r+3r²+4r³+3r⁴+2r⁵+r⁶)

=1-2r+r³+r⁴-2r⁵+r⁶+2-4r³+2r⁶

Whena,b,cinG.P.,bisthegeometricmeanofa,c.Herea:b::b:c∴b²=ac∴b=±√ac.

Again,betweenaandcwecaninsertngeometricmeansGi[1-n]whereristhe

commonratio∴Gi=ar
iandc=arn+1∴r=(c/a)1/(n+1).Sothegeometricmeanofn

positivequantitiesisthepositivevalueofthenthrootoftheirproduct.

Ifa,b,cinA.P.,then1/a,1/b,1/careinHarmonicProgressionorH.P.

Thm.4.1.Ifa,b,cinH.P.thena/c=(a-b)/(b-c)

Proof

1/a,1/b,1/cinA.P.∴1/b-1/a=1/c-1/b∴(a-b)/ab=(b-c)/bc

∴(a-b)/(b-c)=ab/bc=a/c■

H.P.isalsoatwofoldmanifoldnessandthegeneralformcanbetakenfromthatofA.P.

above,asin

1/(α-β) 1/α 1/(α+β)

andsoon.Ifa,b,cinH.P.,thenbistheharmonicmeanofa,c.From

1/c-1/b=1/b-1/a⇒ 2/b=1/a+1/c∴b=2ac/(a+c)

Andagain,nharmonicmeansHi[1-n]canbeinsertedbetweenaandcwherethe

commondifference

d=(1/c-1/a)/(n+1)=(a-c)/((n+1)ac)

∴ 1/Hi=1/a+(a-c)/(i-(n+1)ac)

∴ H₁=((n+1)ac)/(a+nc)H₂=((n+1)ac)/(2a+(n-1)c)andsoon.
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Thegeometricmeanbetweentwopositiverealsa,cisthegeometricmeanbetween

thearithmeticandharmonicmeansofa,c.Andthearithmetic,geometric,and

harmonicmeansareindescendingorderofmagnitude:

A=(a+c)/2 G=+√ac H=2ac/(a+c)

∴AH=(a+c)/2⋅2ac/(a+c)=ac=G

AndyoucanprovethisdescendingorderbycomparingA-GandG-H.Youcanalso

provethatthesumofanharmonicseriesofntermscannotbeexpressedbyany

rationalalgebraicfunctionofn.Thereforeanharmonicseriescannotbesummed.

Euclid'sMeans

GivenAB<ACfindthethreemeans.

Method

ACBcollinear.BC×/2@O

⊙O,OBAP,AP'tanto⊙O@P,P'

PP'×AC@N

Then1)AOisarithmeticmean,2)APis

geometricmean,and3)ANisharmonic

mean.

Proof

1)AC-AO=OC=BO=AO-AB

∴2AO=AB+AC∴AO=(AB+AC)/2≡AOarithmeticmean

2)AP²=AB•AC(Euclid3.36)∴AB:AP::AP:AC≡APgeometricmean

3)Note:Inpuregeometry,theharmonicmeanisdefinedbytheproportion:
1stline:2dline::excessof1stoverharmonicmean:excessofharmonicmeanover2d

∠APB=∠PCB∴∆APB~∆ACP

∴AB:BP::AP:PC

∴AB²:BP²::AP²:AP²

∴AB²:AB•AC::BN•BC:CN•CB (Euclid3.36,6.8)

∴AB:AC::BN:NC

∴AC:AB::NC:BN::AC-AN:AN-AB≡ANharmonicmean■

Ifyouarecurious,thepuregeometricdefinitionofharmonicmeanisequivalenttoour

algebraicone.

Inequalities

Inequalitiesareimportantinunderstandinglimitsandinfinitesumsandproducts.

Therearemanyexpressionswecannotevaluateinthesedomainsofthought.Butif

wecantrapthem betweentwoexpressionswecanevaluate,andtheoutside

expressionsconvergetothesamevalue,ourmysteryexpressionmustdothesame.

Wearedealingonlywithrealquantitiestoavoidtheissueofcomplexorderings.On

therealnumberline(-∞,+∞),a<bmeansaistotheleftofb.Thisisthegeometric

senseofourorderingofthereals.InthefollowingtheoremswehaveLHS>RHSand

allcanbesymmetricallyadjustedtorevealthetruthofRHS<LHS.Butyouknewthat.
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Thm.4.2.P>Q∧Q>R⇒P>S

Proof

P-Q+Q-R=R-S

P-Q,Q-R>0∴P-R>0∴P>R■

Thm.4.3.P>R⇒P±Q>Q±R

Cor.1.P+Q>R+S⇒(P+Q-R>S)∧(-R-S>-P-Q)∧(-P-Q<-R-S)

Cor.2.∀inequalityreducestoformP>0∨P<0

Thm.4.4.P₁>Q₁,P₂>Q₂,…,Pn>Qn⇒∑Pi>∑Qi
Note:YoucanprovethiswithThm.4.2.butP₁>Q₁∧P₂>Q₂!⇒P₁-P₂>Q₁>Q₂.

Thm.4.5.P>Q⇒(PR>QR)∧(P/R>Q/R)ifR>0.IfR<0⇒(PR<QR)∧(P/R<Q/R)

Cor.1.(P>QR)∧(R>S)⇒(P>QS)ifQ>0

Cor.2.Anyfractionalinequalitycanbeintegralized.

Thm.4.6.P₁>Q₁,P₂>Q₂,…,Pn>Qn∧∀Pi,Qi>0⇒∏Pi>∏Qi

Cor.1.∀n∈N,(P>Q)⇒(Pn>Qn)

Cor.2.∀n∈N,(P,Q>0)∧(P>Q)⇒(P1/n>Q1/n)ifwetaketherealpositiventhroot.

Cor.3.∀r∈R,(P,Q>0)∧(P>Q)⇒(P-r>Q-r)

Cor.4.Anyinequalitycanberationalizedifprocessisgovernedbytheabove

restrictionsonsigns.

Examples

1)WhenisF=(3x-4)/(x-2)><1?

(×(x-2)²) (3x-4)(x-2)><(x-2)²

((3x-4)-(x-2))(x-2)><0

2(x-1)(x-2)><0

F>1ifx<1orx>2

F<1if1<x<2

2)Whenisx³+25x><8x²+26

x³-8x²+25x-26><0

(x-2)(x²-6x+13)><0

(x-2)((x-3)²+4)><0

∀x,RHT>0∴x³+25x><8x²+26asx><2

3)Show∀x,y,z∈R,notallequal,then∑x³><∑3xyzas∑x><0

∑x³-∑3xyz=∑x(∑x²-∑xy)

=½∑x∑(x-y²)

Thmistrueas∑(x-y²)>0■ Iincludedthislastoneforitsartofsigma-notation.

Thefollowingtheoremsareallderivedfromtheearlieronesoninequality.

Thm.4.7.Ifbi[1-n]>0thefraction∑ai/bi[1-n]isnotlessthantheleastnorgreater

thanthegreatestofthefractionsai/bi.

Proof

Letf,f'beleastandgreatestofthesefractions.Thennoai/bi<f

∀i,bi>0∴ai≥fbi∴∑ai≥∑fbi∴∑ai/∑bi≥f.Sym.forf'.■
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Noteinthese,thatbecauseiisinbothindices,theyarethesame.Youwouldusei,jto

showtheydiffer.Proofsofthefollowingaresimilartothatlastone.

Thm.4.8.ai,biasbefore,li[1-n]>0then∑liai/∑libiisnotlessthantheleastorgreater

thanthegreatestoftheai/bi.

Thm.4.9.ai,bi,li>0the(∑liai
m/∑libi

m)1/mand(∏ai/∏bi)
1/narenotlessthanleastetc.

Example

Show½<((1⋅3⋅5⋅⋅⋅(2n-1))/(2⋅4⋅⋅⋅2n))1/n<1

ByThm.4.9.½<middleterm<(2n-1)/2n

and(2n-1)/2n=1-1/2n<1

Thm.4.10.x,p,q>0p,q∈N⇒(xp-1)/p><(xq-1)/qasp><q

Thm.4.11.x>0,x≠1⇒mxm-1(x-1)>xm-1>m(x-1)

unlessm∈(0,1)⇒mxm-1(x-1)<xm-1<m(x-1)

Cor.1.Ifx,y>0x≠ywecanreplacexwithx/y,multiplybyymandget

mxm-1(x-y)>xm-ym>mym-1(x-y)

inthefirstcaseandflip>to<inthesecond.

Theproofsof4.10-11arelongishandthesetheoremsareimportant.Butyouneed

themmoreastoolsthanyouneedtheirexplanations.However,ifyouareinterested

ininequalities,theselongerproofsarethebestsourceoftechniqueforhandling

inequalities.YougettoseepeoplelikeDeMorgan,Abel,Gauss,Euler,andCauchyat

workinmanyoftheproofsusinginequalitieshereandwithlimitsandseries.The

mastersarethebestteachersifyourroadistheirroad.

Havingmentioned Abel,abriefword on theprogressivewhite-washingof

mathematicians'smorals.Longstoryshort,GaussismorallyresponsibleforAbel's

death.AndtheFrenchAcademyisresponsibleforGalois'sdeath.Andthetextbooks

allglossthisover.Theglossgetsshinierovertime.ButtheFrenchAcademylearned,

tosomeextent,itslesson.WhenHermitescamebeforeit,theyunderstoodhimno

betterthantheyhadGalois.Butsomeonetherestoodupforhim,Iforgetwho,inpart

bysayinghewouldn'tberesponsibleforanotherGalois.Beingbrilliantdoesnot

expiateallsin.AndGaussneverlearnedhislesson.Hewasaverypoorhumanbeing.

Asmathematicsisananthropological--thatistosay,human--activity,beingagood

mathematicianrequiresexpressingagoodhumanity.Oryou'rejustaprick,likeGauss.

Thm.4.12.Givennpositivequantities,theirarithmeticmeanisgreaterthanorequal

totheirgeometricmean.

Proof

Considerthegeom.meanofnquantities(abcd⋅⋅⋅k)1/n.Ifa-knotallequalreplacethe

leastandgreatest,saya,k,with(a+k)/2.Thenas((a+k)/2)²>ak,thegeom.meanis

increasedbutthearith.meanisunchanged.Untilallareequal,wash,rinse,repeat.So

thegeom.meanconstantlyapproachesandatlastequalsthearith.mean.■
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Cor.1.Ifa-karenpos.quantitiesandp-tarenquantities∈Q⇒

pa+qb+⋅⋅⋅+tk≥(apbq⋅⋅⋅kt)1/(p+q+⋅⋅⋅+t)

p+q+⋅⋅⋅+t

Example

Show1⋅3⋅⋅⋅(2n-1)<nn

(1+3+⋅⋅⋅+2n-1)>(1⋅3⋅⋅⋅(2n-1)1/n

∴n²/n>RHS∴nn>1⋅3⋅⋅⋅(2n-1)

Thm.4.13.a-knpos.quantities,p-tnpos.quantities⇒

(pam+qbm+⋅⋅⋅+tkm)/(p+q+⋅⋅⋅+t)≥≤[(pa+qb+⋅⋅⋅+tk)/(p+q+⋅⋅⋅+t)]m

asm∈or∉(0,1)

Cor.1.Ifp-tallequal⇒

(am+bm+⋅⋅⋅+km)/n≥≤[(a+b+⋅⋅⋅+k)/n]m

asm∈or∉(0,1)

OR,thisistherelationofarith.meanofmthpowersofnquantitiesandtheirarith.

meantothemthpower.

MaximaandMinima

Letφ(x,y,z),f(x,y,z)beanyfnsofx,y,z.Forallvaluessuchthat:

1)f=A

2)φ(x,y,z)≤f(x,y,z)

valuesa,b,cwhichsatisfy1andmake2anequalitymakeφ(a,b,c)amaxvalue.

Sym.thevaluesofx,y,zthatmakeφ=Aandf≥φ,thea,b,casabovemakefaminvalue.

Thisextendstoanynumberofvarsandwecanstatethisgenerally:

Thm.4.14ReciprocityTheorem

Ifforallvaluesx,y,zconsistentwithf(x,y,z)=A,φ(x,y,z)haveamaxvalueφ(a,b,c)=B

whereBdependsonAandifwhenAincreasesBalsoincreasesandviceversa,then

forallvaluesofx,y,zsuchthatφ(x,y,z)=B,fwillhaveaminvaluef(x,y,z)=A.

FromThm.4.12.wededuce:

Prop.4.1.Ifx,y,z,…benpos.quantitiessubjecttocondition∑x=kthentheirproduct

∏xhasamaxvalue(k/n)nwhenx=y=⋅⋅⋅=k1/n

Prop.4.2.Ifx,y,z,…benpos.quantitieswhere∏x=kthen∑xhasaminvaluewhen

x=y=⋅⋅⋅=k1/n
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FromThm.4.12.C1weget

Prop.4.3.Ifx,y,z,…arenpos.quantitieswhere∑px=kwherep,q,r,…arenpos.

constantsthen∏xphasamaxvalue(k/∑p)∑pwhenx=y=⋅⋅⋅=k/∑p

Prop.4.4.x…,p…asabove:∏xp=kthen∑pxismin(∑p)k1/∑pwhenx=y=⋅⋅⋅=k1/∑p

Fromtheselasttwo,wededuce:

Prop.4.5.Ifλ,μ,…,l,m,…,p,q,…pos.constantsandx,y,z,…>0thenif∑λxl=kthe∏xpis

maxwhenlλxp/p=mμyq/q=⋅⋅⋅

Prop.4.6.Sym.if∏xp=kthe∑λxlisminwhenlλxl/p=mμym/q=⋅⋅⋅

Cor.1.Ifl=m=⋅⋅⋅=1,p=q=⋅⋅⋅=1wegetthecases:

1)If∑λx=kthen∏xmaxwhenλx=μy=⋅⋅⋅

2)If∏x=kthen∑xminwhenλx=μy=⋅⋅⋅

Example

Acubeisarectangularparallelepipedofmaxvolumeforgivensurfaceandmin

surfaceforgivenvolume.Ifwedenotethethreeedgesasx,y,zthensurfaceis2(yz+

zx+xy)andvolumeisxyz.Ifa,b,c=yz,zx,xythensurfaceis2(a+b+c)andvolumeis

√abc.Sowewantabcmaxwhen∑agivenand∑aminwhenabcgiven.ThisbyProp.

4.1.isdonewhena=b=coryz=zx=xy∴x=y=z.

FromThm.4.13.wededuce:

Prop.4.7.Ifm∉(0,1)andp,q,r,…pos.constantsthenforallx,y,z,…>0:∑px=k⇒

∑pxm(mconstant)hasaminwhenx=y=⋅⋅⋅.Ifm∈(0,1)thisbecomesmax.

Prop.4.8.Ifm>1,p,q,r,…pos.constantsthen∀x,y,z,…:∑pxm=k⇒

∑pxmaxwhenx=y=⋅⋅⋅andifm<1thisbecomesmin.

GeneralizingProp.4.7.:

Prop.4.9.ifm/n∉(0,1)p,q,r,…,λ,μ,…posconstantsthen∀x,y,z,…:∑λxn=k(nconst.)

⇒∑pxm(mconst.)hasminifpxm/λxn=qym/μyn=⋅⋅⋅andifm/n∈(0,1)thisbecomes

max.

Cor.1.Ifn=1andλ=μ=⋅⋅⋅and∑x=k⇒∑pxmminormaxwhenpxm-1=qym-1=⋅⋅⋅as

m∉∈(0,1)

Moregenerally:

Prop.4.10.Ifp,q,r,…fnsofx,y,z,…whicharerealandpos.for∀x,y,z,…∈R:∑px=k

⇒(∑pxm)(∑p)m-1minormaxwhenx=y=⋅⋅⋅asm∉∈(0,1)
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Example

Ifx³+y⁴+z⁵=3then(x⁴+y⁵+z⁶)(x²+y³+z⁴)hasminfor∀pos.x,y,z,whenx=y=z=1

FollowsfromProp.4.10ifm=2,p=x²,q=y³,r=z⁴.

Let'slookatGrillot's(youknowGrillot,right?)useofthesepropositions.We'llcall

thosepointsonafnwheref'=0theturningpointsandlookattheminthisfn:

u=(ax+p)l(bx+q)m(cx+r)n [1]

wherel,m,n>0.Thisfnisequivalentto

u=(λax+λp)l(μbx+μq)m(νcx+νr)n/λlμmνn [2]

Welet

lλa+mμb+nνc=0 [3]

then

l(λax+λp)+m(μbx+μq)+n(νcx+νr)=lλp+mμq+nνr=k [4]

Inallthisλ,μ,νanyvalueandkarbitraryconstant.

ByProp.4.3∏(λax+λp)maxwhen

λax+λp=μbx+μq=νcx+νr=k/∑l [5]

By[3]and[5]wedeterminex

la/(ax+p)+mb/(bx+q)+nc/(cx+r)=0

whichquadraticgivesx₁,x₂and[5]givestwovaluesforλ,μ,νintermsofk:λ₁,λ₂,…

Thenifλl,μm,νn>0,thenuatmaxturningpointandiftheyare<0itsamin.

Example

u=(x+3)²(x-3)

u=(λx+3λ)²(μx-3μ)/λ²μ

∴2(λx+3λ)(μx-3μ)

provided2λ+μ=0 [1]

and6λ-3μ=k [2]

∴(λx+3λ)²(μx-3μ)ismaxif

λx+3λ=μx-3μ [3]

∴2/(x+3)+1/(x-3)=0 (by[1])

∴x=1

From[2],[3]λ=k/12μ=-k/6∴λ²μ<0

∴umin@x=1
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Notethatthereisamaxaboveatx=-3butiteludesthismethod.Thisapproachcan

bepursued,usingPurkiss'sTheorem,todeterminetheturningpointsofsym.fnsof

anynumberofvars.Butunlessyourinterestisinsym.fnsorlotsandlotsofvars,

theseresultsarefarmoreeasilyobtainedthroughtheCalculus.

Limits

SomebasicremarksfromwhatweknowoutofDME:

1)Letf(x)havethelimitlasx→a.Ifafniscontinuousintheneighborhoodofitslimit,

wecansubjectthefntoanytransformationwhichisadmissibleonthehypothesisthat

theargumentofxhasanyvalueintheneighborofcriticalvaluea.Thetransformation

musttakeintoaccountthebehavioroffasaisapproachedfromaboveorbelow.

2)Ifasx→a,f(x)→lthenf(a+h)=l+dwheredisafnofaandhandash→0,d→0.

3)Notethatanyordinaryvalueofafnsatisfiesthedefinitionofalimitingvalue,i.e.if

f(x)=3x+2thelimitasx→2offis8.Thistrivialtruthallowsthesimplificationof

someproofs.

4)Considerthecriticalvaluesofuv.Ifa>1andwetakelogasloga,thisisequivalentto

avlogu.Souvisdeterminatewhenvlogauisdeterminate.Thecasesofindeterminacy

are:

1. v=0,logau=0orv=0u=∞⇒0∞

2. v=0,logau=∞orv=0u=0⇒0⁰

3. v=±∞,logau=0orv=±∞u=1⇒1±∞

Allofthesedependona0⋅∞whichisa0/0whichisacaseoftheindeterminacyof0/0.

Recallthatthelimitofasumoffnsofxisthesumoftheirlimitssolongasthatsum

doesnottaketheform±∞.Thelimitofaproductofsuchfnsistheproductoftheir

limitssolongastheproductdoesnottaketheform0⋅∞.Thelimitofaquotientof

suchfnsisthequotientoftheirlimitssolongasthatquotientisnotintheform0/0or

∞/∞.Wherevaluesarenotinfinite,theaboveisbasedonthecontinuityofthesum,

product,orquotient.

Thm.4.15.AfnF(u,v,w,…)ofu,v,w,…,whichisdeterminateandfiniteinvalueand

continuouswhenthelimitsoff(x),φx,χx,…=u₀,v₀,w₀,…thenthelimitofF(f(x),φx,

χx,…)=F(u₀,v₀,w₀,…)

Proof

Youcanprovethisbyremark#2aboveandourdefinitionofacontinuousfn.
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Example

Thelimitasx→1of((x²-1)/(x-1))²isthesquareofthelimitasx→1of(x²-1)/(x-1)

or4.Andthelimitasx→1ofthelogofthisifracisthelogofthelimitofthisfnasx→1

orlog2.

Let'slookattheformsof0/0and∞/0withifracs.Ifweputnumanddenomin

ascendingorderandfactoroutasmuchxaspossible,thenwhenx=0thelimitasx→0

isfiniteandnotequaltozeroifnumanddenomsamedegree.Thelimitiszeroif

denomislowestdegreeand∞ifnumislowestdegree.

Examples

1) 2x²+3x³+x⁴⇒ 2+3x+x²limitx→0=2

3x²+x⁴+x⁶ 3+x²+x⁴ 3

Youcanseethat"samedegree"means"afterx→0".

2) 2x³+3x⁴+x⁵⇒ 2x+3x²+x³limitx→0=0=0

3x³+x⁴+x⁶ 3+x²+x³ 3

3) 2x⁴+x⁶⇒ 2+x²limitx→0=2=∞

x⁶+x⁸ x²+x⁴ 0

Theform∞/∞canonlyariseinanifracwhenx=∞.Bysamemethod,butnotingthe

highestfactor,ifsamedegreethelimitisfinite,ifdenomhighestthelimitiszero,and

ifnumhighestthelimitisinfinite.

Example

3x³+x⁴ .⇒ 3/x+1 .⇒ 0+1 limitx→0=1

2x²+x³+3x⁴ 2/x²+1/x+3 0+0+3 3

Youcaneasilymakeupexamplesforyourselffortheothertwocases.

Iff(x)/φx=0/0forx=a≠0thenbytheRemainderTheorem(x-a)isacommon

factor.Removingthecommonfactors,wecandeterminethelimit.

Example

0forx=2: 3x⁴-10x³+3x²+12x-4nval=29416=2³⋅3677

x⁴+2x³-22x²+32x-8 10116 2⁷⋅79

Fromthenvals,bothhavefactorsof(x-2).Ifwedividethreetimesbylongdivision,

wearriveattheremainders15and14andthelimitasx→2is15/14.Notethatthe

firsttwodivisionshaveremainder0.Soitturnsoutthatbothhadfactorsof(x-2)².

Hadallcoeffsbeenpos.,thenvalwouldhaverevealedtheybothhadfactorsof(x-2)³.
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Let'sevaluatethesameifracbychangingthevar.Letx=a+zandevaluatethelimit

whenz=0forf(a+z)/φ(a+z):

3(2+z)⁴-10(2+z)³+3(2+z)²+12(2+z)-4

(2+z)⁴+2(2+z)³-22(2+z)²+32(2+z)-8

Nowwearrangebyascendingpowersofzandweonlyneedthelowestones.After

expansion,takingalltheshortcutspossible(tryitandsee)wehave:

15z²+Pz³+⋅⋅⋅⇒ 15

14z²+Qz³+⋅⋅⋅ 14

Todothis,firstgetallyourcoeffsofz.Oops,theydisappear.Thencoeffsofz²andwe

have15/14andwe'redone.Herex=2+z,soz=x-2.Butyouknewthat.Allofthis

worksforfractionalpowersofx:

x1/2+x2/3+3x3/4 Nowdividebythelowestpower:x1/3

x1/3+2x1/2+x

∴ x1/6+x1/3+3x5/12 limitx→0=0=0

1+2x1/6+x2/3 1

Thm.4.16.∀m∈Q,asx→1limit(xm-1)/(x-1)→m.

Proof

WeuseThm.4.10.Forx>0,∀m≠0,xm-1isbetweenmxm-1(x-1)andm(x-1)

∴(xm-1)/(x-1)isbetweenmxm-1andm.Asx→1,mxm-1→m.Thesameistherefore

trueof(xm-1)/(x-1).Itistrappedbetweenmxm-1andm.■

Example

Evaluatelog(x3/2-1)-log(x1/2-1)whenx=1

LetL1≡limitx→1.Note:wewillcontinuetousethislimitnotation.

Nowforlazinesssake,let'sabbreviateL1toL

L(1)=Llog((x3/2-1)/(x1/2-1))

=log(L(x3/2-1)/(x1/2-1)) (Thm.4.16)

=log(L(x3/2-1)/(x-1)/L(x1/2-1)/(x-1))

=log(3/2/1/2)=log3

Thefollowingtheoremisthebasisofdifferentiationofexponentialfnsingeneral.So

I'mgivingaproofbyFort.(YouknowFort,right?)

Thm.4.17Thelimitof(1+1/x)xasx→∞isafinitenumberdenotedbyε.(Notethat

fromtexttotext,thisεnotationmaybeeoranythingelsethewritercanfindthat'san

"e".Iwilluseεandeindiscriminately.Trytokeepup.)
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Fort'sProof

a>b>0,m>1⇒mam-1(a-b)>am-bm>mbm-1(a-b) [1]

a=(y+1)/y,b=1,m=y/x:y>x>1

∴((y+1)/y)y/x-1>1/x∴(1+1/y)y/x>1+1/x

∴(1+1/y)y>(1+1/x)x recally>x [2]

Sym.Ifa=1andb=(y-1)/y,m,x,yasabove:1/x>1-((y-1)/y)y/x

∴(1-1/y)y>(1-1/x)x

∴(1-1/y)-y<(1-1/x)-xwherey>x [3]

∴x→+∞⇒(1+1/x)xincreasesand(1-1/x)-xdecreases ([2],[3])

x²>x²-1∴x/(x-1)>(x+1)/x∴(1-1/x)-1>1+1/x

∴(1-1/x)-x>(1+1/x)x [4]

∴limitsof(1-1/x)-xand(1+1/x)xcannotpasseachother

x→+∞,(1-1/x)-xdiminishestofinitelimitA,(1+1/x)xincreasestofinitelimitB.

∴A=Bas(1-1/x)-x-(1+1/x)x=(x/(x-1))x-((x+1)/x)xandby[1]:

1/x(1/(x+1))x>x/(x-1)x-((x+1)/x)x>1/(x(1-1/x²))⋅((x+1)/x)x [5]

As(x/(x-1))xand((x+1)/x)xremainfiniteasx→∞theupperandlowerlimitsin[5]

remainfiniteasx→∞.

∴middletermremainsfinite■

Andthisfinitelimitasx→∞of(1+1/x)xisEuler'sconstantεasfollows:

Cor.1.L0(1+x)
1/x=εasL∞(1+1/z)

z=ε.Thenletz=1/x.

Cor.2.L∞loga(1+1/x)
x=L0loga(1+x)

1/x=logaεwhichfollowsfromlogaxbeinga

continuousfnofyforfinitey.

Cor.3.L∞(1+y/x)
x=L0(1+xy)

1/x=eyfromletting1/z=y/x

Cor.4.L0(a
x-1)/x=logaa

Proof

y=ax-1∴x=loga(1+y)∴asx→0,y→0

Lx→0(a
x-1)/x=Ly→0y/loga(1+y)

=L1/loga(1+y)
1/y

=1/loga(L(1+y)
1/y)

=1/logaε=logaa■

Cor.5.x>0⇒ex>1+xandln(1+x)<x

x∈(0,1)⇒e-x>1-xand-ln(1-x)>x

Proofofthisusese>(1+1/n)nasn→∞∴ex-1>(1+1/n)nx-1>nx((1+1/n)-1)>x

Cor.6.Letnotationoflx,l²x,…=lnx,ln(lnx),…,x>1,r∈N⇒

1/(xlxl²x…lrx)>lr+1(x+1)-lr+1x>1/((x+1)l(x+1)l²(x+1)…lr(x+1)

Cor.7.L∞(l
r(x+1)-lrx)=0 l∞[(l

r+1(x+1)-lr+1x)xlxl²x…lrx]=1

IleavetheproofsofCor.6and7toyourcuriosity.Youarehopingyouwon'tseethem

again.Butyouwill.Iincludedalotoftheabovefortworeasons.First,most

introductionstoεseemtostartinthemiddlewherethisonestartsatsomething

resemblingthebeginning.Andsecondly,youwillneedtounderstandwhythe

derivativeofaxislna⋅axandnowyoudo.Ifyouaregoinginthedirectionof

inequalitiestheproofsofthenextthreetheoremsareworthpursuingfortheir

technique.
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Thm.4.18.Foranycriticalvalueofx,L(f(x))φx=(Lf(x))(Lφx)whenRHSdeterminate.

Manyoftheseproofsusethefactthatuv=evlnuasin(f(x))φx=eφxlnf(X).

Thm.4.19.Cauchy'sTheorem(asifheonlyhadonetheorem…)

L∞(f(x+1)-f(x))=L∞(f(x)/x)whenLHSdeterminate.

Thm.4.20.AlsoCauchy'sTheorem

L∞f(x+1)/f(x)=L∞(f(x))
1/xwhenLHSdeterminate.

Cauchystatesthattheseapplytoafnofnsuchasn!wherentakestheplaceofx.

Thm.4.21.a>1⇒1)L∞a
x/x=∞ 2)L∞logax/x=0and3)L0xlogax=0

Examples

1)Showa>1,n>0⇒L∞a
x/xn=0

L∞a
x/nn=L(ax/n/x)n=(Lax/n/x)n=∞n=∞

Note:a>1,n>0∴a1/n>1∴L(a1/n)n/x=0∴∞n=∞

2)x∈Rconstant⇒L∞x
n/n!=0

n→∞,xfinite∴∃k∈N:x<k<n

∴xn/n!=xk-1/(k-1)!⋅x/k⋅x/(k+1)⋅⋅⋅x/n

x<k∴L∞(x/k)
n-k+1=0

Thm.4.22.FundamentalTheoremoftheForm00

L0x
x=1

Proof

Lxx=Lexlnx=eLxlnx=e0=1■

Examples

1)L0(x
n)x=1

L(xn)x=Lxnx=L(xx)n=1

2)n>0,y=xn⇒L0x
y=1

Lxy=Leylnx=eLylnx=e⁰=1

Thm.4.23.u,vfnsofx,u(a)=v(a)=0,Lav/u
n=lwherenfiniteinN⇒

Lau
v=1providedthelimitisapproachedsuchthatu>0

Proof

Luv=L(uûn)v/ûn(whereûn≡un)=(Luûn)Lv/ûn

n>0∴L₀uûn=1∴Luv=1l=1■

AlsoifLav/u
n=∞theformis1∞andundefined.

AndifLv/udeterminateandfinitethenLuv=1

∴Luv=1wheneveru,varealg.fnsofx.
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Exampleofuv=evlnu

Evaluatex1/ln(êx-1)/xasx→0

LetthisuseL((ex-1)/x)=1∴x1/ln(êx-1)=elnx/ln(êx-1)

lnx/ln(ex-1)=lnx/(ln((ex-1)/x)+lnx)=1/((ex-1)/x/(lnx+1))

By4.17.Cor.4,Lln((ex-1)/x)=0Llnx=-∞

∴L(lnx)/(ln(ex-1))=1∴Lx1/ln(êx-1)=e

Thefundamentalcasefortheform1∞isL∞(1+1/x)
x=L0(1+x)

1/x=e.

Thm.4.24.u,vfnsofx:x=a⇒(u=1)∧(v=∞)⇒Luv=eLv(u-1)

whenLv(u-1)isdeterminate.

SumsofInfiniteSeries

Thm.4.25.r+1>0⇒L∞(1
r+2r+⋅⋅⋅+nr)/nr+1=1/(r+1)

Proof

(r+1)xr(x+y)><xr+1-xr><(r+1)yr(x-y)

Letx=p,y=p-1thenletx=p+1,y=p

∴(p+1)r+1-pr+1><(r+1)pr><pr+1-(p-1)r-1

Letp=1,2,3,…andadd

∴(n+1)r-1-1><(r+1)(1r+2r+⋅⋅⋅+nr)><nr+1

∴((1+1/n)r+1-1/nr+1)/(r+1)><(1r+⋅⋅⋅+nr)/nr+1><1/(r+1)

L∞(1+1/n)
r+1=1and(r+1)>0⇒L∞1/n

r+1=0

∴middletermtrappedbetweenequallimits

Cor.1.s∈N,(r+1)>0⇒L∞(1
r+2r+⋅⋅⋅+(n-s)r)/nr+1=1/(r+1)

Cor.2.ifaconstant∈R(r+1)>0⇒L∞((a+1)
r+(a+2)r+⋅⋅⋅+(a+n)r)/nr+1=1/(r+1)

Cor.3.ifa,cconstant∈R(r+1)≠0⇒

L∞((na+c)
r+(na+2c)r+⋅⋅⋅+(na+nc)r)/nr+1=((a+c)r+1-ar+1)/(c(r+1))

ThenexttwoarebyDirichlet.(Andthisnextlittlenumber…)

Thm.4.26.a,b,r>0⇒asn→∞the∑ofntermsof

1/ar+1+1/(a+b)r+1+1/(a+2b)r+1+⋅⋅⋅+1/(a+nb)r+1

isfiniteforallfiniterandif∑1-∞1/(a+nb)
r+1denotesthissumthen

Lr→∞r⋅∑1-∞1/(a+nb)
r+1=1/b

Thm.4.27.Ifki[1-n]>0each≥itsantecedentandL∞T/t=awhereTisthenumberof

k'sthatdonotexceedtthen∑1-∞1/kn
r+1isfiniteforallfiniter>0and

Lr→0r⋅∑1-∞1/kn
r+1=a



113

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.EarleHarris(c)2019

Cor.1.1/(r(a-1)r)>Ln→∞(1/a
r+1+1/(a+1)r+1+⋅⋅⋅+1/(a+n)r+1)>1/(rar)

Convergenceof∑and∏

SomeremarksonwhereDMEleftus.Infiniteseriesconverge,divergeoroscillate.

Betweenwhatvaluesdoesthisseriesoscillate?

3-1-2+3-1-2+⋅⋅⋅

Seriesconvergemoreorlessrapidly.Ageometricseriesismorerapidlyconvergent

thesmalleritscommonratio.Andtheelementsofaseriesaretakeninagivenorder.

Dirichletnotedthatsomeseriesmightconvergetoanyvalueorbecomedivergent

accordingtotheorderoftheirterms.

Thm.4.28.LetSndenote∑ui[1-n]andSdenoteitslimitorvalue.LetRnmdenotethe

sumofthemtermsafterelementun.Thenecessaryandsufficientconditionsof

convergenceofSnisthatSnisfinite∀nandthatforlargeenoughnfor∀m,p,Rnm<p.

inotherwords,nomatterhowsmallpis,pislargerthantheresidue.

Cor.1.L∞un=0asun=Sn-Sn-1=R(n-1)1=0ifconvergent.

Cor.2.LetRn=L∞Rnm⇒Sn=S-Rn.HereRnistheresidueoftheseriesandRnmisthe

partialresidue.Rn=∑ui[(n+1)-∞]∴theresidueofaconvergentseriesisconvergent.

Cor.3.Convergenceordivergenceisunaffectedbyignoringafinitenumberofterms.

Whichistosay,infinityisnotanumber.Weareconcernedwiththeimplicationsof

theformofthetermsandtheirrelations.

Example

∑1/1ln(2²/(1⋅3))+1/2ln(3²/(2⋅4))+⋅⋅⋅+1/nln((n+1)²/(n(n+2))

(n+1)²/(n(n+2))=(1+1/n)/(1+1/(n+1))
∴Rnm=1/(n+1)ln((1+1/(n+1))/(1+1/(n+2))+⋅⋅⋅+1/(n+m)ln((1+1/(n+m))/(1+1/(n+m+1)))

<1/(n+1)(ln((1+1/(n+1))/(1+1/(n+2))+⋅⋅⋅+ln((1+1/(n+m))/((1+1/(n+m+1)))

<1/(n+1)(ln((1+1/(n+m))/((1+1/(n+m+1))) [1]

n→∞⇒∀m,L∞Rnm→0

Ifin[1]n=0m=∞notingSn=Rn0then

Sn<ln((1+1/1)/(1+1/(n+1))<ln2

andseriesconverges.In[1]setm=∞andthentheresidueis

Rn<[ln(1+1/(n+1)]/(n+1)

whichshowstherapidityofconvergenceandnumberoftermsneededforanumerical

approximationofanygivenaccuracy.Nowlet∑undenote∑ui[1-n]andwehavethe

followingtheoremswhichyoucanprovetoyourselfbyreasoningonSn,S,Rnmandso

forth.

Thm.4.29.∀iui,vi>0,ui<viand∑vnconvergent⇒∑unconvergent.Ifui>viand∑vn
divergent⇒∑undivergent.
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Thislastistheoppositeofasumtrappedbetweentoequallimits.Hereitiseither

forcedbytheothertoconvergeordiverge.NowletSrefertouiandS'toviandsoon.

Thm.4.30.∀ivi>0 ui/vifinite⇒∑unconvergesordivergesas∑vnconvergesor

diverges.

Proof

ConsiderRnandui/vi[n+1-n+m]andA,Bsmallestandlargestofui/vi⇒

A<∑un/∑vn<B

Eachfractionfinite∴A,Bfinite∴Rnm=CR'nmwhereCfinitevaluedependentonn,m.

∴Sn=Rn0finiteorinfiniteasS'nmfiniteorinfinite.■

RecalltheratiooftheconsecutivetermsinaseriesinDME,thisisnowratioof

convergence(roc).

Thm.4.31.∀iui,vi>0,un+1/un<vn+1/vnand∑vnconvergent⇒∑unconvergent.

Ifun+1/un>vn+1/vnand∑vndivergent⇒∑undivergent.(Andofcourse∀imeansanyi

aftersomeequalfinitenumberofterms.)

Thm.4.32.Ifaserieswithneg.termsconvergeswhentheneg.termsaremadepos.

thentheoriginalseriesalsoconverges.

Def.Aseriesthatconvergeswhenallitstermsaretakenaspositiveisabsolutely

convergent.

ConvergenceTests

Theseapplytoserieswhereafterrtermsthetermsareonlypositive.

TestI:∑unconvergesordivergesasun
1/nisultimately<>1.Ifthisequalsonethen

thetestismeaningless.

Example

∑1/(1+1/n)n̂2⇒L∞un
1/n=1/(L(1+1/n)n=1/e

2<e<3∴1/e<1∴convergent

TestII:∑unconvergesordivergesasitsrocultimately<>1.Again,noresultifroc=1.

Youcanseethat"ultimately"meanstheL∞ofathing.NotethatTestI≡TestIIby

Cauchy'stheoremabovewhere

L∞un+1/un=L∞un
1/n

whichyoumayonlynowinterpretinthisway.Wecanalsonotethatifφnisalg.fnof
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nthen∑φ(n)xnconvergesordivergesasx<>1andthat∑xn/n!isconvergent∀x.The

nexttheoremisoneofthosethingsthatactuallyseemcooltome.SoIwillsubjectyou

tothefullproof.Italsohasabunchofcorollarieswithproofs.Sorry.

Thm.4.33.Cauchy'sCondensationTest

∀nf(n)>0,a≥2,andfmonotonicallydecreasesasnincreasesthen∑f(n)convergesor

divergesas∑anf(an)convergesordiverges.

Proof

∑f(n)=[f(1)+⋅⋅⋅+f(a-1)]

+(f(a)+⋅⋅⋅+f(a²-1))

+(f(a²)+⋅⋅⋅+f(a³-1))

+⋅⋅⋅

+(f(am)+f(am+1)+⋅⋅⋅+f(am+1-1))+⋅⋅⋅ [1]

Wecanneglectanya-1terms∴∑f(n)convergesordiverges(cnv/div)as[1]cnv/div.

Because[1]ismono-decreasing

(am+1-1)f(am)>[1]>((a-1)/a)am+1f(am+1) [2]

∴ByTestI[1]convergesif∑LHS[2]convergesanddivergesif∑RHS[2]diverges.

ByTestII∑LHT[2]convergesif∑amf(am)convergesand∑RHS[2]divergesis

∑am+1f(am+1)diverges.

And∑amf(am)≡∑am+1f(am+1)=∑anf(an)■

Keepinmindherethatf(n)ispos.andmono-decreasingafterrterms.Alsoguesswhy

aneedstobe≥2.Getusedtoεbeingeverywhere.It'slikeabadpenny.Thefollowing

corollariesarepost-Cauchy.

Cor.1.Thm.4.33.holdsif0<a<2.Orlet'sjustsayaneedstobepositive.

Cor.2.∑f(n)cnv/divas∑ene²ne³n⋅⋅⋅ernf(ern)cnv/div

TheproofofCor.2.comesfromrepeatedapplicationof4.33.ona=ε.Weareleading

uptotheLogarithmicScaleofConvergenceinthenexttwocorollaries.Thiswas

developedbyDeMorganandifyouwanttoseeitinuseandtoseetheworld'smost

amazingexponentsofε,checkoutDeMorgan'stextondoublealgebra,whichhealso

invented.We'llbeusingthelinotationwherel²≡ln(ln(something).Thenwe'llgivea

tasteofthescale'suse,innowaycomparabletoDeMorgan's,beforewegoon.Evenif

youdon'tfocusonthisenoughtoloaditintoyourhead,it'sworthknowingit'sthere.

Cor.3.∑f(n)cnv/divasthefirstofthesefnswhichdonotvanishasx→∞haspos.or

neg.limit:

T₀=lnf(x)/x

T₁=ln(xf(x))/lnx

T₂=ln(xl¹xf(x))/l²x

⋅⋅⋅

Tr=ln(xlxl²x⋅⋅⋅l
r-1xf(x))/lrx

[prooffollows]
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Proof

ByCor.2.,∑f(n)cnv/divasthat∑e-thingcnv/div.Andthatlatterseriescnv/divas

L∞(ene²ne³n⋅⋅⋅e
rnf(ern))1/n<>1.Andthisisequivalentto

≡L∞loga(en⋅⋅⋅f(e
rn))<>0

≡L∞(loga(en⋅⋅⋅f(e
rn))/n<>0

Nowleta=e.Ifx=ernthenlx=er-1n…lrx=nandn→∞⇒x→∞∴

≡L∞l(xlxl²x⋅⋅⋅l
r-1xf(x))/lrx<>0

Cor.4.Eachoftheseseriesconvergesifα>0anddivergesifα≤0:

∑1/n1+α [1]

∑1/(n(l¹n)1+α [2]

∑1/nln(l²n)1+α [3]

⋅⋅⋅

∑1/nlnl²n⋅⋅⋅lr-1n(lrn)1+α [r+1]

Proof

LetPr(n)denotenlnl²n⋅⋅⋅l
rn:P₀(n)=n,P₁(n)=nln,….ByCauchy'sCondensationTest,

[1]convergesas∑an/(an)1+α≅∑(1/aα)nconvergeswhere≅justmeansLHSconverges

ifRHSdoes.AndRHSisG.P.withcommonratio1/anandconvergesifa>0.So[2]

convergesbythesamelawas∑an/an(lan)1+α=∑(la)1+αn1+α≅1/n1+α∴[2]converges.

Assume[r]converges.

Cnvof[r+1]∑an/anlanl²an⋅⋅⋅lr-1an(lran)1+α≅∑1/nlal(nla)⋅⋅⋅lr-2(nla)(lr-1(nla))1+α

α>0a>e⇒la>1nla>n

∴1/nlal(nla)⋅⋅⋅lr-2(nla)(lr-1(nla))1+α<1/nln⋅⋅⋅lr-2n(lr-1n)1+α

α>1⇒∑1/Pr(n)(l
r-1n)αconverges [A]

∴∑1/Pn(n)(l
rn)αconverges [B]

Letα≤02<a<e⇒nla<nandBmoredivergentthanA.■

LogarithmicScaleofConvergence

Let'sbringthisideatoaclosure,eventhoughitisanotationalnightmare.These

seriesjustabove[1]-[r+1]formadescendingscale,allowingustocompareseries

whoserocgoestounity.Theleastconvergentoftheconvergentseriesoftherth

orderismoreconvergentthatthemostconvergentofr+1.Considernthterms,un,un'

oftherth,(r+1)thseries:

un'/un=(l
r-1n)a/(lrn)1+a'

whereaissmallbutpositiveanda'verylarge.Iflr-1n=xthen

L∞un'/un=L∞((x
n/1+a')/(lx))1+a'=∞

ThisnextcorollarytoourongoingideaisDeMorgan's:
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Cor.5.Letpx=f(x+1)/f(x),Iff(x)>0whenxisgreaterthanacertainfinitevalue,∑f(n)

iscnv/divasthefirstofthesefnswhoselimitisfiniteasx→∞isneg/pos.

τ₀=px-1

τ₀=P₀(x+1)px-P₀(x)

τ₂=P₁(x+1)px-P₁(x)

⋅⋅⋅

τr=Pr-1(x+1)-Pr-1(x)

Let'slookatthepoweroftheseideas.

Example

Determinetheconvergenceofε(1-1/2-⋅⋅⋅-1/n)/n̂r

τ₀=l(f(n)/n=-(1+1/2+⋅⋅⋅+1/n+rln))/ln

1+(r+1)ln>1+1/2+⋅⋅⋅+1/n+rln>rln+l(n+1)∴L=0

τ₁=l(nf(n))/ln

=-(1+1/2+⋅⋅⋅+1/n+(r-1)ln)/ln

=-(1+1/2+⋅⋅⋅+1/n)/ln-(r-1)

=L(1+1/2+⋅⋅⋅+1/n)/ln=1∴Lτ₁=-1-r+1=-r

∴cnv/divasr><0

r=0⇒Lτ₀=Lτ₁=0

τ₂=l(nlnf(n)/l²n=1-(1+1/2+⋅⋅⋅+1/n-ln)/l²n

n→∞RHTdenom→ε∴Lτ₂=1>0∴divergent

Youcanseethepowerofthisaswellashowmuchyoumustmastertouseit.Wenow

givethelnnotationarestandconsiderserieswithinfinitelymanynegativeterms

whichmaynotbeabs.conv.Wedetermineconvergencybyassociatingeachneg.term

withaprecedingorfollowingpos.term Thethetermsgenerallybecomeallpos.orall

neg.Ifthetermsofthisequivalentseriesgotozerothenanydifferencebetweenthe

originalandtherearrangedseriesgoestozerotoo.Convenient.Allthisproducesa

falseresultifusedonanoscillatingseries,ofcourse.

Example

1/1-1/2-1/3+1/4-1/5-1/6+⋅⋅⋅+1/3n-2-1/3n-1-1/3n+⋅⋅⋅ [1]

Compareto

1/1-(1/2+1/3)+1/4-(1/5+1/6)+⋅⋅⋅+1/3n-2-(1/3n-1+1/3n) [2]

Thedifferencehereisthe(2n-1)thterm.

IfSn,S'n=∑(nterms)or[1],[2]⇒S3n-2=S'2n-1S3n-1=S'2n-1-1/(3n-1)S3n=S2n
L1/3n-1=0∴∀n,LSn=LS'n ∴[1]cnv/divas[2]cnv/div.That[1]cnvisshownby

comparingitto∑(1/(3n-2)-1/(3n-1)-1/3n) [3]

UsingS"forthisonewecanshowLS"n=LSn.Butnthtermof[3]is

(-9+12/n-2/n²)/((3-2/n)(3-1/n)(1/3n))

andhasaratiowith∑1/nwhichisalwaysfinite.

But∑1/ndiverges∴[3]diverges∴[1]diverges.
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Thm.4.34.RuleofSemi-Convergence

∀n,(un>0)∧(un>un+1)⇒u₁-u₂+u₃-⋅⋅⋅+(-1)n-1un+(-1)
nun+1+⋅⋅⋅convergesor

oscillatesasL∞un=/≠0.

Cor.1.Withuiasabove,thisconverges:(u₁-u₂)+(u₃-u₄)+⋅⋅⋅+(um-1-um)+⋅⋅⋅

Weconsiderseriesandthelawsofalgebra:

AssociativeLaw

Ifaseriesisconvergent,associationproducesnoaffectonaninfinitesum.Associative

lawholdsforaconvergentseries.

CommutativeLaw

Commutationcanonlybeappliedtoanabsolutelyconvergentseries.Itcannotbe

appliedtosemi-convergentseriesandcommutationwillproducefalseresults.

Addition

If∑un,∑vnconvergetoS,Tthen∑(un+vn)convergestoS+T

DistributiveLaw

1. a∈R∑un→S⇒∑aun→aS

2. ∑un,∑vn→S,Tandatleastoneofthemisabs.cnv.⇒

u₁v₁+(u₁v₂+u₂v₁)+⋅⋅⋅+(u₁vn+u₂vn-1+⋅⋅⋅+unv₁)+⋅⋅⋅

convergestoST.Butifbotharesemi-cnvthemultiplicationmayfail.

PowerSeries

Powerseries(∑anx
n)areviewedascomplexserieshere.Notethat∑xn+iynconverges

ifboth∑xnand∑ynconverge.xn+iyn=znandpndenotesthemodulusofzn.θndenotes

arg(zn).Then∑znconvergesif∑pnconvergesandwhenthisisthecase∑znisabs.cnv.

Convergenceof∑pnissufficient(⇒)butnotnecessary(⇔).Herezn=ρn(cosθn+i⋅sinθn).

Nowconsideran=rn(cosαn+isinαn)wherern,anarevariousf(n)andx=ρ(cosθ+isinθ)

whereρ,θareindependentofn.

Thm.4.35.∑anx
nconvergesifmodx<L(modan/modan+1)

Proof

Theseriesofmoduliis∑rnρ
nwhichconvergesifL(ρn+1rn+1/ρ

nrn)orL(rn+1/rn)<1

whichistosayρ<L(rn/rn+1)■

ThreecasesariseasL(rn/rn+1)is1)=0or2)=somefiniter<R
+or3)=∞.

1. seriesconvergesonlyifx=0

2. seriesconvergesonlyifxisinsidecircleontheoriginofradiusr.Wethen

havethecircleofconvergenceandtheradiusofconvergence

Example:∑xn/nconvergesandr=1

3. convergentfor∀x.Example:∑an/n!

Thm.4.36.If∑anx
nisabs.cnv.whenmodx=R'itwillbeabs.cnv.whenx<R'.
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Ifthenthtermofseriesf(n,x),asingle-valuedfnofxfor∀n∈Nthen∑f(n,x)will,if

convergent,beasingle-valued,finitefnofx,sayφx,andφxisnotnecessarily

continuous.Ifwehave∑f(n,x+h)and∑f(n,x)bothconvergent,then∑f(n,x+h)-∑f(n,x)

isconvergentbutitslimitisnotnecessarilyzeroforanyx.Thediscontinuityofthis

series,saydiscontinuousat0,hasaresidueRn=1-Sn=1/(nx+1)whenx≠0.Asn

increases,Rn<somefiniteα.Butthesmallerxis,thelargernmustbeforRn<α.

Whenxisvar,thereisnofinitelimitvforn:n>v⇒Rn<α.Thiscasemakesaseriesnon

-uniformlyconvergent.Andifforsomex,likeourx=0here,thelimitofnforv→∞

thenseriesconvergesinfinitelyslowly.Itfollows:

Def.(DuBois-Reymond)If,forvaluesofxwithinagivenregionofthecomplexplane,

for∀α,n∃upperlimitvind.ofx:n>v⇒Rn<modx.Inthiscase,∑f(n,x)isuniformly

convergentwithinthisregion.

Thm.4.37.If∑f(n,x)uniformlyconvergesthenitsφxiscontinuous.

Therearetwoimportantkindsofpowerseries:

1. anind.ofx∴∑anx
nasafnofx≡φx

2. anfnof,say,n,y≡f(n,y)wherexisconsideredconstant.

∴∑f(n,y)asfnofy≡ψy

Thm.4.38.DuBois-Reymond

μnind.x,wn(z)single-valuedfnofnandzandisfinite∀nandfiniteandcontinuousfor

∀z∈[a,b].Thenif∑μnabs.cnv.,∑μnwn(z)isacontinuousfnofzon[a,b].

Proof

LetSn(z)bethesumofntermsofμiwi(z)[1-n],∀n,μn>0.

Let∆wp=wp(z+h)-wp(z):∀p,Lh→0wp=0

∴Sn(z+h)-Sn(z)=μ₁∆w₁+μ₂∆w₂+⋅⋅⋅+μm∆wm

+μm+1wm+1(z+h)+μm+2wm+1(z+h)+⋅⋅⋅+μnwn(z+h)

-μm+1wm+1(z)-μm+2wm+2(z)-⋅⋅⋅-μnwn(z)

Let∆Wm,W'mn,Wmnbethemeans∆wi,wm+i(z+h),wm+i(z)

Then,withS',Rmnasusual,Sn(z+h)-Sn(z)=∆WmS'm+(W'mn-Wmn)R'm|n-m
∀m,n,asn→∞,Wm∞,W'm∞→finitevaluesbyhyp.

∴Sn(z+h)-Sn(z)=∆WmS'm+(W'm∞-Wm∞)R'm
WeneedtoshowLHS→0.Whenh=0,∆wi→0becausewi(z)iscontinuous.ThenasS'm
finiteand∑μmconvergent⇒S∞(z±0)-S∞(z)=Lh→0(W'm∞-Wm∞)R'm
OnRHS,LHTmaynotgotozerobutR'm→0astheresiduevanishes.■

Example

∑f(n,x)wheref(n,x)=x/((nx+1)(nx-x+1))

Thenthtermcanbewritten

(1/n²)(x/((x+1/n)(x-x/n+1/n))

∴μn=1/n²wnx=RHTandconditionofthm.fulfilledwhenx≠0.

Forw∞(x)=1/xwhichisfiniteforx≠0.

Sothisseriesisacontinuousfnof∀x≠0.



120

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.EarleHarris(c)2019

Cor.1.Ifpowerseries∑anx
nisabs.cnv.whenmodx=Rthenfor∀x<R,∑anx

nisa

continuousfnofx.

Cor.2.Ifpowerseries∑f(n,y)xnisconvergentwhenmodx<RandR<1and∀n,f(n,y)

isasingle-valuedfncontinuouson[a,b]thenforyfromatobψyisacont.fnofy

whenmodx≤R.

Thm.4.39.Abel'sTheorem

Ifseries∑anconvergesand∑anx
nconvergeson[0,1)thenLx:1→0anx

n=∑an

Note:Thisassertsconvergenceof∑anx
n,forx∈Riscontinuousinsideandonitscircle

ofconvergence.Thisholdsforsemi-convergentseriesifyoudon'taltertheorderof

itsterms.

Cor.1.If∑un,∑vn→u,v⇒iftheirproduct(seedistributivelawabove)converges,it

convergestouvandthisholdsifanyorallaresemi-convergent.

Thm.4.40PrincipleofIndeterminateCoefficients

Iffor∀x,∑anxnconvergeswhenmodx<Randifforsuchx,a₀+∑anx
n=0⇒ai[1-n]=0.

Cor.1.If∀x,modx<R,a₀+∑anx
n=b₀+∑bnx

nandbothseriesconverge⇒∀i,ai=bi

InfiniteProducts

Thevalueofaninfiniteproduct,factorsrestrictedtotheform(1+un),isdetermined

inthesamewayasintheBinomialTheorem

(1+u₁)(1+u₂)⋅⋅⋅(1+un)

andisthelimitofthisproductasn→∞denotedmostly∏nandsometimesPn.The

formermoreindicatestheprocessandthelatterthevalue.Butyouwillhaveto

determine,incontext,whichisactuallymeant.(Youcandoit.)IfLun>1thenLPn=

0∨∞andsuchcasesareunimportant.SoweassumeLun∈(0,1).Andlike∑,in∏we

canignoreanyfiniteseriesofterms.Wehavefourcases:

1)LPn=0-convergentbutignored

2)LPnfinite,denotedP-convergent

3)LPninfinite-divergent

4)LPnindeterminate,takingoneoranotherofaset

ofvalues-analogoustoanoscillating∑.

Inweconsiderln(Pn)wereducethetheoryof∏tothetheoryof∑,whichisanother

thingwhichstrikesmeassimplyelegant,hencecool.

lnPn=ln(1+u₁)+ln(1+u₂)+⋅⋅⋅+ln(1+un)=∑ln(1+un)

Thatiscool,isn'tit?Let'srelatethetwoideas:
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1)∑ln(1+un)diverges,limit=-∞⇔∏(1+un)=0

2)∑ln(1+un)⇒∏(1+un)converges

3)∑ln(1+un)diverges,limit=+∞⇒∏(1+un)diverges

4)∑ln(1+un)oscillates⇒∏(1+un)oscillates

Ifwerestrictuntoonesign:

1)Lun<0⇒∑ln(1+un)=-∞∧∏(1+un)=0

2)Lun>0⇒∑ln(1+un)=+∞∧∏(1+un)diverges

∴Lun=0⇒∏(1+un)converges(necessarybutnotsufficientcondition)

HerecomesEuleragain.IfLun=0⇒∏(1+un)
1/u∨n=εwherelikeûnbeingun,u∨nis

un.(Thisisaword-processor,notatypesettingshop.)Itfollows:

1)Lln(1+un)/un=1

2)∑ln(1+un)cnv/divas∑uncnv/div

Also,ifunisultimatelymadeupofallpos/negterms,theinfinitelimitsof∑unand

∑ln(1+un)willbecorrespondinglypos/neg.Soiftermsof∑unultimatelyhavesame

sign:

1)∏(1+un)converges⇔∑unconverges

2)∏(1+un)=0⇔∑un=-∞

3)∏(1+un)diverges→+∞⇔ ∑undiverges→+∞

∏nisabsolutelyconvergentwhenitssignisultimatelyinvariable.

Thm.4.40.∏(1+un)abs.cnv.⇔∑unabs.cnv.

Cor.1.Ifoneof∏(1+un)and∏(1-un)abs.cnv.thensoistheother.

Wecantalkaboutresiduesof∏justaswith∑.

∏(1+un)cnv.⇔∀n,(Pnfinite)∧(L∞Pn+m-Pn=0)

andthelatterisequivalenttoL(Pn+m/(Pn-1))=0orL(Pn+m/Pn)=1andourresidueQ

is(1+un+1)⋅⋅⋅(1+un+m).Sowehaveproven:

Thm.4.41.∏(1+un)cnv⇒∀n,(Pnfinite)∧(L∞Qmn=1)

NowletunhavetermsinC.ThetwoconditionsonThm.4.41.RHSbecomemodPn
finiteforallnandL(Qmn-1)=0.For∏inC,∏(1+un)isconvergentif∏(1+modun)

isconvergentbutnotconversely.

Def.If∏(1+modun)convergesthen∏(1+un)isabsolutelyconvergent.If∏(1+un)

convergesand∏(1+modun)doesnot,then∏(1+un)issemi-convergent.

Thm.4.42.If∑(modun)convergent⇔∏(1+un)abs.cnv.

Cor.1.∑unconvergent⇒∏(1+unx)isabs.cnv.wherexisind.ofnorxisafnofn:

Lmodx≠∞whenn→∞.
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Examples

1)∏(1-xn/n)abs.cnvfor∀x:modx<1(butnotwhenx=1)

2)∏(1-x/n²)herexisind.ofn∴abs.cnv.

Again,thelawsofalgebra:

1)AssociativeLawrequiresLun=0tooperateonfactorsof∏(1+un)

2)Commutationholdsif∏(1+un)abs.cnv.butnotgenerallyotherwise.

3)If∏(1+un)and∏(1+u'n)abs.cnv.⇒

1)∏((1+un)(1+u'n))convergestotheproductoftheirlimits

2)∏((1+un)/(1+u'n))convergestothequotientoftheirlimitssolong

asnofactorsvanishindenom.

For4)wehavethefollowingtheorem:

Thm.4.43.Since∑ln(1+μnwn(z))=∑μnwn(z)ln(1+μnwn(z))
1/μ∨n⋅w∨n(z)∴μnandwn(z)

satisfyDuBois-Reymond'sconditionsand∏(1+μnwn(z)isacontinuousfnofzon

[a,b].

Cor.1.If∑anx
nconvergeswhenmodx=Rthen∏(1+anx

n)convergestoφx,a

continuous,finitefnofxfor∀x:modx≤R.

Cor.2.Iff(n,y)isfinite,single-valuedwrtnandfinite,single-valued,andcontinuous

fory∈[a,b]and∑f(n,y)xnabs.cnv.whenmodx<R,andR<1then∏(1+f(n,x)xn)

convergestoψx,afinite,single-valued,continuousfnofxforallfinitex.

Cor.3.If∑anabs.cnv.⇒∏(1+anx)convergestoψxjustasabove.

5)Ifforacontinuumofvaluesofxincluding0,∏(1+anx
n)and∑(1+bnx

n)both

abs.cnv.and∏(1+anx
n)=∏(1+bnx

n)⇒∀i,ai=bi.

Wecanextendfactorizationto∏nwhichholdsforabs.cnv.only:

Thm.4.44.If∀x,ψx=∏(1+anx)convergentwhereLmodPn≠∞andwhereasn→∞

for∀m,L(mod(Qmn-1)⇒ψx=0andif∀i,xhasthevalue-1/aiandψx=0⇒forsomei,

xhasthevalue1/ai.

Cor.1.Ifxisonacontinuum,denoted(x)includingallvalues1/ai,1/bi[1-n]andif

∏(1+anx)
μ∨nand∏(1+bnx)

ν∨nabs.cnv.on(x)andiff(x),g(x)becomeneither0or∞

for∀i,1/ai,1/biandifforallxon(x)

f(x)∏(1+anx)
μ∨n=g(x)∏(1+bnx)

ν∨n

thenmusteachfactorofeachberaisedtothesamepowerandfor∀x∈(x),f(x)=g(x)

Cor.2.Itfollowsthatanyf(x)whichvanishesforanyofthe1/aiandfornoothers

outsideofthe1/aithenthisf(x)canbeexpresseduniquelyasaconvergentinfinite

productf(x)∏(1+anx)
μ∨n,ifatall.
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DoubleSeries

Wegetadoubleseries∑un,mwhentwoindicesn,m∈Nstartat1andrunofftoinfinity.

Conceptually,therearefourwaysto"take"thissum.

FirstWay

Conceivedasanmrowbyncolmatrix.Weletmornruntoinfinityandthenthe

otherandifSn=Smwesay∑um,nconvergestoSm,n=Sinthefirstway.andifwedon't

getequallimitswesaytheseriesisnonconvergentinthefirstway.

SecondWay

Wesummrowstonelementsusingthesamematrixidea.Thelimitsoftheseare

Ti[1-m].Iftheselimitsareallfinitethen∑um,n=∑Ti=S'm,ninthesecondwayasm→∞.

ThirdWay

JustlikethesecondwaybutusingcolumnsUisowegetalimitS"m,n=∑Ui
Solongasm,nfinitewehaveSm,n=S'm,n=S"m,nbutwhenm,n→∞,wehave

S'=Lm→∞(Ln→∞(Sm,n))andS'=Ln→∞(Lm→∞(Sm,n))

andS'=S"requiresthetwowaystoleadtothesameresult.

FourthWay

Sumtheterms,beginningwithmatrixentrya11,onthediagonal:a11,(a12+a21),…and

letthatgotoinfinity.(I'llwaitwhileyoutryit....)Whilem,nfinite,thisneverequals

thepreviousmethods.Andthelimitsofthefirstthreewayscanbeequalwhenthis

oneisinfinite.

Now,asbefore,consideralltermshavingultimatelythesamesignsothatwecan

ignorefinitelymanyconsecutiveentriesinthematrix.Then,asL(Sm+p,n+q-Sm,n)=S-S

=0asm→∞for∀p,qthen,asbefore,any"initial"termsdonotaffectthelimit.Andwe

haveananalogoustwo-diminsionalshrinkingresidueandthisistrueofallfourways

oftakingthedoublelimit.

Thm.4.45.Ifallthetermsof∑um,nare>0andiftheseriesconvergesinthefirstway,

thenthehorizontal,vertical,anddiagonalseriesareconvergentandtheseries

convergesinallfourwaystothesamelimit.

WedefineRestrictionA(RA)forcommuting:Iftermum,nbecomesum',n'wherem'=

f(m,n)n'=g(m,n)areboth,forandfinitem,n,single-valuedfinitefns,convergenceis

unaffected.Thisconservesourvanishingresidue.

Cor.1.If∑um,n,asseriesofpos.terms,convergesinthefirstway,commutationof

termsunderRAleavesThm.4.45.intact.
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Cor.2.Ifallpos.termsofaconvergentsingleseries∑uncanbearrangedintoadouble

series∑um',n'wherem',n'arefnsofnunderRAthen∑um',n'convergesinallfourways

tothelimitof∑un.

Thm.4.46.Ifadoubleseriesofpos.termsconvergesinanyofthefourwaystolimitS,

itconvergesinallfourwaystoSandthesubsidiary(horiz.,vert.,diag.)seriesareall

convergent.

Cor.1.Anyseries∑un'selectedfrom∑um,nunderRAisconvergentif∑um,nconverges.

Def.Ifany∑um,nconvergeswhenallitstermsaretakenpos.itisabsolutely

convergent(abs.cnv.)

Notethatalltheaboveconcerningsingle-signtermedseriesconvergingaretrueof

abs.cnv.seriesastheneg.termsonlyreducetheresidue.

Thm.4.47.Cauchy'sAbsoluteConvergenceTest

Ifu'm,narethenumericalorpos.valuesofum.n(absolutevalues|um,n|)andifallthe

horizontal,vertical,anddiagonalseriesof∑u'm,nconvergeandthesumoftheirsums

toinfinityconverge⇒

1)Thehorizontalseriesof∑um,nareabsolutelyconvergentandthesumoftheirsums

toinfinityconvergestosomefiniteS;

2)∑um,nconvergesinthefirstway;

3)Allverticalseriesarealsoabs.cnv.andthesumoftheirinfinitesumsissomefiniteS;

4)Thesameistrueofthediagonalsums;and

5)Anyseriesinformsoftermsof∑um,nunderRAisabs.cnv.

Note:ItseemstomethatCauchycouldstatethisalittleclearer.1-4saythat∑um,n
convergesinthefirstthreewaysandthatinallthesewaysthesubordinateseriesare

abs.cnv.tosomefiniteS.

Cor.1.If∑un,∑vnabs.cnv.tou,v⇒∑(unv1+un-1v2+⋅⋅⋅+u1vn)abs.cnv.touv.

Itiseasytoconstructdoubleserieswherehoriz.andvert.seriesareabs.cnv.butdo

nothavealimitinthefirstwayandhavedifferentlimitsinthesecondandthirdways.

Example

Ifthefirstway'slimitofSm,nisA+f(m,n)whereAisind.ofm,nitiseasytoseethat

um,n=f(m,n)-f(m-1,n)-f(m,n-1)+f(m-1,n-1)

Sowehaveonlytogivef(m,n)aformwhere

Lm=∞(Ln=∞f(m,n))≠Ln=∞(Lm=∞f(m,n))

sothattheserieshasdifferentlimitsin2dand3dwayandnolimit1stway.

Letf(m,n)=(m+1)/(m+n+2)then

um,n=(m+1)/(m+n+2)-m/(m+n+1)-(m+1)/(m+n+1)+m/(m+n)

=(m-n)/(m+n)(m+n+1)(m+n+2)
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Itisatonceobviousthatthelimitsofthe2d,3d,4thwaysaredifferent,forinthefirst

placeweobservethatum,n=-un,m.Hencethereisaskewarrangementoftermsinthe

array.Thereforeeachofthediagonalsumsiszeroandthe4thwaylimitis0.Also,

duetothearrangementofsigns,Tm=-Um∴S'=-S".Chrystalgoesontoshowthatthe

secondandthirdlimitsare-½and½andthatbynoticingthatafterm=nthetermsare

negative,thereforeT'n=∑n=1→mum,n-∑n=m+1→∞um,nsothe1stwaylimitdiverges.Butat

thispoint,Ithinkweshouldsolidifyourunderstandingofallthisuntilwegettothe

pointwereChrystal'saboveremarksareinfacteasytoseeandobvious.

ComplexDoubleSeries

Fromwhatweknowaboveaboutcomplexseries,acomplexdoubleseriesinvolves

tworealdoubleseriesandiftheyconverge,thenthecomplexdoubleseriesconverges.

Iftheseare∑αm,n,∑βm,n,theyareabs.cnv.if∑√(αm,n
2+βm,n

2)isconvergent.Therefore,

ifu'm,nisthemodulusofum,n=αm,n+ibm,n(rememberthisnotationformodulus)thenif

∑u'm,nconvergesthen∑um,nconvergestothesamelimitinallfourways,whichagain

Chrystalsaysisobvious.Andalltermsareobviouslypos.∴

Thm.4.48.Ifallthehoriz.seriesin∑u'm,nconvergeandtheirsumofsumsconverge⇒

∑um,nabs.cnv.andsoareallitssubsidiaryseriesandanyseriesconstructedunderRA.

Thm.4.49.Ifthemodulioftheseries∑am,nx
mynhaveafiniteupperlimitλ⇒this∑is

abs.cnv.for∀x,y:x,y∈(0,1).

BinomialSeries

Weknowthat∀m∈N

(1+x)m=1+Cm|1x+Cm|2x²+⋅⋅⋅+Cm|mx
m [1]

Butifm∈-Norm∈Q,wenolongerhavem-combsofnthings.Ifyousimplyfollowthe

BinomialTheoremalgorithmwiththeseun-naturalnumbers,theresultstillholdsbut

RHSof[1]becomesaninfiniteseries.Thiswillconvergewhen:

1)x∈(-1,1)

2)x=1andm>-1

3)x=-1andm>0

Allofthisboilsdowntothefollowingtheoremandcorollarywithalongproofby

EulerasamendedbyCauchywhichIleavetoyourcuriosityandwillproceed

immediatelyherefromthestatementofthetheoremtoitsuse.

Thm.4.50.Whenevertheseries1+∑Cm|nx
nconverges,itssumistherealpositive

valueof(1+x)m.

Cor.1.Ifx≠y,wecanthereforealwaysexpand(x+y)minanabs.cnv.series.
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Proof

Letx>y∴y/x>1∴(x+y)m=xm(1+y/x)m

=xm(1+Cm|1(y/x)+Cm|2(y/x)²+⋅⋅⋅+Cm|n(y/x)
n+⋅⋅⋅)

=xm++Cm|1x
m-1y+Cm|2x

m-2y²+⋅⋅⋅+Cm|nx
m-nyn+⋅⋅⋅ [A]

Ifx<yandx/y>1⇒(x+y)m=ym(1+x/y)mandSym.

=ym++Cm|1y
m-1x+Cm|2y

m-2x²+⋅⋅⋅+Cm|ny
m-nxn+⋅⋅⋅ [B]

Ifm∈N[A]and[B]bothterminateandarevalid.Elseonlyoneisconvergent.■

Inthefollowingexamples,weassumeconvergence.

Examples

1) (1+x)-1=1-x+x²-⋅⋅⋅+(-1)nxn+⋅⋅⋅

(1-x)-1=1+x+x²+⋅⋅⋅+xn+⋅⋅⋅

(1+x)-1=1+∑C-1|nx
n

C-1|n=(-1(-1-1)(-1-2)⋅⋅⋅(-1-n+1))/n!

=(-1)n⋅1⋅2⋅⋅⋅n/n!=(-1)n⋅1

(1-x)-1=1+∑C-1|n(-x)
n

C-1|n(-x)n=(-1)
n(-1)nxn=xn

2)(1+x)-2=1-2x+3x²-⋅⋅⋅+(-1)n(n+1)xn+⋅⋅⋅

(1-x)-2=1+2x+3x²+⋅⋅⋅+(n+1)xn+⋅⋅⋅

SinceC-2|n=(-2(-2-1)⋅⋅⋅(-2-n+1))/n!=(-1)
n(n+1)

3)(1+x)-3=1-3x+6x²-⋅⋅⋅+(-1)n½(n+1)(n+2)xn+⋅⋅⋅

(1-x)-3=1+3x+6x²+⋅⋅⋅+½(n+1)(n+2)xn+⋅⋅⋅

4)(1+x)1/2=1+1/2⋅x-1/8⋅x²+⋅⋅⋅+(-1)n(1⋅3⋅5⋅⋅⋅(2n-3))/(2⋅4⋅6⋅⋅⋅2n)⋅xn+⋅⋅⋅

(1-x)1/2=1+1/2⋅x+1/8⋅x²+⋅⋅⋅+(1⋅3⋅5⋅⋅⋅(2n-3))/(2⋅4⋅6⋅⋅⋅2n)⋅xn+⋅⋅⋅

5)(1+x)-1/2=1-1/2x+3/8x²-⋅⋅⋅+(-1)n(1⋅3⋅⋅⋅(2n-1))/(2⋅4⋅⋅⋅2n)xn+⋅⋅⋅

(1-x)-1/2=1+1/2x+3/8x²+⋅⋅⋅+(1⋅3⋅⋅⋅(2n-1))/(2⋅4⋅⋅⋅2n)xn+⋅⋅⋅

6)(1+x)m/2=1+m/1⋅x/2+(m(m-2))/2!⋅(x/2)²+⋅⋅⋅+(m(m-2)(m-4)⋅⋅⋅(m-2n+2))/n!⋅(x/2)n+⋅⋅⋅

=1+m/2⋅x+(m(m-2))/(2⋅4)⋅x²+⋅⋅⋅+(m(m-2)⋅⋅⋅(m-2n+2))/(2⋅4⋅⋅⋅2n)⋅xn+⋅⋅⋅

(1+x)-m/2=1+∑(-1)n(m(m+2)(m+4)⋅⋅⋅(m+2n-2))/(2⋅4⋅⋅⋅2n)⋅xn

7)(1+x)p/q=1+∑(p(p-q)(p-2q)⋅⋅⋅(p-nq+q))/((q2q3q⋅⋅⋅nq)xn

(1-x)p/q=1+∑(p(p+q)(p+2q)⋅⋅⋅(p+nq-q))/(q2q3q⋅⋅⋅nq)xn

8)(1-x)-m=1+∑(m(m+1)(m+2)⋅⋅⋅(m+n-1))/n!xn

9)½((1+x)m+(1-x)m)=1+Cm|2x²+Cm|4x⁴+⋅⋅⋅+Cm|2nx
2n+⋅⋅⋅

½((1+x)m-(1-x)m)=Cm|1x+Cm|3x³+⋅⋅⋅+Cm|2n-1x
2n-1+⋅⋅⋅
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Andthat'soneofthesweetesttutorialsI'veeverseen.Notethatintheseexpansions

of(1+x)mand(1+x)-mareultimatelyalternating.In(1-x)m,termswillhavethesame

signonandaftertermxnwheren>m.Andin(1-x)-m,termsarepos.afterthefirst

term.

Consider∑φr(n)Cm|nx
nwhereφ∀ifnofn,r°.Bytheprocessofputtingonepolynomial

intermsofanother(ourchangeof"base"fromDME)wehave:

φr(n)=A₀+A₁n+A₂n(n-1)+⋅⋅⋅+Arn(n-1)(n-r+1)

whereAi[0-r]areind.ofn.Thentheseriestakesform:

A₀Cm|nx
n+mA₁xCm-1|n-1x

n-1+m(m-1)A₂x²Cm-2|n-2x
n-2+⋅⋅⋅+m(m-1)⋅⋅⋅(m-r+1)Arx

rCm-r|n-rx
n-r

Anditssumis∑0→∞φr(n)Cm|nx
n=

A₀(1+x)m+mA₁x(1+x)m+⋅⋅⋅+m(m-1)⋅⋅⋅(m-r+1)Arx
r(1+x)m-r=

(1+x)m(A₀+mA₁x/(1+x)+m(m-1)A₃x²/(1+x)²+⋅⋅⋅+m(m-1)⋅⋅⋅(m-r+1)Arx
r/(1+x)r

Examples

1)Summ+m(m-1)/1!+m(m-1)(m-2)/2!+⋅⋅⋅ifconvergent

un+1=m(m-1)(m-2)⋅⋅⋅(m-n)/n!

=m(m-1)(m-2)⋅⋅⋅(m-1-n+1)/n!

=mCm-1|n

∴∑un=m(1+Cm-1|1+Cm-1|2+⋅⋅⋅)=m(1+1)
m-1=m2m-1if(m-1)>-1orm>0

2)Evaluate∑0→∞n³Cm|nx
n

∴n³=A₀+A₁n+A₂n(n-1)+A₃n(n-1)(n-2)

|10 0|0 A₀=0 div1⇒1⋅n=n

1|011

|11|1 A₁=1 div2⇒3⋅n(n-1)=3n²-3n

2|02

1|3 A₂=3 div3⇒1⋅n(n-1)(n-2)=n³-3n²+2n

∴A₃=1 addthemtogetn³

∴∑0→∞n³Cm|nx
n=

0∑Cm|nx
n+1⋅mx∑1→∞Cm-1|n-1x

n-1+3m(m-1)x²∑2→∞Cm-2|n-2x
n-2+m(m-1)(m-2)x³Cm-3|n-3x

n-3

=mx(1+x)m-1+3m(m-1)x²(1+x)m-2+m(m-1)(m-2)x³(1+x)m-3

=(m³x³+m(3m-1)x²+mx)(1+x)m-3
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Weknowthateveryifracofxcanbeexpressedasanifnandaproperifracandthen

everyproperifraccanbeexpressedaspartialfractions,∑A(x-a)-n.Thereforeany

ifraccanbeexpressedasaseries,somewithascendingpowersofxandsomewith

descending.

Ifwedenotetheelementarysymmetricfnsα+βandαβasp,qthen:

αn+βn=a₀pn+a₁pn-2q+⋅⋅⋅+arp
n-2rqr+⋅⋅⋅ [1]

(αn+1-βn+1)/(α-β)=b₀pn+b₁pn-2q+⋅⋅⋅+brp
n-2rqr+⋅⋅⋅[2]

andboth[1],[2]terminate.Wecanalsoverify

2-px .= 2-(α+β)x.= 1 .+ 1 . [3]

1-px+qx² (1-αx)(1-βx) 1-αx 1-βx

Nowtakex:px-qx²<1andwehavebytheBinomialTheorem

[3]=(2-px)(1-(px-qx²))-1=(lettingpx-qx²=r)

=(2-px)(1+r+r²+⋅⋅⋅+rn+⋅⋅⋅) [4]

Nowtakex:-α<x<αwhereαmakes±px±qx²<1withsignsusedtomakethisamax

value.Then[4]canbeexpressedasaseriesofascendingpowersofx:

[4]=(2-px)(1+∑(pn+Cn-1|1p
n-2q+Cn-2|2p

n-4q²+⋅⋅⋅+(-1)rCn-r|rp
n-2rqr+⋅⋅⋅)xn)[5]

=2(1+∑(as[5])-px(1+∑(as[5])) [6]

wherecoeffofxis

2(pn-Cn-1|1p
n-2q+(-1)rCn-r|rp

n-2rqr-⋅⋅⋅+(-1)r(n(n-r-1)(n-r-2)⋅⋅⋅(n-2r+1)/r!⋅pn-2rqr+⋅⋅⋅)

andthisis

2+∑(pn-n/1!⋅pn-2q+n(n-3)/2!⋅pn-4q²-⋅⋅⋅

+(-1)r(n(n-r-1)(n-r-2)⋅⋅⋅(n-2r+1)/r!⋅pn-2rqr+⋅⋅⋅) [7]

Orfrom

1/(1-αx)+1/(1-βx)=(1+αx+α²x²+⋅⋅⋅+αnxn+⋅⋅⋅)+(1+βx+β2x2+⋅⋅⋅+βnxn+⋅⋅⋅)

=2∑(αn+βn)xn [8]

whichconvergesforx:modαx,modβx<1.Soby[3],[7],[8]∴

αn+βn=pn-n/1!⋅pn-2q+n(n-3)/2!⋅pn-4q²-⋅⋅⋅

+(-1)r(n(n-r-1)(n-r-2)⋅⋅⋅(n-2r+1)/r!⋅pn-2rqr+⋅⋅⋅ [9]
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Andifweexpressx/(1-px+qx²)intermsofα,βthen(αn+1-βn+1)/(α-β)=

pn-(n-1)/1!⋅pn-2q+(n-2)(n-3)/2!⋅pn-4q²-⋅⋅⋅

+(-1)r(n-r)(n-r-1)⋅⋅⋅(n-2r+1)/r!⋅pn-2rqr+⋅⋅⋅ [10]

Example

Requiredcoeffofxninexpansionof(1-x)²/(1+x)3/2

If(1+x)3/2=1+∑anx
nthen(1-x)²/(1+x)3/2=(1-2x+x²)(1+∑anx

n)

∴coeff=an-2an-1+an-2
Ifwesubactualvaluesoftheseaithisequals

(-1)n(16n²-8n-1)(3⋅5⋅⋅⋅(2n-3))/(2⋅4⋅⋅⋅(2n))

Togodeeperintothiswouldtakeusintothebowelsofcombinatorics,wrtC,P,andH

andquicklytosummingserieslike

1-(n-3)/2!+(n-4)(n-3)/3!-(n-5)(n-6)(n-7)/4!+⋅⋅⋅

whichIleavetoyourcuriosity.Letwisdomgovernthatcuriosity.Ifcombinatorics

makesyouhappy,goforit.Butanyoppressiveorcompulsiveurgetopursue

somethingshouldbeshakenoff.Begovernedbyjoy.Ifinjoyfullyfollowingyour

interests,youdiscoveryouneedtogointothis(oranythingelse)youcanalways

returntoitwiththerightmotive.Mathematicsisanoceanyoucaneasilydrownin.

Bettertosportlikeadolphin.

Ifwehavea₁x+a₂x²+⋅⋅⋅+arx
r,x,ai∈Rthenifρ<1/(a+1)wherea=maxaithenρis

thelowerlimitoftheleastrootofarx
r+⋅⋅⋅+a₁x±1=0.Thenfor∀m∈R,ifx∈(-ρ,ρ)

(1+a₁x+⋅⋅⋅+arx
r)m=1+∑Cm|s(a₁x+a₂x²+⋅⋅⋅+arx

r)s

RecallthatCm|sisthenumberofallthes-combsofthemai∴

Thm.4.51.∀m,x∈(-ρ,ρ),(1+a₁x+a₂x²+⋅⋅⋅+arx
r)m=

1+∑m(m-1)⋅⋅⋅(m-∑ai+1)a₁
α1a₂α2⋅⋅⋅ar

αrxn

a₁!a₂!⋅⋅⋅ar!

withsummationoverallαi∈N:1α₁+2α₂+⋅⋅⋅+rαr=n.Butdon'tpanic.Here'san
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Example

RequiredcoeffofxninF=(1+x+x²+⋅⋅⋅+xr)m

F=((1-xr+1)/(1-x))m

=(1-xr+1)m(1-x)-m

=(1-xr+1)m(1+∑Hm|nx
n)

∴n<r+1coeff=Hm|n=m(m+1)⋅⋅⋅(m+n-1)/n!

n≥r+1coeff=Hm|n-Cm|1Hm|n-r-1+Cm|2Hm|n-2r-2-⋅⋅⋅andnowyoucanpanic(orgoback

andstudyyourH's).

ExponentialSeries

Inwhatfollows,wearegoingtouseanewshorthandwhereλ≡logea≡lnawhereeis,

ofcourseEuler'sconstant.Ifweassumeaconvergentexpressionofaxwecan

determinethecoeffof

ax=A₀+A₁x+A₂x²+⋅⋅⋅+Anx
n+⋅⋅⋅ [1]

Byourpreviousmethods

L(ax+h-ax)/h=A₁+2A₂x+⋅⋅⋅+nAnx
n-1+⋅⋅⋅

whereRHSconvergesif[1]converges.Then

LHS=axλL(eλh-1)/λh=λax

∴λax=1A₁+2A₂x+⋅⋅⋅+nAnx
n-1+⋅⋅⋅ [2]

Andby[1],

λ(1A₁+2A₂x+⋅⋅⋅+nAnx
n-1+⋅⋅⋅)=1A₁+2A₂x+⋅⋅⋅+nAnx

n-1+⋅⋅⋅[3]

Bothseriesin[3]converge∴

1A₁=λA₀ 2A₂=λA₁ ⋅⋅⋅ An=λAn-1

∴ A₁=A₀λ/1! A₂=A₀λ²/2!⋅⋅⋅ An=A₀λ
n/n! [4]

Letx=0andA₀=1 [5]

∴ ax=1+λx/1!+(λx)²/2!+⋅⋅⋅+(λx)n/n! [6]

∴[6]and[2]convergefor∀x.Let'sdeducethisanotherwayusingtheBinomial

Theorem.Letz>1:

(1+1/z)zx=1+zx⋅1/z+(zx(zx-1))/2!⋅1/z²+(zx(zx-1)⋅⋅⋅(zx-n+1))/n!⋅1/zn+⋅⋅⋅

=1+x+(x²(1-1/zx))/2!+⋅⋅⋅+xn(1-1/zx)⋅⋅⋅(1-(n-1)/zx)/n!+Rn
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Letxbeagivenquantity,n∈Z,thenzcanbetakenaslargeaspossiblesuchthatzx∈N,

ρ>nthenRnterminates.∴

Rn<x
n+1/(n+1)!⋅(1-(x/(n+2))) [3]

∴(1+1/z)zx=1+x+x²(1-1/ρ)/2!+⋅⋅⋅+xn(1-1/ρ)⋅⋅⋅(1-(n-1)/ρ)/n!+Rn[4]

z→∞⇒ρ→∞Lz→∞(1+1/z)
zx=1+x+x²/2!+⋅⋅⋅+xn/n!+Rn=e

x[5]

n→∞⇒[3]→0∴[5]withoutremainder≡L∞(1+1/z)
zx

Notethat[5]isusedtogiveanupperlimittotheresidueoftheseries.Wecoulduse

thistocalculateanyapproximatevalueofe.Goington=12,e=2.718281829.

Nowlet'sshoweisincommensurable,irrational.

Proof

Elsee=p/q∈Qande=L∞(1+1/z)
z

∴p/q=2+1/2!+⋅⋅⋅+1/q!+Rq
∴ Rq<(q+2)/(q+1)²q!

q!Rq<(q+2)/(q+1)²<(q+2)/(q(q+2)+1)

∴q!Rqisapositiveproperfraction↴

∴eisincommensurable,irrational,...■

Let'slookatethewayCauchydid.Wewilltakethesumofitsinfiniteseriesf(x),x∈C

f(x)=1+x+x²/2!+⋅⋅⋅+xn/n!+⋅⋅⋅

Thisconverges∀x∴f(x)isasingle-valued,finite,continuousfnofx

∀y∈Cwehavef(x)×f(y)=

1+(x+y)+(x²/2!+xy/1!1!+y²/2!)+⋅⋅⋅+(xn/n!+xn-1y/(n-1)!+⋅⋅⋅+yn/n!)+⋅⋅⋅

Youshouldrecallthisnextbit,inmoregeneralterms,fromDME:

Thishasannthterm=(xn+Cn|1x
n-1y+Cn|2x

n-2y2+⋅⋅⋅+yn)/n!

∴f(x)×f(y)=1+∑(x+y)n/n!=f(x+y) [1]

f(x)f(y)f(z)=f(x+y)f(z)=f(x+y+z)∴

Thm.4.52.AdditionTheoremforExponentialSeries

f(x)f(y)f(z)⋅⋅⋅=f(x+y+z+⋅⋅⋅) [2]

Proof

Leteachofthesevarsequalunityandlettherebenofthem.

∴(f(1))n=f(n) [3]

Orleteachofthelettersbep/qwithqofthem,p,q∈N

∴(f(p/q))n=f(p) [4]

∴(f(p/q))q=(f(1))p (by[4],[3]) [5]

In[1],lety=-x

∴f(x)f(-x)=f(0) [6]

From[5],[6],wecansumtheseriesfor∀x∈Q,In[5],f(p/q)istheqthrootof(f(1))p.
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Butp/q>0,∴f(p/q)∈R+and

f(1)=1+1/1!+1/2!+⋅⋅⋅=e∈R+

∴f(p/q)istherealpositiverootofepandequalsep/q:

1+(p/q)/1!+(p/q)²/2!+⋅⋅⋅=ep/q [7]

f(0)=1.Sofrom[6],f(-p/q)=1/f(p/q)=1/ep/q=e-p/q∴

e-p/q=1+(-p/q)/1!+(-p/q)²/2!+⋅⋅⋅ [8]

Combining[7],[8]:

ex=1+x/1!+x²/2!+⋅⋅⋅+xn/n!+⋅⋅⋅

e=1+1/1!+1/2!+⋅⋅⋅+1/n!+⋅⋅⋅

Andthat'sallIhavetosayaboutthat.■

Bernoulli'sNumbers

Thm.4.53.Cauchy'sExpansionofx/(1-e-x)

ProofandStatementCombined

x/(1-e-x)=1/((1-e-x)/x)=1/(1-y) [1]

wherey=1/((1-e-x)/x) [2]

∴x/(1-e-x)=1+y+y²+⋅⋅⋅+yn+⋅⋅⋅ [3]

whichisconvergentfory∈(-1,1)andfrom[2]andtheExponentialThm.

∴y=x/2!-x²/3!+x³/4!-⋅⋅⋅whichisabs.cnv.for∀x

Soweneedρ:ρ/2!+ρ²/3!+ρ³/4!+⋅⋅⋅<1 [A]

sothatifwesub[4]into[3]itisabs.cnv.

But[A]=(eρ-1)/(ρ-1).Soweneedρ:eρ-1<2ρ [5]

Fromthegraphsofex-1and2x,[5]istrueifρ<uniquepos.rootofex-1=2x

whichisat(1,2)∴x/(1-e-x)seriesisconvergentforx∈(-1,1).Sosubyinto[3]:

∴x/(1-e-x)=1+½x+1/6⋅x²/2!-1/30⋅x³/4!+1/42⋅x⁴/6!-⋅⋅⋅[6]■

IfweuseourmethodofdeterminingcoeffsAiofequalseries(whichisquiteinvolved

here)wearriveataformulaforcalculatingthesecoeffs(1/2,1/6,…).Andwhatwe

endupwithareBernoulli'sNumbersBi[1-n]wherex/(1-e
-x)=

1+½x+B1x²/2!-B2x⁴/4!+B3x⁶/6!-⋅⋅⋅

You'regoingtolovethis.ForoddnwecalculateBnwith

C2n+1|2nBn-C2n+1|2n-2Bn-1+⋅⋅⋅+(-1)
n-1C2n+1|2B1=(-1)

n-1(n-½)
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andforevenn

C2n+2|2nBn-C2n+2|2n-2Bn-1+⋅⋅⋅+(-1)
n-1C2n+2|2B1=(-1)

n-1n

Cor.1.From(x(ex+e-x))/(ex-e-x)=x/(1-e-2x)-x/(1-e2x)weget

LHS=1+B1/2!⋅2²x²-B2/4!⋅2⁴x⁴+B3/6!⋅2⁶x⁶-⋅⋅⋅

Cor.2.Fromx/(1+e-x)=2x/(1-e-2x)-x/(1-e-x)weget

LHS=½(2¹-1)x+B1/2!⋅(2²-1)x²-B2/4!⋅(2⁴-1)x⁴+⋅⋅⋅

Backincombinatorics,wehadthesumofthefirstnrthpowersSn|r.Usingtheseries

of(enx-1)/(1-e-x)wehave:

Thm.4.54.Bernoulli'sTheorem

Sn|r=n
r+1/(r+1)+½nr+r/2!⋅B1n

r-1-r(r-1)(r-2)/4!⋅B2n
r-3+r(r-1)⋅⋅⋅(r-4)/6!⋅B3n

r-5-⋅⋅⋅

wherelasttermevenoroddiseither(-1)½(r-2)B½rnor½(-1)
½(r-3)rB½(r-1)n²

Ifwepursuedthisfurther,wewouldfind

Thm.4.55.Wecanalwayssumtheinfiniteseries

∑φr(n)x
n/n!

whereφr(n)isanifnofnr°

Cor.1.Wecangenerallysum

∑φr(n)x
n/n!(n+a)(n+b)⋅⋅⋅(n+k)

wherea-kunequal∈Nandthiswouldallowustodothingslikesum

1³/1!⋅x+(1³+2³)/2!⋅x²+⋅⋅⋅+(1³+2³+⋅⋅⋅+n³)/n!⋅xn+⋅⋅⋅whichcomesto27e/4.

LogarithmicSeries

Considertheexpansionofln(1+x).Nof(x)wheref(1)=∞canbeexpandedintoa

convergentseriesofascendingpowersofx.But

Thm.4.56.Wecanexpandln(1+x)ifx<1inascendingpowersofx.

[prooffollows]
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Proof

(1+x)z=1+z(ln(1+x))+z²(ln(1+x))²/2!+⋅⋅⋅ [1]

whichisconvergent∀z.Andifx<1,bytheBinomialTheorem

(1+x)z=1+zx-z(1-z/1)x²/2+z(1-z/1)(1-z/2)x³/3+⋅⋅⋅

RecallourearlierPn|m.Asadoubleseries,thatlastbitis

(1+x)z=1+zx-(zx²/2-z²x²/2)-⋅⋅⋅

+(-1)n-1(zxn/n-Pn-1|1z²x
n/n+Pn-1|2z³x

n/n-⋅⋅⋅+(-1)n-1Pn-1|n-1n
nxn/n)

wherePn-1|rissumofallr-productsof1/1,1/2,…,1/(n-1)withoutrepetition,incase

youforgot.ByCauchy'sabs.cnv.theorem,theabovewillconvergewhenz,x>0.The

serieswiththePn|msumstoz(z+1)⋅⋅⋅(z+n-1)x
n/nandgoesto0whenn→∞andthe1+

zxseriesbeforeitconvergeswhenx<1.

∴(1+x)z=1((x/1-x²/2+x³/3-⋅⋅⋅)z+⋅⋅⋅

Becauseanexpansioninpowersofzmustbeunique,thisisequivalentto[1]

∴ln(1+x)=x/1-x²/2+x³/3-⋅⋅⋅(-1)n-1xn/n

whichisthelogarithmicseriesconvergenton(-1,1)■

Cor.1.(ln(1+x))n=n!(Pn-1|n-1x
n/n-Pn|n-1x

n+1/(n+1)+Pn+1|n-1x
n+2/(n+2)-⋅⋅⋅

Cor.2.ln(1-x)=-x/1-x²/2-x³/3-⋅⋅⋅-xn/n-⋅⋅⋅

Cor.3.ln((1+x)/(1-x))=2(x/1+x³/3+⋅⋅⋅+x2n-1/(2n-1)bysubtractionoflogs.

Thm.4.57.Theserieswithnthtermφ(n)xn/(n+a)(n+b)⋅⋅⋅(n+k)whereφnifnofnand

a-kunequal∈Zcanbesummedifseriesconverges.Whichwouldallowustosum

∑2→∞n³x
n/(n+1)(n+2).Wealreadyknow,ifx>0,

x-1<lnx<1-1/x [1]

Example

Showlnn/(m-1)>1/m+1/(m+1)+1/(m+2)+⋅⋅⋅+1/n>ln(n+1)/m

Ifweput1-1/x=1/m⇒x=m/(m-1)inmiddletermof[1].

Thenreplacemsuccessivelywithm+1,m+2,…andweget

lnm-ln(m-1)>1/m

ln(m+1)-lnm>1/(m+1)

⋅⋅⋅

lnn-ln(n-1)>1/n [2]

Byaddition,lnn-ln(m-1)>1/m+1/(m+1)+1/(m+2)+⋅⋅⋅+1/n

TheninLHT[1]putx-1=1/mandSym.

ln(n+1)-lnm<1/m+1/(m+1)+1/(m+2)+⋅⋅⋅+1/n [3]

andresultfollowsfrom[2],[3]
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RecurringSeries

ThenextthreechaptersinChrystaldealalmostexclusivelywithcomplex-valued

seriesrepresentingtrigonometricformsofnumber.Youhavealreadyseenthecoreof

thisinthehyperbolictrigchapterofDME.Iwillsaveallthesetrigseriesforthe

SecondCircleofTrigonometrywheretheseideaswillleadusintoComplexAnalysis.

Buthereattheendofthesechaptersareacoupleofusefulideasapartfromtrigand

becausetheyincludeifracs,Ihavetosharethemwithyou.Ifracsassoooocool.

∀ifrac,suchas

(a+bx+cx²)/(1+px+qx²+rx³) [1]

canalwaysbeexpanded,asweknow,inascendingpowersofx.Ifmodx<rootwith

theleastmodulusforthedenomthentheseriesfor[1]hasform:

u₀+u₁x+u₂x²+⋅⋅⋅+unx
n+⋅⋅⋅ [2]

Ifweset[1]=[2]andmultiplybothsidebythedenomof[1],weget

a+bx+cx²=(u₀+u₁x+u₂x²+⋅⋅⋅+unx
n+⋅⋅⋅)(1+px+qx²+rx³)

andbeequatingpowersofx

u₀= a

u₁+pu₀= b

u₂+pu₁+qu₀= c

u₃+pu₂+qu₁+ru₀=0

⋅⋅⋅

un+pun-1+qun-2+run-3=0 [3]

Anypowerserieswhereform[3]arisesisarecurringpowerseries(recseries)and

theexplicitformthat[3]takesistheseries'scaleandwillhave1-rconstants(here,

threeofthem:p,q,r)andthenumberofconstantsistheseries'order.Allthecoeffsof

anrthorderrecseriescanbederivedfromthercoeffsinitsscale([3])Arecseriesof

rthorderdependsupon2rconstants:rinthescaleandrmore.Soifthefirst2rterms

aregiven,theseriescanbecontinuedasarecseriesofrthorderinonlyoneway.OR

asan(r+1)thorderrecseriesthisseriesbecomesatwo-foldinfinity.ORtwo

conditionsmustbesatisfiedtocontinueourseriesasan(r-1)thorderrecseries,4

conditionsfor(r-2)thorderandsoon.

Example

Showthatx+2x²+3x³+4x⁴+⋅⋅⋅hasorder2.Letthescalebeun+pun-1+qun-2∴

3+2p+q=0 5+4p+3q=0

4+3p+2q=0 6+5p+4q=0

Solnofthefirsttwoisp=-2,q=1andthesevaluessolvetheothers
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Nowthinkabout[2]asbeinggeneratedby[1].Then[1]isthegeneratingfn(genfn)

oftheseries.Thedenomfurnishesthescaleandthecoeffsaredeterminedbyther

eqnsleadingupto[3].So:

Thm.4.58.Giventhescaleandthefirstrtermsofarecserieswecandeterminethe

genfnoftheseries.

Proof

Pickanr,anyr,say3.Fromabove(u₀+(u₁+p₀)x+(u₂+pu₁+qu₀)x²/denomisthegenfn

of[2]withscale[3].■

Cor.1.Everyrecurringpowerseries,ifmodxtakenproperlysmall,istheexpansion

ofanifrac.

Cor.2.Thegeneraltermofarecseriescanbefoundgiventhescaleandrterms.

Inotherwords,tofindthegenfnofarecseriesoracorrespondingpowerseries,

decomposethegenfnintopartialfractions(yay!)intheformofA(x-a)-s,expand

theseintoascendingpowersofx,andcollectthecoeffofxnforthegeneralterm.

Example

Givenscaleun-4un-1+5un-2-2un-3andfirstthreeterms1,+0,-5,findgeneralterm.

p=-4q=5r=-2

a=u₀=1 b=u₁+pu₀=-4 c=u₂+pu₁+qu₀=0

∴genfn≡(1-4x)/(1-4x+5x²-2x³)

=(1-4x)/(1-x)²(1-2x)

=2/(1-x)+3/(1-x)²-4/(1-2x)

=2(1+∑xn)+3(1+∑(n+1)xn)-4(1+∑2nxn)

=1+∑(3n+5-2n+2)xn

∴generalterm≡3n+5-2n+2

Ifunisafnofnsatisfying

un+pun-1+pun-2+run-3

whichisalso

un+3+pun+2+qun+1+run [1]

thengivenu₀,u₁,u₂,[1]uniquelydeterminesthefnunbuthereanyotherthreeui
wouldsuffice.Sowedetermineunasf(u₀,u₁,u₂,n)whereu₀,u₁,u₂determinedby

f(u₀,u₁,u₂,α)=uα
f(u₀,u₁,u₂,β)=uβ
f(u₀,u₁,u₂,γ)=uγ

Soour[1]isalineardifferenceeqnorder3whichhasauniquesolngiventhreevalues

ofitslinearargument.Andsoonforrthorder...
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Example

Requiredunwherethescaleisun+3-4un+2+5un+1-2unandu₀,u₁,u₂=1,0,-5

Seelastexample.

Wecansumarecserieston+1termsforfinitenortohellandgoneifconvergent.

Takeonoforder3.

Sn=u₀+u₁x+u₂x²+u₃x³+⋅⋅⋅+unx
n

∴

pxSn=pu₀x+pu₁x²+⋅⋅⋅+pun-1x
n+punx

n+1

qx²Sn= qu₀x²+qu₁x³+⋅⋅⋅+pun-2x
n+pun-1x

n+1+punx
n+2

rx³Sn= ru₀x³+⋅⋅⋅+run-3x
n+run-2x

n+1+run-1x
n+2+runx

n+3

Summingandrecallingwhenscaleequalszeroweget

(denom)⋅Sn=u₀+(u₁+pu₀)x+(u₂+pu₁+qu₀)x²+(pun+qun-1+run-2)x
n+1+

(qun+run-1)x
n+2+runx

n+3

Thendividebythedenomandwehavethesum.Considerthecasewherex=aisa

rootofthedenom.ThenSn=0/0andwecan,ifwemust,evaluatethisbyourearlier

methodsforhandling0/0.NowifouraboveseriesconvergesthenLu₀xn=0andthe

lastthreetermsjustabovegotozero.

S∞=(u₀+(u₁+pu₀)x+(u₂+pu₁+qu₀)x²)/(1+px+qx²+rx³)

Wehavealreadydealtwithsuchseries:

∑n²xn: scale≡un-3un-1+3un-2-un-3=0

1+∑(-1)n-12nxn: scale≡un+2un-1+un-2=0

WeendourprolongedexplorationofserieswithEuler's(obvious)Identity:

1-a₁(1-a₂)+a₁a₂(1-a₃)+a₁a₂⋅⋅⋅an(1-an+1)=1-a₁a₂a₃⋅⋅⋅an+1 [1]

which,amazingly,iskindofobvious.SoImustbegettingsmarter.Ifin[1]wesub:

a₁=x/ya₂=(x+p₁)/(y+p₁)⋅⋅⋅an+1=(x+pn)/(y+pn)

∴1+x/(y+p₁)+x(x+p₁)/(y+p₁)(y+p₂)+⋅⋅⋅+x(x+p₁)⋅⋅⋅(x+pn-1)/(y+p₁)⋅⋅⋅(y+pn)

=y/y-x-x/y-x⋅((x+p₁)(x+p₂)⋅⋅⋅(x+pn))/((y+p₁)⋅⋅⋅(y+pn)) [2]

LetthatfinalfractionfactorbeF,thenLn→∞F=0andthenLHS,takento∞,becomes

y/(y-x),andifin[2],y=0:

L∞1-x/p₁+x(x-p₁)/p₁p₂-⋅⋅⋅=0
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Thm.4.59.If∏1→∞(1+x/pn)convergestoafinitelimitthen

1+∑1→∞(x+p1)(x+p₂)⋅⋅⋅(x+pn-1)/p₁p₂⋅⋅⋅pn

convergestothesamelimit.

Example

IfS=1+x/y+p+x(x+p)/(y+p)(y+2p)+x(x+p)(x+2p)/(y+p)(y+2p)(y+3p)+⋅⋅⋅

whendoesSconvergeandtowhatlimit?

S=y/y-x-x/y-x⋅L∞(x+p)(x+2p)⋅⋅⋅(x+np)/(y+p)(y+2p)⋅⋅⋅(y+np)

Andthislimitis∏1→∞(1+((x-y)/np)/(1+y/np)whichdivergesif(x-y)/np>0and

convergestozeroif(x-y)/np<0.Sowhethery><x,thissumstoy/y-x.
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5.ContinuedFractions

Ihaveathingforcontinuedfractions(CF).Theyareanotherexampleofeverything

interestingarisingfromdivision.AndtheyarejustfulloftheGCM.Sowhilewehave

alreadymettheminDME,I'mallowingmyselfthepleasureoftakingthemfromthe

top.

SimpleContinuedFractions

InChrystal,aneverydayCFhastheform:

a₁+b₂

a₂+b₃

a₃+⋅⋅⋅ [1]

wherebiistheantecedentanditsconsequentiseverythingbelowit.Thisconsequent

iseitherfinite≡terminating(term)orinfinite≡non-terminating(nonterm).The

componentfractionsb₂/a₂,b₃/a₃,…canhavepos.orneg.numsanddenomsandneed

expressnolawofrecurrence.Iftheydofallundersuchalaw,theyareperiodic≡

recurring(RCF).Sometime,forclaritiessake,wewillusethisnotation:

a₁+b₂ b₃

a₂+a₃+…

withthe+signsbelowtoavoidconfusion.WeknowfromDMEthatif∀ai,bi∈Qand

theCFterminatesthentheCFreducestosomeq∈Q.WewillbeginwithsimpleCF

(SCF)where∀bi=1.Thisallowsanevensimplernotation:

a₁:a₂,a₃,…

AnSCFcanrepresenteitheraproperorimproperfraction.Soa₁istheintegralpartof

animproperfractionandiszeroifproper.

Thm.5.1.∀r∈RexpandableasanSCFwhichmayormaynotterminate.

Proof

(LetmepointoutthatthisproofisouralgorithmormethodofcreatingCFandwill

reappearasitisexpandedtoworkfornon-simpleCF.)

LetXbether∈R,a₁maxn∈N<X⇒

X=a₁+1/X₁ [1]

whereX₁>1∈R.Leta₂bemaxn∈N<X₁⇒

X₁=a₂+1/X₂ [2]

Sym. X₂=a₃+1/X₃ [3]

[proofcont'd]
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NowifsomeXn-1∈Z,thisallterminateswith

Xn-1=an

andourCFisa₁:a₂,a₃,…,an.Butif∀Xi∉NthenourCFisnon-terminating.Now

supposetherearetwoequalCF

a₁:a₂,a₃,…=a₁':a₂',a₃',…=X

∀ai,ai'[2-n]wheren∈[2-∞)arepositiveintegers.Soanysumofanyconsecutive

sequenceofthemisaproperfraction

∴a₁=a₁'andforanysequence1/am+⋅⋅⋅+1/an=1/am'+⋅⋅⋅+1/an'

Elsewewouldneedanimproperfractionarisingsomewheretofixanyinequalityin

thesequencesandallourfracsareproper.Soalloursumsareproperfracs.■

Cor.1. Itfollowsthatifequalityismaintainedbyaddingxn+1,yn+1∈R
+toourtwo

sequences,thenwemusthavexn+1=yn+1

WesawinDMEthattheproposition"∀q∈Q=A/BisaterminatingCF"isequivalentto

"∀q∈Q=A/BissubjecttoEuclid'sAlgorithm."

Example

167/81 TaketheGCM: 81)167(2

162

∴167/81=2:16,5 5)81(16

80

And81/167=0:2,16,5 1)5(5

Whichshowsyouhowto 5

placetheelementsofaproper 0

fractionintoEuclid7.1.

Anysimplesurd(A+Bρ1/n+Cρ2/n+⋅⋅⋅+Kρ(n-1)/n)/nisexpandableasanontermCF.

Examples

1)√13=3+√13-3wherea₁,asabove,=3

=3+1/(1/(√13-3))=3+1/((√13+3)/4)

Thena₂=1from

(√13+3)/4=1+(√13-1)/4=1+1/(4/(√13-1))=1+1/((√13+1)/3)

Andsoonwhere√13=3:1111611116…whichwewilldenote3:1,1,1,1,6,…R

2)(√3-1)/2=0+1/(2/(√3-1))=0+1/(√3+1)

√3+1=2+√3-1=2+1/(1/(√3-1))=2+1/(√3+1)/2)

andifyoudothenextstepyoucanseethatitwillbegintorepeat

∴(√3-1)/2=0:2,1,…R
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WhatweareshowingisthateverynumberinRcantaketheformofasimpleCF.Itis

onlyaconventionthatwegenerallyconsidertheform 167/81oritselectro-

mechanicalequivalent2.06173ratherthan2:16,5.Mycalculatorcanshow167/81as

a2followedbythirteendigits.Doesitterminatethere?Butour2:16,5terminates

withthe5.

Foranyiwecandefinexi=

ai+1 1

ai+1+ai+2+⋅⋅⋅

astheithcompletequotient.whereaiistheintegralpartofxi.Mostlyweconsiderthe

convergentspi/qi:

a₁ =a₁/1 =p₁/q₁

a₁:a₂ =a₁+1/a₂ =(a₁a₂+1)/a₂ =p₂/q₂

a₁:a₂,a₃ =(a₁a₂a₃+a₁+a₃)/(a₂a₃+1) =p₃/q₃

andsoon.Notethat

p₁=a₁ q₁=1

p₂=a₁a₂+1 q₂=a₂

p₃=a₁a₂a₃+a₁+a₃ q₃=a₂a₃+1

andsoonandthesepi/qiaretheithconvergents.AndiftheCFterminates,thelast

convergentistheCFitself.Soassoonaswehavetwoconvergents,wecanderivethe

rest:

pn=anpn-1+pn-2 [1]

qn=anqn-1+qn-2 [2]

Andyoucanprovethisbyasimpleinductioncalculation.Becausean∈N,wecansee

thatboththenum anddenom ofourconvergentsaremonotonicallyincreasing

sequencesofintegers.Andbydivisionhereandsubbingn-1,n-2,…fornweget:

pn =an+ 1 1 1

pn-1 an-1+an-2+⋅⋅⋅+a₁

qn =an+ 1 1 1

qn-1 an-1+an-2+⋅⋅⋅+a₂

Examples

1)Theconvergentsofπare3/1,22/7,333/106,355/113,103993/33102,…
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2)Givena₁:a₂,a₁,a₂,a₁,…R

Showp2n=q2n+1andp2n-1=a₁q2n/a₂

Bydef.(justabove,with+signs)

p2n+1/q2n+1=a₁:a₂,…,a₁

becauseeveryoddconvergentwillendin1/a₁.Also,

p2n+1/p2n=a₁:a₂,…,a₁

∴ p2n+1/q2n+1=p2n+1/p2n∴q2n+1=p2n [3]

Thenfromp2n=a₂p2n-1+p2n-2
q2n+1=a₁q2n+q2n-1

Weget a2p2n-1+p2n-2=a₁q2n+q2n-1 [4]

In[3],subn-1forn∴[4]givesusa₂p2n-1=a₁q2nandsecondresultfollows.

Thm.5.2.From[1],[2]abovewecanderive:pnqn-1-pn-1qn=(-1)
n(andthisisan

importantresult).

Cor.1.ConvergentsderivedbythemethodofThm.5.1.arefractionsinlowestterms.

Proof

Ifpn,qnhaveacommonfactoritmustdivide(-1)
nexactly∴p(pn,qn)∴lowestterms.■

Cor.2.pn/qn-pn-1/qn-1=(-1)
n/qnqn-1

Cor.3.pn=a₁+1.-1.+⋅⋅⋅+ (-1)n.

qn q₁q₂q₂q₃ qn-1qn

Cor.4.pnqn-2-pn-2qn=(-1)nan

Cor.5.pn/qn-pn-2/qn-2=(-1)
n-1an/qnqn-2

Cor.6.Theoddconvergentsmonotonicallyincrease.Evenconvergentsmonotonically

decrease.∀evenconvergent>∀oddconvergent.∀odd/evenconvergent</>next

convergent.

Cor.7.∀p,q∈Z:p(p,q)∃p',q'∈N:pq'-p'q=±1

Proof

Letp'/q'benexttolastconvergent(lastoneisourp/q∈Q)thenpq'-p'q=1ifpartial

quotientsareevenand-1ifodd.Andbylettingthenumeratorsnotequalunity(i.e.

theCFneednotbeanSCF),wecanhaveevenoroddbychoice.■

Thm.5.3.ConvergentsofoddorderareeachlessthantheCFandthoseofevenorder

areeachgreaterthantheCF.EachconvergentiscloserinvaluetotheCFthanany

precedingconvergent.

Cor.1.LetthedifferencebetweenthenthconvergentandtheCFbeδ⇒

an+2/qnqn+1<δ<1/qnqn+1

Cor.2.Theodd/evenconvergentsformanincreasing/decreasingseriesofrational

fractionsapproachingthevalueoftheCF.
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Cor.3.Recallx₁asthecompletequotient.Ifpn/qn-x₁<1/(qn(qn+qn-1))wherenisthe

lastindexandn-1penultimateandtheSCFhasanevennumberofconvergents⇒

pn/qnisaconvergentoftheSCFofx₁.Andifx₁-pn/qn<1/(qn(qn+qn-1))whereCFhas

anoddnumberofconvergentsthesameholds.

ItfollowsthataCFgivesbothamethodofcontinuallyimprovingexactnessin

approximationandamethodofestimatingthatexactnessatanypoint.Neithercanbe

saidofpositionaldecimalnotation.

Chrystalpointsoutthat,arithmetically,wecouldcalculatetermCFinreverse.Inthe
caseofnon-terminatingCF,nosuchalternativecourseis,strictlyspeaking,opentous.
Indeed,thefurtherdifficultyarisesthat,apriori,wehavenocertaintythatsucha
continuedfractionhasanydefinitemeaningatall.ButthenontermCF∈R-Qisthe

expressionofalaw.Itisthevalueofthelimitofitstwoseries.Orrather,oneseries

hasforitslasttermthelimitandtheotherapproachesitadinfinitum.Andyouhave

thetoolstoworkoutthislawforyourself.Everysimplecontinuedfractionhasa

definitefinitelimit.

Problem

TofindthefractionwhosedenombyabsolutevaluedoesnotexceedsomeD∈N

whichshallmostcloselyapproximate,byexcessordefectasdesignated,agivenvalue.

Method

Lemmap/q,p'/q'∈Q:pq'-p'q=1⇒nofractionp"/q"canliebetweenthemunless

q">max(q,q')

Proof

a/b:p/q>a/b>p'/q'

∴p/q-a/b<p/q-p'/q' [1]

a/b-p'/q'<p/q-p'/q' [2]

From[1](pb-qa)/qb<(pq'-p'q)/qq'∴(pb-qa)/qb<1/qq'

∴qb>qq'(pb-qa)

∴b>(pb-qa)q'

p/q-a/b>0∴pb-qa>0∈N∴b>q'

Sym.from[2]b>q■

Givenanytwoconvergents,wecalltheonewiththelargerdenommorecomplex.It

followsfromabovethatthenthconvergentisanearerapproximationtoitsCFthan

anyfractionwithasmallerorequaldenom.Letx₁bethefinalvalueandconsider

theseconvergents:

pn-2 pn x₁ pn-1 andcallthis a c x₁b

qn-2 qn qn-1

Wehaveshownthatasuchafractionwithoutagreaterdenomcannotexiston(a,b)

and(b,c).Butwhatabout(a,c)?
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Thm.5.4.Theseriesoffractions

pn-2+pn-2+pn-1+pn-2+2pn-1+⋅⋅⋅+pn-2+(an-1)pn-1+pn(whichequalspn-2+anpn-1)

qn-2 qn-2+qn-1 qn-2+2qn-1 qn-2+(an-1)qn-1 qn qn-2+anqn-1

formsamonotonicallyincreasing/decreasingseriesasnodd/even.Eachelementof

theseriesisinlowestterms.Eachconsecutivepair(P/Q,P'/Q')satisfiesPQ'-P'Q=±1

sothatnoq∈Qlesscomplexthanthemostcomplexofthepaircanliebetweenthem.

Proof

Toprovethistoyourself,show

P/Q-P'/Q'=(pn-2+rpn-1)/(qn-2+rqn-1)-(pn-2+(r+1)pn-1)/(qn-2+(r+1)qn-1)=±1/QQ'

Ifwecallpn-2/qn-2andpn/qnheretheprincipalconvergentsthentheothersare

intermediateconvergents.Atthispoint,afriendlysuggestion.TakeanSCF,calculate

itsconvergents,thentaketwoprincipalconvergentsandcalculatetheirintermediates.

Thiswillpreventmentalmuddles.

StillwithregardtoourProblem,wecanfurthershowthatsince

P/Q-pn-1/qn-1=±qn-1(qn-2+rqn-1)

P/Q<>x₁<>pn-1/qn-1

thentheintermediateconvergentP/QdiffersfromtheCFbylessthan1/qn-1Qsoby

lessthan1/qn-1.Thepointhereisthatwehavetwoseries:

0/1,p₁/q₁,p₃/q₃,…,pn/qn [1]

1/0,p₂/q₂,p₄/q₄,…,pn-1/qn-1 [2]

[1]monotonicallyincreasesand[2]monotonicallydecreasesandyoucan'tinsertany

qinQclosertox₁thatislesscomplexthanthemorecomplexofanytwoconsecutive

elementsofeitherseries.SoourProblem'ssolnisthis:

Ifwewanttoapproximatebydefect,takepi/qiin[1]whereqiisthemaxdenominthe

serieslessthanD,andifbyexcessthenSym.takethiselementfrom[2].Inthefirst

caseqimayequalD.Ifthedenomin[1]whichisthemaxqi<Disanintermediate

convergent(Itoldyoutodoanexample)thenthecorrespondingqiin[2]inthe

denomofaprincipalconvergent.■

RecurringContinuedFractions

Everysimplequadraticsurdisarecurringcontinuedfraction(RCF).Considerany

suchsurd.Wecanalwaysdothefollowingtoitandtheseresultsaregenerallytrue.

Weconsider:

¼(2-√(3/2))=¼(2-√6/2)=-4+√6/-8=(-16+√96)/-32

Andthuswearriveatourstandardformof(P₁-√R)/Q₁whereP₁=-16,Q₁=-32,and

R=96.Andinthisform,itwillalwaysholdthatR-P₁²divbyQ₁,here96-256=-160
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whichisdivby-32.Ofcourse,thereareproofsoftheseassertionsandyouknow

wheretofindthem.Givenasurdbroughttothisstateoursamealgorithmtakesthis

form:

x₁=(P₁+√R)/Q₁=a₁+1/x₂

x₂=(P₂+√R)/Q₂=a₂+1/x₃

⋅⋅⋅

xn=(Pn+√R)/Qn=an+1/xn+1

whereaiismaxn∈Netc.asbefore.Wehave

(Pn+√R)/Qn=an+1/((Pn+1+√R)/Qn+1)

∴((Pn-anQn)Pn+1-QnQn+1+R)+(Pn-anQn+Pn+1)√R=0

∴(Pn-anQn)Pn+1-QnQn+1+R=0∧Pn-anQn+Pn+1=0

∴Pn+1=anQn-Pn [A]

Pn+1
2+QnQn+1=R≡Pn

2+Qn-1Qn=R

∴QnQn+1=R-(anQn-Pn)²=Pn
2+Qn-1Qn-(anQn-Pn)²

∴Qn+1=Qn-1+2anPn-an
2Qn=Qn-1+an(Pn-Pn+1) [B]

[A],[B]letuscalculatetheserieswherewehave

P₂²+Q₂Q₁=R

Q₂=(R-(a₁Q₁-P₁)²)/Q₁=(R-P₁²)/Q₁+2a₁P₁-a₁²Q₁

Andifyouthinkaboutit,thisshowsthatsincebyhypothesis(R-P²)/Q∈Zthen∀i,Pi,

Qi∈Z.

Ifwebeginwith

P₁+√R=pn-1xn+pn-2=pn-1Pn+pn-2Qn+pn-1√R [1]

Q₁ qn-1xn+qn-2=qn-1Pn+qn-2Qn+qn-1√R

wecanderive

qn-1Pn-qn-2Qn=Q₁pn-1-P₁qn-1

andusingP₁fromLHTandMTabove

qn-1Pn+qn-2Qn=((-1)
n-1Q₁)/(qn-1xn+qn-2)+qn-1√R

andcontinuingbackfrom[1],wegetto

(-1)n-1Pn=P₁(pn-1qn-2+pn-2qn-1)+(R-P₁²)/Q₁⋅qn-1qn-2-Q₁pn-1qn-2

(-1)n-1Qn=-2pn-1qn-1P₁+(R-P₁²)/Q₁⋅qn-1
2+Q₁pn-1

2

allofwhichgivesusanotherwaytocalculateourseries.Now,longstoryshort,ifyou

driveallofthistotheexplicitformulaeforPn,Qn,√R-Pnand2√R-Qnwecanknow

thefollowing,allofwhichisprovedbythederivation:
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Thm.5.5.Forsomevalueofn=νandalln>ν,Pn,Qn,√R-Pnand2√R-Qnareall

positiveandPn<√RandQn<2√R.

Cor.1.Pn,Qn∈N∴aftern=ν,Pncannothavemorethan√RdifferentvaluesandQn
morethan2√R∴xn=(Pn+√R)/Qncannothavemorethan√R⋅2√R=2Rvalues∴the

cycleofrecurrencehasatmost2RstepsandinthiscyclePn,Qnarealwayspositive.

Cor.2.Itfollowsthatn>ν⇒An<2√R∴noneofthepartialquotientsinthecyclecan

exceedthemaxintegerin2√R.

Cor.3.Ultimately,wehavePn+Qn>√R

Cor.4.AndultimatelyPn+Qn+1>√R

Cor.5.√R>Pm⇒byCor.3,4:Pm-Pn<Qn<Qn-1

Let'sgotheotherway.EveryRCFisasimplequadraticsurd.

ConsideraRCFwithperioda₁-ar:x₁=a₁:a₂,a₃,⋅⋅⋅,ar,…R

Letp/q.p'/q'bethelasttwoconvergentsbeforethevalueofa₁:a₂,a₃,⋅⋅⋅,ar

∴ x₁=a₁+ 1 1 1 1 =px₁+p'

a₂+a₃+⋅⋅⋅+ar+x₁ qx₁+q'

∴ qx₁²+(q'-p)x₁-p'=0wherex₁isthepositiveroot

∴ x₁=(p-q'+√((p-q')²+4pq))/2q=(L+√N)/M

Here,a₁≠0,p/q>1∴p>q>q'andthissurdcannottaketheform√N/M.

Example

Evaluate1:2,1,1,…

Lasttwoconvergentsto1+1/2+1/1are3/2and4/3

∴x₁=(4x₁+3)/(3x₁+2)

∴3x₁²-2x₁-3=0∴x₁=(1+√10)/3

Thm.5.6.TheFormofanRCF=√N/M

Thesquarerootofq∈Qor√(C/D)canbeputintheform√N/M whereN=CD,M=D.

AnditsRCFwithperiodαi[1-s]musttakeform:

x₁=a₁:a₂,…,ar,α₁,α₂,…,αs,…R [1]

WecanuseourearlierRCFformulabylettingP₁=0,r=N,Q₁=M.LetP'/Q',P/Qbe

lasttwoconvergentsbeforethequotientleadinguptoarandp'/q',p/qbethelasttwo

beforeαs.Ifwelety₁=α₁:α₂,…,αsthen

x₁=a₁+1 1 1=a₁+1 1 1 1 1

a₂+⋅⋅⋅+ar+y₁ a₂+⋅⋅⋅+ar+α₁+⋅⋅⋅+αs+y₁

∴ x₁=Py₁+P'=py₁+p' [2]

Qy₁+Q' qy₁+q'

[cont'd]
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Eliminateyand

(Qq'-Q'q)x₁²-(Qp'-Q'p+Pq'-P'q)x₁+(Pp'-P'p)=0 [3]

Ifx₁=√N/Mweneed

M²x₁²-N=0 [4]

Butfor[3]and[4]tobetrue,weneed

Qp'-Q'p+Pq'-P'q=0 [5]

and

(Pp'-P'p)/(Qq'-Q'q)=-N/M² [6]

ButLHS[6]=

P'p'/Q'q'⋅(P/P'-p/p')/(Q/Q'-q/q') [7]

where,ifyouworkthemout,thenumanddenomoftheRHT=ar-αs+someproper

fraction.So[6]cannotbesatisfied.Thereforetherecanbeonlyonepartialquotient

intheacyclicpartof[1].

∴x₁=a:α₁,...,αs,…

=a+1 1 1 . [8]

α₁+⋅⋅⋅+αs+1/(1/(x1-a))

∴x1=(p/(x1-a)+p')/(q(x1-a)+q')

∴q'x1
2-(p'+q'a-q)x1-(p-ap')=0 [9]

∴x1=(p'+q'a-q)/2q'+(√((p'+q'a-q)²+4(p-ap')q')/2q' [10]

Soforx₁=√N/MRHTnum=0 [11]

andq'²⋅N/M²=(p-ap')q ■ [12]

Cor.1.

By[11]p'/q'+a=q/q'

∴2a:α₁,…,αs-1=αs:αs-1,…,α1
∴αs=2aαs-1=α1αs-2=α2 … α1=αs-1
∴√N/M=a:α1,α2,…αs,α1,2a,α1,…

Cor.2.Alsofrom[11]q'²N/M²=pq'-p'(q-p')

∴q'²N/M²=p'²=pq'-p'q=±1

withupper/lowersignforeven/oddconvergent
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Soourresultsfor(P₁-√R)/Q₁applyhereto√N/M:

a₁=a x1=(P1+√R)/Q1=(0+√N)/M

a2=α₁ x2=(P2+√R)/Q2=(L1+√N)/M1

a3=α2 x3=(P3+√R)/Q3=(L2+√N)/M2

⋅⋅⋅ ⋅⋅⋅

as=αs-1 xs=(Ps+√R)/Qs=(Ls-1+√N)/Ms-1

as+1=2a

as+2=α1

∴Ln=an-1Mn-1-Ln-1 andwhenn=1L₁=aM [1]

Ln²+Mn-1Mn=N [2]

L₁+MM₁=N

(-1)nLn=(N/M)qnqn-1-Mpnpn-1 [3]

(-1)nMn=Mpn
2-(N/M)qn² [4]

ItfollowsthatnoLi>√NandnopartialquotientorMi>2√N.Weknow∀Li,Mi>0and

theLi,Miformcyclescollateralwiththecycleofpartialandtotalquotients.TheMiare

reciprocalandtheLiaretooafterthefirstterm(i.e.elementseqDfromendsareequal.)

SoifLm=Ln+1 Mm=Mn αm=αn
thenLm-1=Ln+2 Mm-1=Mn+1 αm-1=αn+1
Andifm=nthisbecomesLn=Ln+1∴Ln-1=Ln+2 Mn-1=Mn+1 αn-1=αn+1
SoiftwoconsecutiveLiareequaltheyarethemiddletermsinanevencycleandthe

partialquotientandLicorrespondingtoM1,M2willbethemiddletermsoftheir

respectiveoddcycles.AndifMn=Mn+1andαn=αn+1theytooarethemiddletermsof

evencyclesandtheLn+1isthenthemiddletermofitsoddcycle.Allofwhichamounts

tothereductionofanycalculationoftheseelementsbyhalf,right?

Example

√8463=2+-78+√8463=2+ 1 .

39 39 (78+√8463)/61

RHT=2+-44+√8463=2+ 1 .

61 (44+√8463)/107

RHT=1+-63+√8463=1+ 1 .

107 (63+√8463)/42

RHT=2+-63+√8463=3+ 1 .

42 (63+√8463)/42

RHT=1+…

PartialQuotients: 2 1 3 1 2 4

Li(rationaldividends): 7844 6363 4478

Mi(divisors): 39611074210761

∴√8463/39=2:2,1,3,1,2,4,…R
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DiophantineProblems

Weconsidereqnsorsystemsofeqnswhichareindeterminateandweseekonlysolns

inN.Foreqns1°ofx,yweneedconsideronly

ax±by=c

wherep(a,b)becauseifa,bnotprimetoeachother,therearenosolnsinN.Solet's

findalltheintegralsolnsinax-by=candthensortoutthosewhichareinN.Wecan

findaparticularsoln∈Zof

ax-by=c [1]

Becausep(a,b),CFa/bhasitselfaslastconvergent.Letpenultimateconvergentbe

p/qthen

aq-pb=±1 [2]

∴ a(±cq)-b(±cp)=c [3]

∴ x=±cqy=±cpisasoln [4]

Letx,ybeanysuchsoln∈Zthenfrom[1]-[3]

a(x-(±cq))-b(t-(±cp))=0

∴ (x-(±cq))/(y-(±cp))=b/a [5]

∴ ∃t∈Z:(x-(±cq)=bt)∧(y-(±cp)=at)

∴ x=±cq+bty=±cp+atisgeneralsoln [6]

wheresignistakenasin[2].Ifa/b>p/quppersignin[2]and

x=cq+bty=cp+at [6']

Sothereareinfinitesolns∈Z.Togetsolns∈N,

-cp/a≤t≤+∞

SothereareinfinitesolnsinN.Ifa/b<p/q,Sym.x=-cq+btandy=-cp+atandagain

thereareinfinitesolnsinN.Forournextentertainmentwehave

ax+by=c [7]

andthere'salwaysasolninZ,forwiththesamep/qwehave

(±cq)a+(∓cp)b=c [8]

andx=±cq,y=∓cpisasoln∈ZandSym.totheaboveallsolnsinZare

x=±cq-bty=∓cp+at

TogetsolnsinNleta/b>p/qthencp/a<cq/bandthenwithcp/a≤t≤cq/bwehave
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x=cq-bty=-cp+at [9]

AndSym.ifa/b<p/qthenx=-cq-bt y=cp+at.Herethenumberofsolnscannot

exceed1+mod(cq/b-cp/a)oras(aq-pb)=1thesolnsinNcannotexceed1+c/ab.

Example

Req.solnsinNfor8x+13y=159

8/13=0:1,1,1,1,2withpenultimateconvergent3/5

∴8⋅5-13⋅3=1

8(795)+13(-477)=159 or(+159⋅5)8+(-159⋅3)13=159

∴generalsoln:x=795-13ty=-477+8t

where795/13≥t≥477/8ortcanonlybe60or61

∴allsolnsinNare(15,3)and(2,11)

Andforaninterestingbitofthinking,youcanreconcilethosesolnstotheideaof

geometricpoints.Ifyouarecurious,youwillfindthatthismethodabovecanbeused

forasingleequationofmorethantwovariableslike3x+2y+3z=8.Nowlet's

considersystemslike

ax+by+cz=d [1]

a'x+b'y+c'z=d' [2]

whereallcoeffsareinZ.Thissystemisequivalentto

-(ca')x+(bc')y=(dc') [3]

ax+by+cz=d [4]

where(ca')isouroldfriendca'-c'a.Letgcm((ac'),(bc'))=δ.Thenif(dc')!divbyδ

therearenosolnsinZ.Elsesolntakesform

x=x"+(bc')t/δ y=y"+(ca')t/δ [5]

Where(x",y")isanysolnof[3]inZandt=∀t∈Z.Sub[5]→[4]

cz-c(ab')t/δ=d-ax"-by" [6]

wherethecoeffoftisinZ.Ifthereisasolnof[6]inZ⇒z=z',t=t'

∴ (z-z')/(t-t')=(ab')/δ

Ifε=gcm(δ,(ab'))then

z=z'+(ab')u/ε t=t'+δu/ε [7]

whereu=∀u∈Zandnowwehave

x=x'+(bc')u/ε y=y'+(ca')u/ε z=z'+(ab')u/ε[8]
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wherex'=x"+(bc')t'/δ y'=y"+(ca')t'/δ.In[8]letu=0thenx=x',y=y',z=z'and

(x',y',z')issolninZofsystem[1],[2].So[8]givesallthesolnsinZof[1],[2]where

(x',y',z')isanyparticularsoln:ε=gcm((bc'),(ca'),(ab'))andu=∀u∈Z.Togetsolnsin

N,yousimplylimitu.

Example

3x+4y+27z=34

3x+5y+21z=29

(bc')=-51 (ca')=18 (ab')=3 ε=3

Onesolnis(1,1,1)∴generalsoln:x=1-17u y=1+6uz=1+u

OnlysolninNis(1,1,1)

NowwecanconsiderseconddegreeDiophantineequations.Ifpn/qnisnthconvergent

andMn=(n+1)thrationaldivisorin√(C/D)then

Dpn
2-Cqn

2=(-1)Mn [1]

∴inDx²-Cy²=+HwhereC,D,H∈NandifC/Dnotaperfectsquarethereareinfinite

solnsofRHSandthesameholdsforDx²-Cy²=-H.AusefulcasehasD=1

x²-Cy²=±H

whereC,H∈NandCnotaperfectsquare.Thenweneed±Hasa(-1)nMninthe

developmentof√CasaSCFforinfinitesolns.Itfollowsthatx²-Cy²=1whereCis

positiveandnotaperfectsquarehasinfinitesolns.Ifquotientsintheperiodof√Care

even=2sthen(-1)2sM2s=1andwitht=∀t∈N

p2ts
2-Cq2ts=+1

andallsolnsare

x=p2ts y=q2ts [A]

Ifquotientsareoddinnumber=2s-1then(-1)4s-2M4s-2 and(-1)8s-4M8s-4bothequal

unityandsolnsare

x=p4ts-2t y=q4ts-2t [B]

Sym.withanoddnumberofquotientsinthedevelopmentof√Cthenx²-Cy²=-1has

infinitesolns.In

x²-Cy²=±H [1]

wecanlimitourselvestop(x,y)∴p(x,y,H)andifH<√Cthenallsolnsof[1]are

providedbytheconvergentsof√Casabove.Thismeansthatif(p,q)isasolnthenp/q

isaconvergentof√C.Youshouldbeabletoshow
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p/q-√C<1/(q²(p/q√C+1)) [2]

p/q-√C<1/2q² [3]

Soallsolnsof

x²-Cy²=1 [4]

comefrompenultimateconvergentsinsuccessiveoralternateperiodsof√Candifthe

numberofquotientsintheperiodof√Ciseventhen

x²-Cy²=-1 [5]

hasnointegralsoln.Ifodd,thensolnsarefrompenultimateconvergentsofthe

alternateperiodsof√C.If(p,q)firstsolnof[4],thenthegeneralsolnis

x+y√C=(p+q√C)n [6]

x-y√C=(p-q√C)n

andfor[5]

x+y√C=(p+q√C)2n-1 [7]

x-y√C=(p-q√C)2n-1

Example

Solns∈Zforx²-13y²=1

√13=3:1,1,1,1,6,…R

Takingthe10thconvergentwherep'q-pq'=+1:x=649 y=180

649²-13⋅180²=1

∴generalsoln: x=½((649+180√13)n+(649-180√13)n)

y=½((649+180√13)n-(649-180√13)n)/√13

Andnowaskyourselfwhereyouhaveseenthatformbefore.

Considerx²-Cy²=±HwhereCnotaperfectsquare,Hpos.and>√C.Iwillgivean

examplewhichyoumaybeabletocompletelyfollow.Ifnot,letyourcuriositylead

youon.Itisatthispointthethetheoryofthesesolnsbeginstogethairy.

Example

Req.solnsofx²-15y²=61

Let(K1
2-15)/61=H1whereK₁isjustanarbitraryintegerthing≤½H∴≤30

∴K1
2=15+61H1

Soweneedaperfectsquarein15+61(n):n∈(0,1,2,…):K1
2<30²=900

Andtheonlyoneis625∴K₁=25 H₁=10

BecauseH₁>√15wemustrepeattheprocess

(K₂²-15)/10=H₂whereK₂≤5∴K₂²=5∴K₂=5 H₂=1
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Thisgivesusx₂²-15y₂²=1soln(4,1)

∴generalsolnofx²-15y²=61is

x₂=½((4+√15)n+(4-√15)n)

y₂=1/2√15⋅((4+√15)n-(4-√15)n)

∴x₁=(5x₂∓15y₂)/1 y₁=(5y₂∓x₂)/1

∴x=(25x₁∓15y₁)/10 y=(25y₁∓x₁)/10

∴x=14x₂∓45y₂ y=∓3x₂+14y₂

Here'sareasontofillinanyblanksyouhaveinunderstandingthatexample.Wecan

makethesolnofthegeneralseconddegreeequation

ax²+2hxy+by²+2gx+2fy+c=0

dependuponaneqnintheformofx²-Cy²=Handbringallthistobearonconicsand

geometry.Ileavethistoyourcuriosity.

GeneralContinuedFractions

OurSCFandRCFhaveonlyunityintheirnumeratorsandpositiveintegersintheir

denominators.Let'sgobacktothegeneralformofcontinuedfractionswherethe

numsanddenomsofthedescendingfractionsareanyelementsofZanddenotesuch

CFasGCF.For

a₁+b₂

a₂+b₃

a₃+⋅⋅⋅

wehaveasbefore

x₁=a₁+b₂b₃

a₂+a₃+⋅⋅⋅ [1]

whichwedenoteas

a₁:b₂/a₂,b₃/a₃,…

WithnumsanddenomsinZ,wecouldhave

1:1/1,1/-1,1/-1,…R [A]

wherethe3dconvergentis1+1/(1-1).Soweneedawaytodealwithsuchanomalies

asarisewithoutthrowingoutthebabywiththebathwater.Wehavetwovarietiesof

GCFwhichwecanexplore:

a₁:b₂/a₂,b₃/a₃,… firstclassGCF

a₁:b₂/-a₂,b₃/-a₃,… secondclassGCF
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andwhatfollowregardsthefirstclassbutbyreplacingbiwith-biitwillallholdfor

thesecondclass.

Prop.5.1.Ifp₁/q₁,p₂/q₂successiveconvergentsof[1]then

pn=anpn-1-bnpn-2 [2]

qn=anqn-1+bnqn-2 [3]

withinitialconditionsp₀=1 p₁=a₁q₁=1 q₂=a₂.Thesedefinitionsofpn,qnare

usedinallcases,especiallythoselike[A]abovewhichpresentdifficulties.Theydefine

thesenseofaGCFinallcaseswheresenseexists.

Cor.1.Ina1stclassGCFwherepn,qn>0andan≥1thenpn,qnmonotonicallyincrease

withn.Thisholdsfor2dclassGCFwherean≥1+bn.Fromallthis,itdoesnotfollow

thatLpn=∞orthatLqn=∞whichyoucanproveusing

pn-pn-1=(an-1)pn-1+bnpn-2 [4]

Cor.2.pn=an+bn bn-1 b2 [5]

pn-1 an-1+an-2+⋅⋅⋅+a₁

qn=an+bn bn-1 b3 [6]

qn-1 an-1+an-2+⋅⋅⋅+a2

Prop.5.2.From[2],[3]pnqn-1-pn-1qn=(-1)
n∏bi[2-n] [1]

Cor.1.Convergentsby[2],[3]arenotnecessarilyinlowestterms.

Cor.2.pn-pn-1=(-1)n∏bi[2-n] [2]

qn qn-1 qnqn-1

Cor.3.pn=a₁+b₂ b₂b₃ (-1)n∏bi[2-n] [3]

qn q₁q₂+q₂q₃+⋅⋅⋅+ qn-1qn

Cor.4.pnqn-2-pn-2qn=(-1)
n-1an∏bi[2-(n-1)] [4]

pn-pn-2=(-1)n-1∏bi[2-(n-1)] [5]

qn qn-2 qnqn-2
Cor.5.pn-pn-1 ÷ pn-1-pn-2=-bnqn-2 = -bnqn-2 . [6]

qn qn-1 qn-1 qn-2 qn anqn-1+bnqn-2
Cor.6.If1stclassGCFconvergentsareodd/eveninnumbertheyaremonotonically

increasing/decreasing.Everyodd/evenconvergentisless/greaterthanallsuccessive

convergents.A2dclassGCFwhere∀n,an≥1+bntheconvergentsaregreaterthan

zeroandcreateanincreasingseries.

Ourpn,qnbelongtoaclassofrationalifnsinai,bi.Ourpnisdeterminedby

p₂=a₂p₁+b₂p₀

p₃=a₃p₂+b₃p₁

⋅⋅⋅

pn=anpn-1+bnpn-2

whereinitialstateisp₀=1p₁=a₁andqnaresimilarlydeterminedby
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q₃=a₃q₂+b₃q₁

q₄=a₄q₃+b₄q₂

⋅⋅⋅

qn=anqn-1+bnqn-2

andinitialstateisq₁=1 q₂=a₂.Now,keepinmindthatwehavejustdescribed

pi(aj,bk)andqi(aj,bk)asfunctions.Ourqnisthesamefnofai[2-n]andbi[3-n]aspnis

ofai[1-n],bi[2-n].Eulercreatedanotationforthiswhich,sofarasChrystaltakesus,

isnotamethodofcalculationbutaconvenienceofstatingrelations.Euler'snotation:

pn=K| b₂,…,bn|[3] qn=K| b₃,…,bn|[4]

|a₁,a₂,…,an| |a₂,a₃,…,an|

wheretheverticalbars"|"shouldbeasinglelargeparentheses.Thepninthis

notationarecalledcontinuantsofordern.Whenallnumeratorsareunitywehavea

simplecontinuant

pn=K(a₁,…,an)

whereinallthistheK(),withitsbigparens,isafunctionalnotationlikef()orφ().

Ifr<s,

K(r,s)=K| br+1,…,bs| [5]

|ar,ar+1,…,as|

K(s,r)=K| bs,…,br+1| [5]

|as,as-1,…,ar |

K(r,r)=ar∴K(1,1)=p₁=a₁p₀=q₁=1=K()

Prop.5.3.Acontinuantofordernisanifnofn°ofitsconstituents:

K(l,n)=anK(l,n-1)+bnK(lmn-2)

K(l,n-1)=an-1K(l,n-2)+bn-1K(l,n-3)

⋅⋅⋅ [7]

K(l,l+1)=al+1K(l,l)+bl+1K()

K(l,l)=al
K()=1

Thelawhereis

K(1,n)=anK(1,n-1)+bnK(1,n-2) [8]

Ifyoucaretopursuethis,Hindenburgcreatedanalgorithmtoproducecontinuants.

Butforsimplicity'ssake,wewillonlylookatEuler'srule:

Writedownthefirsttermwhichis∏ai[1-n].Togettherest,omitfromthisproductin
everypossibleway (combinatorics!)oneormorepairofsuccessiveaialways
replacingthesecondofthepairbyabiofthesameorder.

Oh,yeah.Simple.Perhapsanexampleisinorder:
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Example

TermsofK(1,4) 1stterm=a₁a₂a₃a₄

Omita₁a₂,a₂a₃,a₃a₄replacingeachwithb₂,b₃,b₄andwegetb₂a₃a₄,a₁b₃a₄,a₁a₂b₄.

Omittwopairforb₂b₄.Andthat'sall,folks.

BacktoourProp.5.3.

Cor.1.Valuesofacontinuantarenotalteredbyreversingtheirorder:

K| b₂,…,bn|=K| bn,…,b2|

|a₁,a₂,…,an| |an,an-1,…,a₁|

orK(l,m)=K(m,l)

Inthisnotation,[1],[2]ofProp.2become:

K(1,n)K(2,n-1)=K(1,n-1)K(2,n)=(-1)n∏1-nbiK()K()

K(1,n)k(2,n-2)=K(1,n-2)K(2,n)=(-1)n∏2-(n-1)K()K(n,n)

Andthesefallunder

Thm.Euler'sContinuantTheorem

K(1,n)K(l,m)-K(1,m)K(l,n)=(-1)m-l+1∏l-(m+1)K(1,l-2)K(m+2,n)

Roundabouthere,withoutabunchofexercises,we'regettinginoverourheads.Let's

lookatacoupleofusesfortheaboveandthenmoveontoshallowerwaters.From

Euler'sTheorem,thesefollow

K(a1,…ai,ai…a1)²=K(a1,…,ai)
2+K(a1,…,ai-1)²

K(a₁,a₂,…,ai-1,ai,ai-1,…,a₁)=K(a₁,…,ai-1)(K(a1,…,ai)+K(a1,…,ai-2)

whichallowhimtoshowthateveryprimepofform4λ+1isthesumoftwointeger

squares.

Example

13=3⋅4+1

13/1=13;13/2=6+1/2;13/3=4+1/3;13/4=3+1/4;13/5=2:1,1,2;13/6=2+1/6

∴13=K(13)=K(6,2)=K(4,3)=K(3,4)=K(2,1,1,2)=K(2,6)

∴13=K(2,1,1,2)=K(2,1)²=K(2)²=3²+2²

WhenK(1,n)=anK(1,n-1)+bnK(1,n-2)≡pn=anpn-1+bnpn-2canbesolvedasafinite

differenceequation,wecanderiveanexpressionforourGCFwhereweareactually

findingthegeneraltermofaseries.
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Example

Required:thenthconvergenttoF=1:1,1,1,1,…

Wemustsolvepn=pn-1+pn-2wherep₀=1andp₁=1

∴K(1,n)=pn=((1+√5)
n+1-(1-√5)n+1)/2n+1√5 [1]

∴pn=K(1,n)= RHS[1] =½(1+√5)n+1-(1-√5)n+1

qn K(2,n) ((1+√5)n-(1-√5)n)/)2n√5) (1+√5)n-(1-√5)n)

Herewealsoseethatthenumberofdifferenttermsinacontinuantordernisalso:

RHS[1]=1/2n⋅(Cn+1|1+Cn+1|3+Cn+1|5+⋅⋅⋅)

(Combinatorics!)

ConvergenceofInfiniteContinuedFractions

HerewearetalkingaboutL∞pn/qnwhichcanconvergeoroscillateordivergeto±∞.

Our1:1/1,1/-1,1/-1,1/-1,…oscillatesbetween1,0,-∞andour1:1/1,1/1,1/1,…

convergesto-½+½√5 ∴ 1:1/-(-½+½√5),1/-1,1/-1,1/-1,…divergesto-∞.

DivergenceofaGCFisdifferentfromdivergenceofaseries.Here,ifwedroppedthe

secondterm,thislastGCFwouldconverge.Inthisanalysis,weretainourrestriction

ofexaminingthesametwoclassesofGCF.

Fromwhatweknowofthetwosequencesforms,a1stclassGCFcannotberdivergent.

Lpm/qm =A Lp2n-1/q2n-1=B,A,BfinitewithA≥B.IfA=BtheCGFconverges,else

oscillates.Further,a1stclassGCFisconvergentif

1)∑an-1⋅an/bnconverges;or

2)Lan-1an/bn>0;or

3)Lan/bn>0∧∑andiverges;or

4)Lan+1bn/an-1bn+1>1.

Thm.5.7.IfafirstclassGCFisputintheformd₁:d₂,d₃,…:

d₁=a₁,d₂=a₂/b₂,d₃=a₃b₂/b₃,d₄=a₄b₃/b₄b₂,…,dn=anbn-1bn-3…/bnbn-2…⇒

itconvergesifoneofthetwofollowingseriesconvergesandoscillatesiftheybothdo.

1)d₃+d₅+d₇+⋅⋅⋅2)d₂+d₄+d₆+⋅⋅⋅

Examples

1)1:1²/2,2²/2,3²/2,…

∴d2n+1=2(2n-1)²(2n-3)²⋅⋅⋅3²1²

(2n)²(2n-2)²⋅⋅⋅4²2²

ByStirling'sThm,asn→∞d2n+1≅2(2n!)/24n(n!)⁴

=2((√(2π2n)(2n/ε)2n)/(22n(2πn)(n/ε)2n))²=2/πn

∴∑d2n+1comparableto∑1/n∴GCFconverges

2)0:1/2,2/3,3/4,…

Lan-1an/bn=L(n-1)n/(n+1)=∞∴GCFconverges
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Thereisnocomprehensivelawforconvergenceofa2dclassGCF.Butwedohave:

Thm.5.8.IfaninfiniteGCFhasform

F=0:b2/-a2,b3/-a3,…,bn/-an,…:

∀n,an>bn+1⇒GCFconvergestothefinitelimitF≤1.Ifanevergreaterthanbn+1,

F<1.If∀n,an=bn+1then

F=1/(1+b2+b2b3+⋅⋅⋅+∏2-nbi+⋅⋅⋅

sothatFequals/islessthanunityasthatdenomisdiv/cnv.Notebythisform,∀bi>0.

Cor.1.Ifthebiareanyquantitywhatever,thenthedenom=

0:1/1,b₂/-b₂+1,b₃/-b₃+1,…,bn/-bn+1

AndwegetatheoremofEuler's,whowasaverybusyman,bylettingui=ithtermof

thedenom.∴1+u₁+u₂+⋅⋅⋅+un=

0:1/1,u₁/-1+u₁,u₂/-u₁+u₂,u₁u₃/-u₂+u₃,…,un-3un-1/-un-2+un-1,un-2un/-un-1un,…

Let'slookatafewmoreusefulideasconcerningGCFbeforewediveintonumber

theory.HerearetwotheoremsbyLagrange:

Thm.5.9.∀i,ai,bi[1-n]∈N⇒0:b₂/a₂,b₃/a₃,…,bn/anconvergestor∈R-Qifafter

somen>ν,(an>bn+1)∧(an=bn+1onlyafinitenumberoftimes).

Thm.5.10.Withsameai,bithen0:b₂/-a₂,b₃/-a₃,…,bn/-anconvergestosomer∈R-Q

ifaftersomen>ν,(an>bn+1)∧(an=bn+1onlyafinitenumberoftimes).

Finally,let'sconverttheseriesu₁+u₂+u₃+⋅⋅⋅+un+⋅⋅⋅intoitsequivalentGCFofthe

secondclass:

0:b₁/a₁,b₂/-a₂,…,bn/-an [1]

Def.AGCFisequivalenttoaserieswhenitsnthconvergentequalsthesumofthefirst

ntermsoftheseries.

Sincetheconvergentsaregiven,wecanleavethedenomsqiarbitraryandletq₀=1.

For[1]wehave

pn/qn-pn-1/qn-1=∏1-nbi/qn-1qn [2]

q₁=a₁q₂=a₂q₂-b₂⋅⋅⋅qn=anqn-1-bnqn-2 [3]

p₁/q₁=b₁/q₁ [4]

pn/qn=u₁+u₂+⋅⋅⋅ [5]
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From[2],[5]:

[6]

un=∏1-nbi/qn-1qn
un-1=∏1-(n-1)bi/qn-2qn-1
⋅⋅⋅

u₂=b₁b₂/q₁q₂

u₁=b₁/q₁

From[6]usingsuccessivepairs

b₁=q₁u₁,b₂=q₂u₂/u₁,…,bn=qnun/qn-2un-1 [7]

From[3],[7]

a₁=q₁,a₂=q₂(u₁+u₂)/q₁u₁,…,an=qn(un-1+un)/qn-1un-1 [8]

∴Sn=∑1-nui=q1u1 q₂u₂/u₁ qnun/qn-2un-1 .

q₁-q₂(u₁+u₂)/q₁u₁-⋅⋅⋅-qn(un-1+un)/qn-1un-1 [9]

Ifyouareclever,youcanseethatwecanfactorouralltheqihereandweareleftwith

Sn=0:u₁/1,(u₂/u₁)/-((u₁+u₂)/u₁),(u₃/u₂)/-((u₂+u₃)/u₂),… [10]

=u1 u2 u1u3 un-2un [11]

1-u1+u2-u2+u3-⋅⋅⋅-un-1+un

AndagainthatwasbroughttoyoubyEuler.Bygivinguidifferentformswecando

this:

v₁x+v₂x²+⋅⋅⋅+vnx
n=v₁x v₂²x vn-1

2x

1-v₁+v₂x-⋅⋅⋅-vn-1+vnx

x/v₁+x²/v₂+⋅⋅⋅+xn/vn=x v₁²x v₂²x vn-1
2x

v₁-v₁x+v₂-v₂x+v₃-⋅⋅⋅-vn-1x+vn

Andwithallthismightiness,let'ssquarethecirclelikeBrounckerdid:

Ifx∈(-π/4,π/4)⇒tan-1x=x-x³/3+x⁵/5-x⁷/7+⋅⋅⋅

=x 1²x² 3²x² 5²x²

1+3-x²+5-3x²+7-5x²+⋅⋅⋅

∴π/4=1:1²/2,3²/2,5²/2,…

whichwillsquareyourcircleifyouusefourofthem.
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6.NumberTheory

WehadadecentintroductiontonumbertheoryfromDeMorganinDME.Butwe've

seenthatChrystal'sviewpointisoftenverydifferentfromDeMorgan's.Solet'stakeit

fromthetop.

Prop.6.1.M,N,p,q,r∈NIfM=pm+rN=qm+rthenM,Narecongruentmodulusm,

denotedM≡N(modm)orM≡Nifmunderstood.

Cor.1.IfM≡N(modm)thenM,Ndifferbyamultipleofm,i.e.M=N+pm,p∈Z

Cor.2.IfM≡Nandonehasafactorofsomen∈Nthensodoestheother

ORfromtheoppositeviewpoint,p(M,n)⇔p(N,n)

Prop.6.2.For∀m∈Nallintegerscanbearrangedinmgroupsmodm,i.e.mod

0,1,2,…,m-1ORconsecutiveintegersdividedbymproduceremainderswhicharea

cyclicpermofnintegers0-(m-1)

Example

Aperfectcubehastheformofeither7por7p±1(pprime)

Proof

∀n∈Nhasform7m,7m±1,7m±2,or7m±3mod7

Also(7m±r)³=(7m)³±3(7m)²r+3(7m)r²±r³

=(7²m³±21m²r+3mr²)7±r³

=M7±r³

∴4cases:

N³=(7m)³=(7²m³)7

N³=(7m±1)³=M7±1

N³=(7m±2)³=M7±8=(M±1)7±1

N³=(7m±3)³=(M±4)7∓1■

Ifthatseemedfun,IreallyencourageyoutogetatextlikeChrystal'sinPDFandcheck

outtheexercisesinnumbertheory.Ifyouwillgetthebasicideashereintoyourhead,

theexercisesareverysatisfyingandactuallyfun.Andtheyrevealagreatdealabout

theformofnumber.

Thm.6.1.f(x)=p₀+p₁x+p₂x²+⋅⋅⋅+pnx
n,x≡r(modm)⇒f(x)≡f(r)(modm)

Proof

x=qm+r

(qm+r)n=(qm)n+Cn|1(qm)
n-1r+⋅⋅⋅+Cn|n-1(qm)r

n-1+rn

=(qnmn-1+Cn|1q
n-1mn-2r+⋅⋅⋅+Cn|n-1qr

n-1)m+rn

=Mnm+rn

Sym.(qm+r)n-1=Mn-1m+rn-1

⋅⋅⋅

∴x=qm+r⇒f(x)=p₀+p₁r+p₂r²+⋅⋅⋅+pnr
n+(p₁M₁+⋅⋅⋅+pnMn)m

=f(r)+Mm■
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Cor.1.Totestdivbyoff(x)bymfor∀x∈Zweneedonlytestf(x)forx∈{0,1,...,m-1)

Example

Whenisf(x)=x(x+1)(2x+1)divby6?

f(0)=0;f(1)=6;f(2)=30;f(3)=84;f(4)=180;f(5)=330

Alldivby6∴f(x)alwaysdivby6

Cor.2.f(qf(r)+r)isalwaysdivbyf(r)asf(qf(r)+r)=Mf(r)+f(r)=(M+1)f(r)

Note:itfollowsfromthisthatnoifncanproduceonlyprimenumbers.

Example

Showx⁴-1divby5⇔p(x,5)

z∈Z=0,±1,±2(mod5)

f(0)=-1;f(1)=0;f(2)=15

0,15divby5 -1!divby5∴thmfollows

Asasidebar,notethatwecanalsouseapreviousideatotestf(x)fordivby.

Letfn(x)beann°ifnofx.Then,

fn(x+1)-fn(x)=p₀+p₁(x+1)+⋅⋅⋅+pn-1(x+1)
n-1+pn(x+1)

n

-p₀-p₁x-⋅⋅⋅ -pn-1x
n-1 -pnx

n [1]

Soxndisappearsand[1]is(n-1)°.Ifwedividebym,wehave

(fn(x+1)-fn(x))/m=fn-1(x)/m

Then,byinspection,ifRHSdivbym,LHSdivbym.Andiffn(0)divbymthenfn(1)istoo.

Andifnothingisobviousatthispoint,wecandowithfn-1whatwedidwithfnand

wash,rinse,repeatuntildivbyislaidbaretoinspection.

Example

f₅(x)=x⁵-xisalwaysdivby5

Proof

f₅(x+1)-f(x)=(x+1)⁵-(x+1)-x⁵+x=5x⁴+10x³+10x²+5x=M5

f5(1)=0∴f5(2)-f5(1)=M₀5∴f5(2)=M₀5

Sym.f5(3)-f5(2)=M₁5∴f5(3)=(M₀+M₁)5andsoon■

WeknowfromDMEthatanycomposite(non-prime)numberhasafactornotgreater

thanitssquareroot.Itfollowsthat:
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Prop.6.2.ThedivisorsofN=aαbβcγ⋅⋅⋅musthaveformaα'bβ'cγ'⋅⋅⋅wherethepowerof

anyfactor,sayα'isanintegerin[0,α].SothedivisorsofNarethetermsof

(1+a+a²+⋅⋅⋅+aα)

×(1+b+b²+⋅⋅⋅+bβ)

×(1+c+c²+⋅⋅⋅+cγ)

×⋅⋅⋅ [1]

Cor.1.Eachofthesetermshastheform(aα+1-1)/(a-1).Sothesumofthedivisorsis

(aα+1-1)(bβ+1-1)(cγ+1-1)⋅⋅⋅

(a-1)(b-1)(c-1)⋅⋅⋅

Cor.2.Andifin[1],weleta,b,c,…=1eachtermintheproductisunityandthesum

becomesthenumberofdivisors.Sothenumberofdivisorsis(α+1)(β+1)(γ+1)⋅⋅⋅

Cor.3.AndthenumberofwaystheNcanbeexpressedastwofactorsis

½(1+(α+1)(β+1)⋅⋅⋅)or½(α+1)(β+1)⋅⋅⋅

asNisorisnotaperfectsquare.

Cor.4.ThenumberofwaysNcanhavetwofactorsprimetoeachotheris2n-1wheren

isthenumberofprimefactorsofaα,bβ,cγ,…

Def.Weuseφ(N)todenotethenumberofintegers,including1,whicharelessthan,

andprimetoN∈N(or,Isuppose,Z).

Thm.6.2.Euler'sφ(N)Theorem

IfN=a1
α1a2

α2a3
α3⋅⋅⋅an

αnthenφ(N)=N(1-1/a₁)(1-1/a₂)⋅⋅⋅(1-an)

Proof

Let'sfindallthenumbersthatdosharefactorswithN.

Themultiplesofai<Nare1ai,2ai,⋅⋅⋅(N/ai)ai∴theseareN/aiinnumber

Sym.thoseofaiaj<Nare1aiaj,2aiaj,⋅⋅⋅,(N/aiaj)aiaj∴N/aiajinnumberandsoon.

Soconsider

N/a₁+N/a₂+⋅⋅⋅

-N/a₁a₂-N/a₁a₃-N/a₁a₄-⋅⋅⋅

+N/a₁a₂a₃+N/a₁a₂a₄+⋅⋅⋅

-N/a₁a₂a₃a₄-⋅⋅⋅

+⋅⋅⋅ [2]

ThereareCn|1termsinthefirstline,Cn|2(combinatorics!)inthesecondline,andsoon.

Nowconsidereverymultipleofrfactorsa₁a₂a₃⋅⋅⋅ar<N.Thiswillappearinthefirst

lineCr|1times,inthesecondlineCr|2timesand(again)soon.Soitappears

Cr|1-Cr|2+Cr|3-⋅⋅⋅±Cr|r-1∓Cr|r=1-(1-1)
r=1timein[2]

Theneverynumberwithoutrepetitionoromissionwhichhasafactorincommonwith
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Nappearsonetimein[2].So[2]canbewritten

N-N(1-1/a₁)(1-1/a₂)(1-1/a₃)⋅⋅⋅(1-1/an) [3]

Thereforenumberswhichdon'tsharefactorswithN,andwecallthese"primetoN"

areN-[3]:

φ(N)=N(1-1/a₁)(1-1/a₂)(1-1/a₃)⋅⋅⋅(1-1/an)■

Example

φ(100):100=2²5²∴φ(100)=2²5²(1-1/2)(1-1/5)=40

Thm.6.3.M=PQ∧p(P,Q)⇒φ(M)=φ(P)φ(Q)

Proof

Standonyourheadandproveityourself.

Cor.1.P,Q,R,S,…primetoeachother⇒φ(PQRS…)=φ(P)φ(Q)φ(R)φ(S)…

Thm.6.4.AlldivisorsofN∈{di}[1-?]⇒∑φdi=N [1]

Proof

Eachdiisatermintheproductof[1]inProp.6.2.

∴di=a1
α1'a2

α2'⋅⋅⋅∴φ(di)=φ(a1
α1'a2

α2'⋅⋅⋅)=φ(a1
α1')φ(a2

α2')⋅⋅⋅as∀aiareprimes

∴∑di=(1+φ(a₁)+φ(a₁²)+⋅⋅⋅+φ(a₁)
α1)

×(1+φ(a₂)+φ(a₂²)+⋅⋅⋅+φ(a₂)α2)×⋅⋅⋅ [2]

φ(a₁r)=a₁r(1-1-1/a₁)=a₁r-a₁r-1

∴eachtermin[2]hasform=1+(a₁-1)+(a₁²-a₁)+⋅⋅⋅+(a₁α1-a1
α1-1)=a₁α1

∴[2]=a₁α1a2
α2⋅⋅⋅=N■ (Andallthatwithoutanycombinatorics!)

Def.Givenanyfractiona/b,I(a/b)istheintegralpartofa/bor0ifa/bisaproper

fraction.

Thm.6.5.Thehighestpowerofprimepwhichdividesm!exactlyisI(m/p)+I(m/p²)

+I(m/p³)+⋅⋅⋅untilpnismaxn:pn≤m.

Proof

Thenumbersin1,2,3,…,mdivbypare1p,2p,3p,…kpwherekmaxint:kp≤M.

Sok=I(m/p)Sym.forp²,p³,….∴Aspisprime,thethmholds.■

Examples

1)Highestpowerof7dividing1000!exactly.

Repeatedlydividing1000anditsintegralremaindersby7weget142,20,2.

140+20+2=164∴7164required.
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2)Requiredprimefactorsof25!

Primes<25are

2 3 5 7 11 13 17 19 23 andsuccessivequotientsare

128 5 3 2 1 1 1 1

6 2 1

3

1 andthesesumto

22106 3 ...

∴25!=2223105673⋅⋅⋅

3)Required:highestpowerof5dividing27⋅28⋅29⋅⋅⋅100

Ans.518(Finally,anexercise!Bonchance!)

Thm.6.6.Iff+g+h+⋅⋅⋅≤m⇒m!/f!g!h!⋅⋅⋅∈N

Proof

Thisisnothingbutpermsincombinatorics(!).Oryoucanchasedownaproofthat

usesthelasttheorem.Ormakeyourownusingthelasttheorem.You'reafreeagent

here.Actlikeone.

Cor.1.Iff+g+h+⋅⋅⋅≤m∧noneoff,g,h,…equalm(likeitwould?)thenm!/f!g!h!⋅⋅⋅

isdivbymifmisprime.

Cor.2.Theproductofrsuccessiveintegersisdivbyr!

Hereisabitofateaser.FermatchallengedWallisandtheEnglishmathematicians

withthisproblemwhichinChrystal'sgraduatedproblemsetisnumber9outof21.

Soyoudefinitelyhavethemojoforit.Findacubethesumofwhosedivisorsisa
square.ThisshowsFermat'sdominionovertheformofnumberwithrespecttothe

ideaswehavesofarseeninthischapter.

Thm.6.7.GiventheAP:k,k+a,k+2a,…,k+(m-1)aanddividingeachbym:p(a,m),

theleastremaindersareapermof0,1,2,3,…,(m-1)

Proof

Allremaindersaredifferent.Else

k+ra=μm+ρ k+sa=μ'm+ρ

∴ (r-s)a=(μ-μ')m

∴ (r-s)a/m=μ-μ'↴becausep(a,m)r,s<m∴onlympossibleremainders■

Cor.1.Ifremaindersofk,awrtm=k',a'remaindersoccurask',k'+a',k'+2a',…,k'+ra'

whichlastequalsorexceedsmandmustbereducedbymanda'addedagainforthe

remainders.

Example

k=11a=25m=7∴Sn=11,36,61,86,111,136,161

∴k'=4a'=4∴remainders4,4+4-7=1,5,5+4-7=2…or4,1,5,2,6,3,0

Cor.2.Beyondmterms,remaindersrepeatinthesameorder.

Cor.3.Thenumberoftermsintheseriesofremaindersprimetomisφ(m)

Cor.4.Intheseriesofremainders0,1,2,…,(m-1),letthoseprimetomber₁,r₂,...,rn
wheren=φ(m)⇒thenumbersk+r₁a,k+r₂a,…areallprimetom,wherek=0oris

amultipleofmandp(m,a).Andtheirremaindersdividedbymareapermofri
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Thm.6.8.Aswithlasttheorembut!p(m,a),gcm(a,m)=g:a=ga'm=gm'⇒

remaindersofk,k+a,…,k+(m-1)awrtmrecurinashortercycleofm'

Example

k=11a=25m=15

Sn=11,36,61,…g=5a'=5m'=3

a"=2k"=11ga"=10∴remaindersare11,6,1,11,6,1,…

Cor.1.Ifgcm(a,m')=gdivideskexactlyork=0thentheremaindersofk,k+a,…are

0g,1g,2g,…,(m'-1)ginaconstantperm.

Andfromallthiswederive

Thm.6.9.Fermat'sTheorem

Ifmisprime,p(a,n)⇒(am-1-1)divbym

Proof

Theproofinthetextisabout15shortlineslongandusesthenecessaryformofa,2a,

...,(m-1)a.Giveitatryifyouareenjoyingnumbertheory.Orlookitup.Orskipit.

Dowhatyoulike--I'mnotyourmom.

Fermat'stheoremcanberestatedasmprime,p(a,m)⇒(am-a)divbym.ThenEuler

generalizesitasa,m∈N,p(a,m)⇒aφ(m)-1divbym.Euleralsodefinesalliednumbers

as:a,b,m∈N,ab≡1(modm)andhedevelopsthisideabyshowingthatfrom

1,2,3,…,(m-1)wecanexhaust2,3,...,(m-2)bycombiningthemintoalliedpairs.And

thisleadsto

Thm.Wilson'sTheorem

mprime⇒((m-1)!+1)divbym

Cor.1.m!prime⇒((m-1)!+1)!divbym

ThenLagrangemakesFermatandWilsonspecialcasesof:

Thm.Lagrange'sTheorem

pprime∧(x+1)(x+2)(x+3)⋅⋅⋅(x+p-1)=xp-1+A₁xp-2+⋅⋅⋅+Ap-2x+Ap-1⇒∀Aidivbyp.

Proof(combinatorics!)

(x+p)(RHS)=(x+1)((x+1)p-1+A1(x+1)
p-2+⋅⋅⋅+Ap-2(x+1)+Ap-1)

∴pxp-1+pA1x
p-2+⋅⋅⋅+pAp-2x+pAp-1)=((x+1)

p-xp)+A₁((x+1)p-1-xp-1)+⋅⋅⋅

∴pA₁=Cp|2+cp-1|1A₁

pA₂=Cp|3+Cp-1|1A₁+Cp-2|1A₂

⋅⋅⋅

pprime∴Cp-1|1,Cp-2|1,Cp-3|1,…!divbyp

∴∀Aidivbyp■

Cor.1.x=1⇒2⋅3⋅⋅⋅p=1+(A₁+⋅⋅⋅+Ap-2)+Ap-1
∴Ap-1+1≡((p-1)!+1)divbyp(Wilson)
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Cor.2.xp-x=x(x+1)⋅⋅⋅(x+p-1)-(1+Ap-1)x-(A1x
p-1+⋅⋅⋅+Ap-2x²)

LHSispconsecutiveintegersanddivbyp

pprime∴1+Ap-1divbyp

∴pprime⇒xp-xdivbyp

(Ifp(x,p)thenFermat)

Whatfollowswillcompleteourlookintonumbertheory.Thefollowingis,tomymind,

apureabstractalgebra,ascontinuantswereanothersuchalgebra.Thesearealgebras,

notofcomputations,butofrelationswhichextendourunderstandingoftheirsubject.

Ifyouwillplaywitheitherabitusingconcreteexamples,youwillseethatthisisso.

YouwillrecallDeMorgan'sshortdemonstrationofthepartitionofanintegerfrom

DME.Wepartitionthemintwoclasses.

Class Notation Part'sRelation

1st P(n|p|q) partsequalorunequal

2d Pu(n|p|q) partsunequal

Examples

P(n|p|q) numbern,pparts,maxpart=q

P(n|p|≤q) numbern,pparts,allparts≤q

Pu(n|≤p|*) numbern,porfewerunequalparts,partsofanysize

Pu(n|p|odd) numbern,pparts,eachanoddinteger

P(n|*|1,2,2²,2³,…) numbern,anynumberofparts,eachpartapowerof2

Ifyoupursuethis,youwillfindthatpartitionofintegersrelatetoseriesasdeveloped

bytheubiquitousEulerandtoinvarianttheoryasdevelopedbySylvester(notthecat).

Togiveyouanideaoftheirusageconsiderthese,whichwillbeGreektomostofthose

whodonottakeaLHStheyhavedominionoverandfigureouthowitrelatestothe

RHSbelow:

(1+zx)(1+zx²)⋅⋅⋅(1+zxq)=1+∑Pu(n|p|≤q)z
pxn

(1+zx)(1+zx²)⋅⋅⋅(1+zxq)/(1-z)=1+∑Pu(n|≤p|≤q)z
pxn

(1+x)(1+x²)⋅⋅⋅(1+xq)=1+∑Pu(n|*|≤q)x
n

(1+zx)(1+zx²)⋅⋅⋅=1+∑Pu(n|p*)z
pxn

(1+x)(1+x²)⋅⋅⋅=1+∑Pu(n|*|*)x
n

Chrystal'schaptersongeneralizedtrigonometricseries(whichIamholdingbackfor

SecondCircleofTrigonometry)containmanytheoremswhichcanbedirectlydeduced

fromtheaboveandsimilaridentities.Wecandevelopaformulaforenumerating

partitionsofnintoanynumberofpartslessthanqandcreateatableofP(n|*|≤q):

1/(1-x)(1-x²)⋅⋅⋅(1-xq)=1+∑P(n|*|≤q)xn

Multiplybothsidesby(1-xq)∴(takeadeepbreath…)

1+∑P(n|*|≤(q-1))xn=1+∑(P(n|*|≤q)-P(n-q|*|≤q))xnwhereP(0|*|≤q)=1

∴forn≥q,P(n|*|≤q)=P(n|*|≤(q-1))+P(n-q|*|≤q)

andifn<q,P(n|*|≤q)=P(n|*|≤(q-1))
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Andwegetthistable:

Letmejusthintatthistable'sconstruction,leavingitsfullunderstandingtoyour

curiosity.Thetableissymmetrical.Sorow4col5=6=row5col4.Thefirstrowis

P(1|*|≤1),P(2|*|≤1),...whichareallones.Then,unlessyouaregoingtocodethisand

generateitdigitally,youuseapieceofpaperintheformofabcdasshown.Sotoget

the23inrow4col10,weaddthe14onabatrow6col7tothe9onrow4col6.Soin

row9the156is146+11.Tofind,usingthistable,avalueofP(n|p|*)wehave:

1+∑P(n|p|*)xnzp=1/(1-zx)(1-zx²)⋅⋅⋅=1+∑xpzp/(1-x)(1-x²)⋅⋅⋅(1-xp)

∴∑P(n|p|*)xn=∑xp/(1-x)(1-x²)⋅⋅⋅(1-xp)=∑P(n|*|≤p)xn+p

∴P(n|p|*)=P(n-p|*|≤p)

Sym.Pu(n|p|*)=P(n-½p(p+1)|*|≤p)

Examples

1)P(20|5|*)=P(15|*|≤5)=84

2)Pu(20|5|*)=P(5|*|≤5)=7

ItfollowsthatP(n|*|q)=P(n|q|*).Andfromthiswederive

P(n|≤p|≤q)=P(n|≤q|≤p)

P(n-p|q-1|≤p)=P(n-q|p-1|≤q)

P(n|p|q)=P(n|q|p)

Andbylettingp→∞

P(n|≤p|*)=P(n|*|≤p)

P(n|p|*)=P(n|*|p)

Ourfacesareturningblue.Let'scomeupforair.Herewecometotheendofourlook

intoChrystal'smassivetwo-volumedoorstopofanalgebratext.Apartfromholding

backthethreechaptersoftrigonometricseriesforalaterbook,Ihaveentirely

skippedtwochapters--Interest(moneystuff)andProbability(mortalitytablesstuff)

--asthemetaphysicsofdeathandmoneyareofnointeresttome,thelatterbeing

combinatoricswithafalsemotiveandtheformerbeinganunpleasanttedium.
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7.TheoryofEquations

Equationsareexpressionsoflawsandthetheoryofequationsreasonsuponthese

laws.We'vealreadyseenquiteabitofequationtheorybothinDMEandinChrystal's

text.WithcomputerssparingusthehellofHorner'smethodandGaloisapparently

closingoffsolnsbyradicalsforeqnsoffifthdegreeandup,thetheoryofequationshas

beensupercededbynumericalanalysisandalgebraicgeometry.I'mnottryingtostart

afighthere.But,afterthirtyyearsofprogramming,computersinterestmenotatall

and algebraic geometry relies upon whatWittgenstein called "amorphous

mathematics."I'vehadmysayaboutamorphisminLimitsofMeaninginMathematics
whichIleavetoyourcuriosity.

ButIamaverymorphousguy.IfGalois(blesshisheartandcursethosenowwhite-

washedsepulchreswhichcausedhisuntimelydespairandsuicide)sayswecan'tuse

solnbyradicals,Isay,"Fine.Whatelseyagot?"Well,wehavetheformofnumber

anditsbasisislaw.Thelawunderstoodwillunlocktherootsofallequations.That's

how mathematicsworks. Let'sseehow farthelaw wasbroughtintoour

understandinguptotheearly20thcenturywhenthetheoryofequationsfellfrom

ecclesiasticalgrace.

TheFormofRationalFunctions

RecallDeMorgan'sproofinDMEthat,givenafnofform[ƒ],xcanbesolargeasto

makethefirstterm,xn,infinitelylargerthantheremainingtermsandsosmallasto

makethetermcontainingx¹largerthanalltheprecedingterms.Murphyreasons

interestinglyuponthis.

Prop.7.1.Positivevaluesmaybeassignedtoxsuchthat,forn>m,xnisgreaterthan

anyfnφxofform[ƒ]m°.

Proof

m>n,φx=Axm+Bxm-1+Cxm-2+⋅⋅⋅+Px+Q

M=max∈(A,B,C,…,P)

∴Mxm≥Axm,Mxm-1≥Bxm-1,…∴Mxm+Mxm-1+⋅⋅⋅+Mx+Q≥φx

(Nowrecallouralgebraicforms)

∴M⋅(xm+1-1)/(x-1)≥φx

x>1∴M(xm+1)/(x-1)≥φx

(Here'saninterestingpart)

∴xn:(Mxm+1)/(x-1)::xn-m-1:M/(x-1)

As(x-1)orx→∞⇒M/(x-1)→0

∴xn-m-1=1∧xn-m-1→∞

∴xn-m-1>M/(x-1)∴xn>φxandinfinitelyso.■
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Practicallyspeaking(inactualuse)ifwewantxn-m-1>M/(x-1)wecanletthesebe

equalandthenx=1+M1/(n-m)andanyxgreaterthanthisxmakesxn>φx.

Example

x³>7x²+6x+5

M=7n-m=1∴x≥8

AsweworkourwaythroughMurphy'sATreatiseontheTheoryofAlgebraical
Equations,ImayindicatethatIhaveskippedsomeofhisideaswhichdonotfitmy
ideaofthecurrentplaceofequationtheoryinmathematics.ButIcouldbewrong

abouttheseandyoucanletyourcuriositypursuethoseaswellasanyproofsI

abbreviateorelide.

Prop.7.2.Sym.toabove,positivevaluescanbeassignedtoxsosmallastomake,if

n<m,xn<∀φxm°.

Murphy'sproofisSym.toProp7.1.andyoualsohaveDeMorgan'sfromDME.

Prop.7.3.φ',φ",φ'",…,φn1st,2d,3d,…,nthderivativesofφ(x)⇒

φ(x+h)=φ(a)+φ'(a)h+φ"(a)h²/2!+φ"'(a)h³/3!+⋅⋅⋅+φn(a)hn/n!

Murphydoesn'tmentionTaylorbutwealreadyknowthisasthemorecommonform

ofTaylor'sSeriesinusage.I'maddingacorollarywhichyoumayhavenoticedalready.

Ifnot,workoutanysimpleTaylorSeries.

Cor.1.∀φ,nfinalderivative,φn(a)hn/n!=hn

Def.Wewilldenote"CbetweenAandB"asC⋅|⋅(A,B)ordidIalreadymentionthat?

Prop.7.4.∀qfnofxproducesaseriesofvalueswhicharenearereachotherasthe

valuesofxapproacheachother.

Thisisthefundamentalargumentforcontinuitywhichwe'veseenmorethanonce.

MurphyprovesitbymeansofProp.7.1.usedrecursivelytoshowthatifanytermof

φ(a+h)vanishes,theremainingtermsmaintainthepropositionbecause,bythelast

corollary,theycan'tallvanish.

Cor.1.Forrealvalues,φ(a)⋅|⋅(φ(a+h)+φ(a),φ(a-h)-φ(a))

WehaveseeninChrystalhowtheideaofanifn'smaximaandminimafollowfromthis

idea.Andthissameideaimpliesthefollowing:

Prop.7.5.A<C,f(x)ifnofx,f(α)=A,f(γ)=C⇒(B⋅|⋅(A,C)⇒∃β⋅|⋅(α,γ):f(β)=B
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Prop.7.6.∀qfnf(x)ofodddegreenhasarealroot.

Proof

∃x=α:xn>f(x)-xnwherexnisfirsttermoff(x) [Prop.7.1]

f(α)=A

x=-y∴yn>ayn-1-byn-2+⋅⋅⋅>0 [Prop.7.1]

∴ayn-1-byn-2+⋅⋅⋅<0

y=β∴f(-β)=-B

∴∃γ⋅|⋅(α,β):f(γ)=0∧0⋅|⋅(A,-B) [Prop.7.5]■

Cor.1.Ifqistheconstanttermhereoff(x)thenγhastheoppositesignofq.

Prop.7.7.∀qfn(x)ofevendegreewithanegativeconstanttermhastworealroots,a,b:

a<0<b.

Prop.7.8.Eqnswhereconstanttermisverysmallwrtothercoeffshaverealroots.

Proof

Givensuchaφx,dividebythecoeffofx⇒φx=-κ+x+ax²+⋅⋅⋅=0

k<1/4(M+1)whereMagainmaxcoeff⇒∃realroot<1/2(M+1),signoppκ

-κ<0⇒φ(0)=-κ<0⇒∃x<1:φx=0∴-κ+α-(Mα²)/(1-α)=0

Solvingthisquadratic:α=1/2(M+1)⋅(1+κ-√(1+2κ+κ²-4κ(M+1)))

(4κ(M+1)<1)∧(radicalterm>√(κ²+2κ)>κ)

∴α<1/2(M+1)∧α∈R

∴f(α)>0f(0)<0∴∃x∈R:x⋅|⋅(0,α)∴x⋅|⋅(0,1/2(M+1))

Sym.κ>0,∃root⋅|⋅(0,-1/2(M+1)■

Prop.7.9.∃x:f(x)maxormin⇒f'(x)=0

Proof

Assumeminimumatf(a)∴f(a)<f(a+h)∧f(a)<f(a-h).ExpresstheRHTsasTaylor

Seriesandtheymusthavethesamesign∴f'(a)=0.Sym.formax.■

Cor.1.Itfollowsthatf"(a)hasthesamesignasthesesametwoseries.

∴f"(a)>0⇒f(a)minimum∧f"(a)<0⇒f(a)maximum

Cor.2.Noqfnofodddegreecanhaveanabsolutemaxormin.Theyhaveonlyrelative

orlocalmaxormin.

Notethatinallthesepropositions,itisgenerallytruethatifthepropositionrelieson,

say,φ'x,butφ'x=0,thenthepropositionwillstillholdusingφ"xorwhicheverfurther

φnremainsinexistence.

Example

φx=x²+5x

φ'x=2x+5

φ"x=2>0∴φxhasminbutnomax

Minfromφ'=2x+5=0∴x=-5/2∴min@(-5/2,-25/4)
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Prop.7.10.∀qfneven°hasabsolutemin.

Proof

φx=xn+axn-1+bxn-2+⋅⋅⋅M=maxvalueofabs.valueofcoeffs

Thennoxcanreduceφxbelowminof-Mn,-M((n-1)M)n-1

neven∴for±x,φx>xn-M⋅(remainingterms)

1)x<1⇒1+x+x²+⋅⋅⋅+xn-1<n∴φx>xn-Mn

xn>0∴x∈[-1,1]⇒φx>-Mn

2)x>1⇒nxn-1>xn-1+xn-2+⋅⋅⋅∴φx>xn-nMxn-1

MinRHSwhereRHS'=0∴minatx=0orx=(n-1)M

The2dgivesxn-1(x-nM)=-Mxn-1=-M((n-1)M)n-1

∴x∈(-∞,-1)∧(1,∞)⇒φx>-M((n-1)M)n-1■

Example

φx=x²+axφ'x=2x+aφ"x=2∴abs.(andonly)minatx=-a/2∴φx=-a²/4=γ

Itfollowsingeneralthatx²+ax=γ≡x²+ax-γ=0canhavenorealroots.Thenext

propositionreturnsustotheGCMandyoucanproveitforyourself.

Prop.7.11.Takeφx,φ'x,∀γ.Divideφx-γbyφ'x.UseEuclid'sAlgorithmtoreachafn

ind.ofx≡F(γ)⇒realrootsofF(γ)=0arethemaxandminvaluesofφx.

Examples

1)φx=x²+axφ'x=2x+a

2(φx-γ)=2x²+2ax-2γ

2x+a)2x²+2ax-2γ(x

2x²+ax

(×a) ax-2γ)2ax+a²(2

2ax-4γ

a²+4γ=0∴γ=-a²/4(Butyouknewthat.)

2)φx=x³-3a²x+b

φ'x=3(x²-a²)

φ"x=6x

GCMofx²-a²andx-γ

x-y)x²-a²(x+γ

x²-γx

γx-a²

γx-γ²

γ²-a²whichhastworealroots∴φxhasoneminandonemax

Thenextpropositioncaneasilybeprovedbyexpandingφandφ'inTaylorSeriesand

collectingtherealandunreal(as"unreal"isshorterthan"imaginary"byquiteabit)

parts.ItisinterestingthatMurphybringsanx∈Cintoplayinarealqfn.Hedoesthis

morethanonceandIhadthoughttoskipthem.Butthelawofifnsmustinclude

complexvaluesandweareunlikelytofindthislawwithoutventuringontothe

complexplane.
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Itoccurstomethatsomehopeful,ifnaive,readersmightthinkIhavefoundthislaw,

theKeytoAllPolynomialRoots,andamleadinguptoit.Dreamon.Iamlookingfor

thislawbyleavingnotoneunsterned.Soletmegiveyouthispropositionandan

exampleandwe'llturnsomestones.

Prop.7.12.f(a)minofqfnf(x)⇒forsmallh,k,f(a+h+ik)<f(a)wheresignofh+/-

asfirstderivativefn≠0forx=ahassame/contrarysignasfn+1(x).Sym.forf(a)when

maxoff(x)

Whatappealstomeaboutthispropositionandexampleisthat,fromanagewhenthe

phrase"smallh,k"usuallymeant"assmallasyouplease"whichaggravated

Weierstrassintoconniptions,wewillseeexactlyhowsmallanhandak.

Example

Diminishx³-2x²+x-2belowitsmin

φ'=3x²-4x+1 φ"=6x-4

φ'=0@1,⅓ φ"(1)=2 φ"(⅓)=-2∴φ(1)min

∴x=1+h+ik φ(x)=-2+(h+ik)²+(h+ik)³

=-2+h²+h³-k³-3hk²+i(2h+3h²-k²)

unrealpartvanisheswhen2h+3h²=k²

byabove,hispositiveinφ=-2+h²+h³-(2h+3h²)(1+3h)

=-2-2h-8h²-8h³<f(1)=-2

Ifyouplaywiththisnextidea,youcanprovethepropositionforyourself.

Prop.7.13.∀qfnf(x),x=a,fandm-1successivederivativesvanish⇒(x-a)misa

factoroff(x).

Example

f(x)=x³-5x²+8x-4 f(2)=0

f'(x)=3x²-10x+8 f'(2)=0

f"(x)=6x-10 f"(2)=2

∴(x-2)²isafactoroff(x)

WecanextendProp.7.12:

Prop.7.14.Amonotonicallydecreasingseriesofvaluescanbeinfinitelyproducedby

substitutingaseriesofy+izforxinaqfnofeven°.
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Example

φ=x⁴-4x+6

φ'=4(x³-1)=0@x=1∴min@(1,3)

x=y+iz⇒φ=P+iQ

P=y⁴-6y²z³+z⁴-4y+6 Q=z(4y³-4yz²-4)=0

Q'=4z(3y²-z²)

z=1⇒thetwovaluesofyarealmostequal.Tofindexactequality,take

gcm(3y²-z²,3y²-3yz²-3)toarriveatanF(z)

F(z)=4z⁶-27=0forz=√3/3√2≅1.3=a

Thenqisdivby(y-a)²andquotientequatedtozerogivesadifferentyby

whichPisfurtherdiminished.

Whenz=10herethenQ=40(y³-100y-4)ory≅10

∴P=-4(10)⁴-40⋅6≅-4036andsoon--to∞andbeyond.

Prop.7.15.Anyalgebraicfunction,degreen,hasexactlynroots.

MurphyinhisproofhereassumesGausswithoutmentioninghim.Didyougooutand

findaniceproofofGauss'slikeItoldyouto?Oneimportantthingtokeepinmind

withtheserootsisthatifa+biisaroot,thensoisa-bi.

Roots

Sturm'sTheoremwasusedtofindthenumberandtype--realorunreal--ofanifn's

roots.Nowwecandothiswithagraphingcalculator.Butthataddsnothingtoour

understandingoftheformofnumberanditslaws.Sturmhadaninsightintothe

function'sderivativesandintoEuclid'salgorithm.Let'sseewhatwecanlearn.

Prop.7.16.Sturm'sTheorem

Sturmrequiredtheifnofxtohavenomultipleroots.Butthatwasshowntobe

unnecessary.Takeanyifnanditsfirstderivative.ThenuseEuclid'salgorithmasif

youwerefindingtheirGCM butwiththisdifference: changethesignofeach

remainderbeforedividing.Let'sdoanexampletorefertothroughout:

f(x)=x³-3x²-4x+13=0

f₁≡f'(x)=3x²-6x-4

fi(x)[2-…]arethesuccessivere-signedremaindersdenotedtheauxiliaryfns

{f,fi[2-…]}denotedSturm'sfns

f₂(x)=2x-5

f₃(x)=1

qi[1-…]≡successivequotients.NowhereistheheartofwhatSturmshowsus:

f(x)=q₁f₁(x)-f₂(x)

f₁(x)=q₂f₂(x)-f₃(x)

f₂(x)=q₃f₃(x)-f₄(x)

⋅⋅⋅

fm-2(x)=qm-1fm-1(x)-fm(x)
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Usetheexampletofollowtheseinferences:

1)Thelastfiiseitherindependentofxandcannotvanishiff(x),f₁(x)haveacommon

measureandthereforef(x)hasequalroots.

2)Twoconsecutiveauxiliaryfnscannotvanishsimultaneouslyunlessthereareequal

rootsandthenallthefollowingfivanish.

3)Whenanyfivanishes,itsadjacentfnshaveoppositesigns.Intheseriesaboveyou

canseethatiff₃vanishes,f₂=-f₄.

4)Noalterationofanyfihappensunlessxpassesthrougharootofthatfi.Whenx

passesthrougharootoff(x)onechangeofsignislostinthefiandthiscannothappen

whenxpassesthrougharootofsomefi.Youcanfiddlewiththeexampletoseehow

thisworks.

Expandfandf₁asTaylorSeriesforf(c+h)andf(c-h)wherecisarootoff(x).Whenx

=c-handhsmallenough,fhascontrarysigntof₁butwithc+h,samesign.Sowhenx

goesthroughc,Sturm'sfunctionsloseonechangeofsign.Ifyoureallygrasphowthis

works,justlookingatFourier'sTheorem,comingupnext,willshowyouhowitfails

whereSturmsucceeds.Bythissamemethod,whensomefihasaroot,itsharesasign

withoneneighborandiscontrarytotheother,sopassingthroughsomeci,nochange

ofsignislost.Backtoourexample.

Notethatifanyficannotvanish,itfitsSturm'scriterionforbeingthelastfiandyou

canstopdividing.NowSturmwasusedtofindroots.Takeoursequenceinthe

exampleandletx=0,1,2,3andrecordtheresultingsigns:

f f₁ f₂ f₃

0 + - - +

1 + - - +

2 + - - +

3 + + + +

Forx=0,1,2,therearetwochangesofsign.Therearenoneforx=3.Sotherearetwo

positiverootsbetween2and3.Youcouldfindthemtoanydegreeofapproximation

byusingevermorefinegrainsofx.Verifythatthereisonechangeofsignbetween-2

and-3andthenplugfintoyourgraphingcalculator.Wecanalsouse±∞togetthe

numberofroots:

f f₁ f₂ f₃

-∞ - + - +

+∞ + + + +
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Butit'snotassimpleaschangeofsign,isit?Whenx=+∞,therearemchangesandn-

mcontinuities.Herewehave0changesand3continuities.With-∞theseflip.So

whenthecoeffofthefirsttermsofSturm'sfnsarenotallpositive(whichwouldbe

zerochanges),theexcessofchangesof-∞over+∞isn-2m.Sotherearen-2mreal

rootsand2mimaginary,asyoucandeduce(withabitofthought)fromourlasttable.

Prop.7.17.Fourier'sTheorem

∀ifnofx,∀a,b:a<b.Subathenbintof,f',f",…⇒therecannotbemorerealrootsof

f(x)=0thanthenumberofchangesofsignsfoundinthetwosubstitutions.

AnormaltextwouldnowgointoananalysisofFourier.ButexaminingFourierafter

Sturmislikeanalysingtheearliersquarestonewheelthatprecededtheroundone.

Let'sjustlookatFourier'sownexampleandyoucanseewhySturmis"daman".

f(x)=x⁵-3x⁴-24x³+95x²-46x-101=0

f'(x)=5x⁴-12x³-72x²+190x-46

f"(x)=20x³-36x²-144x+190

f³(x)=60x²-72x-144

f⁴(x)=120x-72

f⁵(x)=120

x changesofsign

-10 5

-1 4

0 3

1 3

10 0

Therefore,allrealrootsbetween-10and10.Onebetween-10and-1.Onebetween-

1and0.Nonebetween0,1.Andatleastonebetween1and10.ButFouriercan'tsay

anythingaboutthelasttwo.Aretheybetween1and10?Aretheyimaginary?Sturm

onlyknows.

WhatIlearned,workingthroughMurphy,istheimportanceofφ,φ'andφ".Ifyou

willpaycloseattentiontotheparttheseplay,fromSturmon,youreffortwillbe

surprisinglyrewarding.

Prop.7.18.Iftherealrootsofφx=0,indescendingorderofmagnitude,aresubbed

intoφ'x,theywillalternatelyproducepositiveandnegativeresultsor,forequalroots,

causeφ'tovanish.

Youcanfigurethisoneoutasalittleexercise.Letφxhaverealrootsa,b,cin

descendingorderandsomeunrealones.Thenφx=(x-a)P.Deriveφ'whereP'comes

fromPandwehaveφ'x=(x-a)P'+P.Thensuba,b,cintothesefactors..Wecannote

thatifallofφ'srootsarerealthensoareallof(φ')'s.
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Recalloursigmanotationandhowitwasusedwiththatsymmetricalfnstuff.

Letαi[1-n]berootsofann°eqn.LetSi[1-n]bethesumsofthepowersoftheseroots.

Letai[1-n]bethesumsoftherootsthemselvesastakeninsigmanotationbyones,by

twos,...bynofthem.Apatternariseshereifweusethemtoequalnothing.

S₁=∑α₁ a₁=∑α₁ ∴S₁-a₁=0

S₂=∑α₁²

Buta₁⋅S₁≠∑α₁²asitincludesalltermsofformα₁α₂appearingtwice

∴a₁⋅S₁=∑α₁²=2∑α₁α₂ 2a₂=2∑α₁α₂

∴S₂-a₁S₁+2a₂=0

Sym.S₃-a₁S₂+a₂S₁-3a₃=0

Thenifm≤n,wefind

Sm-a₁Sm-1+a₂Sm-2-⋅⋅⋅±am-1S₁∓mam=0

andifm>n

Sm-a₁Sm-1+a₂Sm-2-⋅⋅⋅±anSm-n=0

AndthatwasNewton'stheoremofthesumsofthepowersoftherootsofanifnofn°.

Hecouldusethosetofindthecoeffsoftheifnifthesumsofthepowersoftheroots

weregiven(whichbegsthequestion:Givenbywhom?)andviceversa.Wecangetthe

sumsofthepowersoftherootsinthefollowingwayand,amazingly,wemight

actuallywanttodosoorIwouldn'tgoonaboutit.

Prop.7.19.∀rifnf(x)ofn°.Divideitbyitsfirst(highest)termandwehaveitinthe

form:

f(x)=1+P=0

wherePhasonlynegativepowersofx.Takeitsnaturallog

ln(1+P)=P-P²/2+P³/3-⋅⋅⋅±Pm/m⋅⋅⋅

Selectthecoeffoftheterm withx-m andthecoeffofasmanyofthepreceding

containingx-m.TheirsumisS.Then-S⋅misthesumofthemthpowersoftheroots.

Sym.bydividingbythelastterm,wetakethecoeffofxmtogetthesumoftheinverse

powersofxtothemth.

Proof

f(x)=(x-α₁)(x-α₂)⋅⋅⋅(x-αn)

f(x)/xn=1+P=(1-α₁/x)(1-α₂/x²)⋅⋅⋅(1-αn/x
n)

ln(1+P)=ln(1-α₁/x)+ln(1-α₂/x²)+⋅⋅⋅+ln(1-αn/x
n)

=-α₁/x-1/2⋅α₁²/x²-1/3⋅α₁³/x³-⋅⋅⋅-1/m⋅α₁m/xm

-α₂/x-1/2⋅α₂²/x²-1/3⋅α₂³/x³-⋅⋅⋅-1/m⋅α₂m/xm-⋅⋅⋅

=-(S₁/x+1/2⋅S₂/x²+1/3⋅S₃/x³+⋅⋅⋅+1/m⋅Sm/x
m⋅⋅⋅)

∴-Sm/misthecoeffofx-minln(1+P)

Sym.dividef(x)bylasttermwhichis-∏αi
f(x)=1+Q=∏(1-x/ai)[1-n]

S-1=∑1/ai[1-n]

S-2=∑1/ai
2[1-n]

⋅⋅⋅

S-m=∑1/ai
m[1-n]

∴ln(1+Q)=-(S-1x+1/2⋅S-2x²+⋅⋅⋅+1/m⋅S-mx
m+⋅⋅⋅)

∴S-m/mcoeffofxm ∴S-m=-S-m/m⋅-m■



177

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.EarleHarris(c)2019

Ifweknowthesumsofthepowersoftheroots(orchoosesuch),wecanturnthisall

aroundtheotherway:

Prop.7.20.Expand

1-S₁h+S₁²/2!⋅h²-S₁³/3!⋅h³+⋅⋅⋅ton+1terms

1-S₂/2⋅h²+S₂²/1⋅2⋅2²⋅h⁴-S₂⁶/1⋅2⋅3⋅2³⋅h⁶+⋅⋅⋅totermsequalintegeraboven/2

1-S₃³/3⋅h³+S₃²/1⋅2⋅3³⋅h⁶-S₃³/1⋅2⋅3⋅3³⋅h⁹⋅⋅⋅totermsequalintegeraboven/3

⋅⋅⋅

1-Sn/n⋅h
n

Theninourifn,thecoeffamofx
n+a₁xn-1+a₂xn-2+⋅⋅⋅isthesumofthecoeffsofhmabove.

Andbecauseln(1+a₁/x+a₂/x²+⋅⋅⋅+an/x
n)=-S₁/x-½S₂/x²-⅓S₃/x³-⋅⋅⋅wecanlet

h=1/x⇒1+a₁h+a₂h²+⋅⋅⋅+anh
n=ε̂S₁h⋅ε̂-½S₂h²⋅ε̂-⅓S₃h³⋅⋅⋅

Examples

1)Fromalltheseideas,findan

a₁=-S₁a₂=S₁²/1⋅2-S₂/2a₃=-S₁³/3!+S₁S₂/2andsoon

2)Formaneqnwithroots:Si[1-(n-1)]=0Sn=c

Inthiscasethefirstn-1seriesabovehavenopowersofh

∴a₁=0a₂=0⋅⋅⋅an-1=0an=-Sn/n=-c/n

∴xn-c/n=0required.

Wecanmanipulatetheheckoutofaneqnsroots.Andthesetransformationsshould

actasahintconcerningthelawsgoverningroots.

T1(transformationone)Increasingordecreasingtherootsbyaconstant.

Inwhatfollows,ifk>0,wehavex-kis,ofcourse,x-kandtherootsaredecreasedby

k.Ifk<0wehavex-kasx-(-k)orx+kandtherootsareincreasedbyk.Givenf(x)

wewanty=x-kandsotherequiredeqnisf(k+y)=0whichexpandsas

f(k)+yf'(k)+y²/2!⋅f"(k)+⋅⋅⋅+yn/n!⋅fn(k)=0

∴Iff(x)≡p₀xn+p₁xn-1+p₂xn-2+⋅⋅⋅+pn-1x+pn [A]

⇒ f(k+y)=p₀yn+(p₁+np₀k)yn-1+(p₂+(n-1)p₁k+n(n-1)/2!p₀k²)yn-2+⋅⋅⋅

+(pr+(n-r+1)pr-1k+⋅⋅⋅+n(n-1)⋅⋅⋅(n-r+1)/r!⋅p₀k
r)yn-r+⋅⋅⋅+f(k)=0

Theuseofthisistheremovaloftermsinatransformedfntofacilitatethesolnby

radicals.Above,if(p₁+np₀k)=0ork=-p₁/np₀welosethesecondterm.

Example

Losethesecondtermofx³-6x²+4x+5=0

p₀=1p₁=-6∴k=2

∴(y+2)³-6(y+2)²+4(y+2)+5=0

∴y³-8y-3=0



178

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.EarleHarris(c)2019

Byobservingthesignsofsuccessivederivativesinthis,weseethatwhenatermis

removedfromaneqnwithallrealroots,theadjacenttermshavecontrarysignsand,

conversely,ifatermismissinginafnandthe"adjacent"termshavesamesignthereis

apairofimaginaryroots.

Anotherviewofthis:f(x)=xn-axn-1+bxn-2-⋅⋅⋅.Putx=y+a/n.Hereaisthesumof

theroots.Thevalueofxinthemostcomprehensivestateinwhichitiscapableof
algebraicexpression,consistsofatermfreefromradicalandofothertermsaffected
bythem;thissimpleexpressionbeingrequiredtogivealltheroots,canonlydothisby
varyingitsradicalpartsaccordingtothedifferentvaluesoftherootsofunity;thepart
unaffectedbyanyradicalisthereforethesameinalltheroots.Sothatpartisthisa/n,
fortheradicalpartsinsummationmustdestroythemselves.Ify=x-a/nthenvalues

ofyhaveonetermfewerthanthevaluesofxandwhichconsistsessentiallyofradicals.

Sothisygivesourfunctionasimplerform.

T2Multiplyingtherootsbyaconstantfactor

Givenanyf(x)wecantransformitsothatitsrootsaremultipliedbyaconstantfactor.

Lety=kxthenx=y/kandf(y/k)=0hasrootsalteredbyafactorofk.Ifin[A]above,

weputx=y/kandmultiplybyknallthatisnecessaryforthecoeffstobeintegersis

thatforeachtermintheeqn,prk
ryn-reveryprimefactorinthedenomofprmustoccur

inatleastashighapowerinkr.Soiff(x)hasroots∈Q,underthisconditionthe

transformationhasroots∈Z.

T3Aninversionofpowers

Recallreciprocaleqns.Ifweputx=1/yandmultiplybyyntheniff(x)ismissingthe

mthtermfromthebeginning,f(1/y)ismissingthemthtermfromtheotherend.So

combinedwithT1,wecanremovethereciprocaltermfromsimple,quadratic,cubic,...

eqns.

Nowify=1/x,inareciprocaleqn,ifα,β,γarerootsthensoare1/α,1/β,1/γ.Ifroots

areoddinnumber,onerootmustbeeitheritsownreciprocalor±1andcanbe

factoredout.Thenlety=x+1/xandreducethedimensionsbyhalf.

Example

6x⁴+35x³+62x²+35x+6=0

∴6(x²+1/x²)+35(x+1/x)+62=0andnowletx+1/x=y

∴6(y²-2)+35y+62=0wheny=-5/2,-10/3

∴fromfirstvaluewhenx²+5/2x+1=0orx=-2,-1/2

andthenfromsecond,x²+10/3x+1=0orx=-3,-1/3

Usefulnessinmathematicsisnice,asweseeintheseexamples.Butstoppingat

usefulnesspreventstheinvestigationofunderlyinglaw.Whateverwelearnof

transformationofrootsmustbeappliedsynergisticallytotherevelationoflaw.
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T4Rootsasmthpowersofrootsofgiveneqn

α,β,γ,…rootsoff(x)=xn-axn-1+bxn-2+⋅⋅⋅=0.αm,βm,γm,…transformedroots.S₁,S₂,…

sumsofpowersofrootsoffandσ₁,σ₂,…thesamesumsforthetransformedeqn.Then

σ₁=Sm,σ₂=S2m,σ₃=S3m,….Thenifthetransformedeqnis

f(y)=yn-Ayn-1+Byn-2-Cyn-3+⋅⋅⋅

theA,B,C,…canbefoundbyNewton'sformulaofsumsofpowersofrootsabove.Since

A=Smandarealrootoff(y)isthemthpowerofarootoff(x)andthesecondterm

dividedbynistherationalpartofthegeneralformulafortheroots,thenSm/nisthe

rationalpartofthemthpowerofanyroot.Andthispartisavailabletousinanyeqn.

Wecangoatallthisinreverse.

Examples

1)α+β½generalrootofx²-ax+b=0

Rationalpartofα+β½ =α,of(α+β½)²=α²+β

S₁=aS₂=a²+2b

∴α=a/2 α²+β=(a²-2b)/2∴β=a²/4-b

2)α1/3+β1/3generalrootofx³+ax-b

Ifα1/3irreducible,soisα2/3∴rationalpartofα1/3+β1/3is2(αβ)1/3∴αβperfectcube

S₂=-2a∴rationalpart=S₂/3∴(αβ)1/3=-a/3

Rationalpartof(α1/3+β1/3)²isα+βsince3α2/3β1/3=3(αβ)1/3α1/3∈R-Qas(αβ)1/3∈Q

S₃+aS₁-3b=0∴S₃=3b∴α+β=b

∴αβ=-a³/27-α+β=b

Sowhen(αβ)1/3∈Q,α,β=b/2±√(b²/4+a³/27)whereαgetsuppersignandβlower

T5Rootsasfnsofgivenfn'sroots

Givenf(x)withrootsα,β,γ,…andsomefnF(x),wewantf(y)withrootsF(α),F(β),…

Eliminatexbetweeneqnsf(x)=0andy-F(x)=0usingEuclid'sAlgorithmandtheeqn

iny,independentofx,istherequiredeqn.

OR

LetF,F',F",…=0thenforx=0,F(x)=F(0)+F'(0)x+F"(0)x²/2!+⋅⋅⋅

Then,againwiththesameSiandσi
σ₁=nF(0)+F'(0)S₁+F"(0)S₂/2!+⋅⋅⋅

σ₂=n(F(0))²+2F(0)F'(0)S₁+((F'(0))²+F(0)F'(0))S₂+⋅⋅⋅

andwecanusethesewithProp.7.20tocalculatethecoeffsofthetransformation.

Hereiftheoriginalandthetransformedeqnshavethesamecoeff,theyhavethesame

roots.SoforeveryrealrootαthereisarootF(α).Andifdegreeisodd,onerootisthe

solnofF(α)-α=0foundbyEuclid'sAlgorithmonf(x),F(x)-x.Factorthisout,letz=

F(x)+xandthetransformedeqn'sdegreeisreducedbyhalf.
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T6Rootsassquaresofdifferencesofroots

Here'sanideathatwillcomebacktohauntus.Let'sintroduceitusingasimplecubic

example.Thiscanbedonewitheqnsofanydegree,whichbecomesgeometrically

hairierasyoujackupthedegree.Let'stransform

x³+qx+r=0 [1]

(notethemissing2dterm)withrootsa,b,c,intoanothereqnwhoserootsarethe

squaresofthedifferencesofthese.Weknow:

a+b+c=0 ab+bc+ca=q abc=-r∴a²+b²+c²=-2q

Therequiredrootsare(a-b)²,(b-c)²,(c-a)²

(a-b)²=a²-2ab+b²

=a²+b²+c²-2ab-c²

=a²+b²+c²-2abc/c-c²

=-2q+2r/c-c² [2]

∴wheny=1andx=c⇒y=(a-b)²Sym.for(b-c)²,(c-a)²

Soweeliminatexin[1],[2]

∴x³+qx+r=0

x³(2q+y)x-2r=0

(q+y)x-3r=0

∴x=3r/(q+y) [3]

Sub[3]→[1]⇒y³+6qy²+9q²y+27r²+4q³=0 [4]

∴27r²+4q³>0⇒[4]hasarealroot>0∴[1]hastwoi-roots

27r²+4q³=0⇒[4]hasoneroot=0∴[1]hastwoequalroots

Nowlet'sdothesamethingwith

x³+px²+qx+r [5]

x=x'-p/3∴(x'-p/3)³+p(x'-p/3)²+q(x'-p/3)+r=0

Or,fromT1,

x'³+q'x'+r'=0 [6]

q'=q-p²/3 r'=2p³/27-pq/3+r

Eachrootof[2]exceedsthecorrespondingrootof[5]byp/3

∴thesquaresofthedifferencesoftherootsof[6]arethesameasthesquaresofthe

differencesofthesamein[1].SobythefirstT6exampletherequiredeqnis

y³+6q'y²+9q'²y+27r'²+4q'³=0

whichis

y³+2(3q-p²)y²+(3q-p²)y+[(2p³-9pq+27r)²+4(3q-p²)³]/27=0 [7]
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Ifa,b,carerootsof[1],wehave

(a-b)²+(b-c)²+(c-a)²=-2(3q-p²)

(a-b)²(b-c)²+(b-c)²(c-a)²+(c-a)²(a-b)²=(3q-p²)²

(a-b)²(b-c)²(c-a)²=-1/27[(2p³-9pq+27r)²+4(3q-p²)³]

Thoselasttwo(andassortedotherbits)werefromTodhunter'sTheoryofEquations
(1880).TheMurphytext(1839)wasTodhunter'sgo-tobookforsomeoftheseideas.

Todhunteralsorecommended,inaslyway,readingHargreave,whichwewillgetto

afterMurphy.Murphyapproachesthissquaresofdiffsideainamoregeneralway.

Given[5]foraneqnofanydegree,wearetoprovidethefinalconstanttermofits[7].

φx=0,n°withrootsα,β,γ,…

∴φ'x=(x-β)(x-γ)⋅⋅⋅+((x-α)(x-γ)⋅⋅⋅+(x-α)(x-β)(x-δ)⋅⋅⋅

∴φ'(α)=(α-β)(α-γ)(α-δ)⋅⋅⋅

φ(β)=(β-α)(β-γ)(β-δ)⋅⋅⋅

andsoon

∴φ'(α)φ'(β)φ'(γ)⋅⋅⋅=-1n(n-1)/2(α-β)²(α-γ)²(β-γ)²⋅⋅⋅

andthisistherequiredfinalterm.Thisproductisasym.fnoftheroots.Soitcanbe

expressedbymeansofthecoeffsofthegiveneqnandalsobyφ'xinthefollowingway:

Rootsφ'xareα₁,β₁,γ₁,…

∴φ'x=n(x-α₁)(x-β₁)(x-γ₁)⋅⋅⋅

∴φ'(α)φ'(β)φ'(γ)⋅⋅⋅=nn(α-α₁)(β-α₁)(γ-α₁)⋅⋅⋅(α-β₁)(β-β₁)(β-γ₁)⋅⋅⋅

(α-α₁)(β-α₁)(γ-α₁)=(-1)nφ(a₁)

(α-β₁)(β-β₁)(β-γ₁)=-(-1)nφ(β₁)

⋅⋅⋅whichallleadsto

φ'(α)φ'(β)φ'(γ)⋅⋅⋅=nnφ(α₁)φ(β₁)φ(γ₁)⋅⋅⋅

CubicsandQuartics

Wegonowtocubicsandquarticsandseeevenmoreofhowtheformofnumberis

revealedbyφ'andφ".Inorderthataneqnhavetwoequalroots,acertainrelationof

thecoeffsisnecessary.Andthisisthatthelasttermin,forexample,[1]above,that

thelasttermof[4]aboveequals0asTodhunterjusttoldus.

Soforφx=0tohavetwoequalroots,allrootsbeingα,β,γ,…,wemusthave

φ'(α)φ'(β)φ'(γ)⋅⋅⋅=0.Andifwecalltherootsofφ'x=0α',β',γ',…,thisisthesameas

φ(α')φ(β')φ(γ')⋅⋅⋅=0,which,forcomputation,hasfewerfactors.Aquadraticexample

ofthisistooeasy,evenforlazypeoplelikeme.Let'sdoacubicsoIwon'tbeaccused

ofalwaysbeinglazy.
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Example

Conditionforacubictohavetwoequalroots.

φx=x³+ax²+bx+c φ'x=3x²+2ax+b

or(x²+2a/3)(x+b/3)=(x-α')(x-β')asabove

Wemusthave

(α'³+aα'²+bα'+c)(β'³+aβ'²+bβ'+c)=0

=α'³β'³+aα'²β'²(α'+β')+bα'β'(α'²+β'²)+c(α'³+β'³)+a²α'²β'²+abα'β'(α'+β')+

ac(α'²+β'²)+b²α'β'+bc(α'+β')+c²=0

Putb/3forα'β',collectthetermsthatmultiplythesamesumsofpowersofα'β'⇒

(10b³/27+a²b²/9+c²)+(4ab²/9+bc)(α'+β')+

(b²/3+ac)(α'²+β'²)+c(α'³+β'³)=0 [5]

whereα'+b'=-2a/3α'²+β'²=4a²/9-2b/3 α'³+β'³=-8a³/27+2ab/3

Subthese→[5]andtherequiredconditionis

c²+2ac/27⋅(2a²-9b)+b²/27⋅(4b-a²)=0 [6]

Whenc=0,[4]=x(x²+ax+b)=0andthen[6]=b²(4b-a²)=0,theRHTbeingthe

conditionthataquadraticeqnhasequalroots.(Islippedthatinlazily.)Andifa=0

then[6]=c²+4b²/27=0.

Thisideawehavebeenplayingwithprovidesageneralmethod,usingsummationand

seriesofnaturallogs,toeliminatexbetweenφx+y=0andF(x)whenφ,Fifns.Ileave

thistoyourcuriositybecauseitislengthyandifyouwerenotcurious,youcouldn't

standtoreaditanyway.

Murphynexttreatsofsolnsofcubiceqns.Butthisisreallythestudyofsolnsby

radicalswhichonlyworksforeqnsofdegreelessthan5,asweallknowbynow.This

methodofsolnprovideuswiththecubic(andquartic)equivalentof

x=(-b±√(b²-4ac)/2a

andifyouwishtoseetheseformsderived,knowingthemethoddeadendsatdegree

four,goforit.Hereletusseewhatthisdead-endedmethodsaysabouttheformof

number.BackinDME,welearnedthatx³-1=0isx³=1anditsrootsarethecubic

rootsofunity:1,ω,ω²(thesebeingshort-handforthenumericalvalues).Then∀k∈R,

ifx³=k,rootsare1⋅k1/3,ωk1/3,ω²k1/3andthisworksfor∀n∈N,xn=k.

ThesolnbyradicalsusedT1abovetoremovethesecondtermofacubic.Soallcubics

werereducedtox³+ax+b.Herexisnolongerasimplecuberoot.itisthesumof

twocuberootsor

x=p1/3+q1/3
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Andbylookingatxinthisway,weget

x³=p+3p2/3q1/3+3p1/3q2/3+q

=(p+q)+3(pq)1/3(p1/3+q1/3)

Thisalsogivesus

ax+b=b+a(p1/3+q1/3)

∴ (p+q+b)+(3(pq)1/3+a)(p1/3+q1/3)=0

Herewehavetwovariablesp,q.Sowecanforceazerobyrequiring,asasecondeqn

inthissystem,that

(pq)1/3=-a/3

Yougetwherethatcamefrom,right?Sopandqcanbedeterminedby

p+q=-b

pq=-a³/27

Thisisequivalentto

p²+2pq+q²=b²

4pq=-4a³/27

andweendupwith

p,q=b/2±√(b²/4+a³/27)wherephasuppersignandqlower.

Wecanthenusethispandqtosayx=p1/3+q1/3andthengetanarithmeticalvalue.

Andwecomputeonxfromthat,factoritoutofthecubictogetaquadratic,whichany

high-schoolstudentcansolve.Duetoourforcingfn,ourthreerootsendupbeing:

x₁=p1/3+q1/3 x₂=ωp1/3+ω²q1/3 x₃=ω²p1/3+ωq1/3 [7]

Twothingsstrikemeasfortuitousinallthis.One,thatxhappenstobethesumoftwo

cuberoots,andtwo,thattheforcingoftheRHTtozerosufficestoputusinaplace

whereweonlyneedtoputp+q=-b."Fortuitous"isperhapsnottherightwordbut,in

termsofsolutions,itisclose.Let'slookcloser.Wedeterminedabovethat

b²/4+a³/27=0

meansthatacubichastwoequalroots.Sothen

p=q=b/2=√(-a³/27)∴x₁=2√(-a/3)x₂=x₃=-√(a/3)

Afewremarks.From[7]x₁+x₂+x₃=(1+ω+ω²)(p1/3+q1/3)
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ButRHS,LHT=0∴x₁+x₂+x₃=0

Bymultiplyingpairsofrootswederive:

x₁x₂+x₁x₃+x₂x₃=3(ω+ω²)p1/3q1/3=-3(pq)1/3

confirming(pq)1/3=-a/3.Then

x₁x₂x₃=p+(1+ω+ω²)(p2/3q1/3+p1/3q2/3)+q=p+q

Thusfartheformofnumber.Mathematiciansbeingwhatthearehavepushedallthis

sofarthatforanyx³+ax²+bx+cyoucangetanactualxbypluggingthingsintoa

formulathatfillsfourlinesinatextlikeMurphy's.They'vegotoneforquartics,too.

Veryhandyifyouneedanactualx.Notinherentlyinterestingotherwise.Murphy's

examinationofthequarticshowsSimpson'sandEuler'smethods,whichareinfact

algebraicallyinteresting.Butoverallhisexpositionisconfinedtothisdead-ended

solnbyradicalsandextendstheabovecubicobservationsofrootsandsuchtothe

quartic.

Butforbothcubicsandquarticswithequalroots,hehasanapproachtosolutionthat

usesφandφ'whichweshouldlookatbeforewegoon.Wewilllookatthecubic

versionwhichismoreconducivetolaziness.Letφx,3°havetwoequalroots.

φ=x³+ax²+bx+c=0

φ'=3x²+2ax+b=0

Eliminatexandarrangeinpowersofc,andwehave,inhisnotation:

[φ,φ']=c²+2ac/27⋅(2a²-9b)+b²/27(4b-a²)=0

Ifwecompare[φ,φ']tothequantityunderthe√intheelidedlonggeneralsolnofφ,

thelatteris¼[φ,φ']andyounowhaveareasontolookintothattediouslylong

generalsoln.Wewillhavequiteabitofinvestigationintothe√whichappearsin

solutions.Sodogolookitup.Anyalgebratextbutthisonewilldo.

Nowletφhavethreeequalroots.Thenitsconstanttermisaperfectcubeandx=-a/3.

Here,everythingunderthebig3√inthegeneralsolnvanishesandtheadditional

necessaryconditionforthreeequalroots,φ"being6x+2a,wehavetheconditionof

[φ,φ"]=0as:

[φ,φ']=c-ab/3-2a²/27

wherethehighestpowerofcisunity.Here,thatbitunderthe√is½[φ,φ']andwhat

wehaveinthiscaseis

x=-a/3+(½[φ,φ"]+½[φ,φ'])1/3+(½[φ,φ"]-½[φ,φ'])1/3
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Further,iftherootsareα,β,γ,theexistenceofφ=0∧φ'=0isφ'(α)φ'(β)φ'(γ)=0and

thecoeffofc²=(αβγ)²hereisunity

∴ [φ,φ']=1/27φ'(α)φ'(β)φ'(γ)

[φ,φ"]=φ"(α)/6⋅φ"(β)/6⋅φ"(γ)/6

φ'(α)=(α-β)(α-γ)andSym.fortheothertworoots.

∴ [φ,φ']=-1/27[(α-β)(β-γ)(γ-α)]²

Furtherφ"(x)/6=x+a/3=x-(α+β+γ)/3

∴ [φ,φ"]=1/27(2α-β-γ)(2β-α-γ)(2γ-α-β)

Sym.forallthiswithaquadratic

φ=x²+ax+b

φ'=2x+a

Eliminatexsothatthehighestpowerofbisunity

∴ [φ,φ']=b-a²/4

x=-a/2+√-[φ,φ']

[φ,φ']=φ'(α)/2⋅φ'(β)/2=-(β-α)²

Ifanyofthisissuggestivetoyou,Murphypursuesalloftheseideasforcubicsinto

quartics.Thevolumeofalgebraiccomputationincreasesbyaboutafactorofthree

whenyougofromcubictoquartic.SoIleavetheseexpansionstoyourcuriosityand

wecanbecomputationallygratefulthatsolnbyradicalsisnotapplicabletoquintics

andabove.Idoubtifasupercomputercould,ifitwerepossible,solvemuchmorethan

a19°eqnbyradicals.Computationisclearlynotthepointinmathematics.

RootsofUnity

Prop.7.21.Withtwobinomialeqnsxa=1,yb=1andp(a,b)⇒Unityistheonly

commonroot.

Proof

p(a,b)⇒∃A,B∈Z:aA-bB=±1

∴aa=1⇒xaA=1∧xb=1⇒xbB=1

∴ifαiscommonroot⇒bydivisionαaA-bB=1

∴α=1±1=1istheonlypossiblecommonroot■
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Prop.7.22.α≠1isrootofxm=1,mprime,∀p⋅|⋅(1,m)⇒αpalsorootfoxm=1

Proof

αm=1∴αp̂m=1p=1∴αpisaroot

p,q<m⇒αp,αqroots

Elseq<p∧αp=αq⇒aq-p=1

∴αrootofyq-p=1↴becauseq<p∴p(q,m)■

Cor.1.m-1quantitiesα,α²,α³,…,αm-1arerootsofxm=1and,withunity,theseareall

theroots.

Cor.2.modd,unitytheonlyrealroot;meven±1onlyrealroots

Thisisagoodplacetorecall,fromDME,thattherootsofunityxm=1arethepointson

theplanearoundtheoriginformingaregularm-gon.Thisallowsyoutopicturethe

truthofCor.2.

Prop.7.23.mprimeandrootofxm=1⇒∀qfnofφaisreducibletoform

A+Ba+Ca²+⋅⋅⋅+Pam-1

Proof

1)Ififntermsofhigherpowerthanm-1,itisreducible,i.e.ifam=1⇒am+1=aandsoon.

2)IfφhasformF(a)/φ(a)whereF,φifnthisisequivto

F(a)φ(a2)φ(a3)⋅⋅⋅φ(am-1)/φ(1)φ(a)φ(a2)⋅⋅⋅φ(am-1)

wheredenomissym.fnofrootsofxm=1andisnumericalsoitbecomesanifn

∴bypart1)itisreducible.

3)Ifφqfnwecanreducetoifn.■

Notethatthesumoftherootsortheirsimilarpowersisalwayszerowhenindex

!divbymandsumequalsmifindexdivbym.Also,takethetimetograspthe

significanceofafnbeingasym.fnoftherootsofaneqn.Thisideawillbebuiltupon.

Prop.7.24.a,b,c,…prime⇒rootsofxa+b+c+⋅⋅⋅=1aretermsof

(1+α+α2+⋅⋅⋅+αa-1)(1+β+β2+⋅⋅⋅+βb-1)(1+γ+γ2+⋅⋅⋅+γc-1)⋅⋅⋅

whereαisarootofxa=1andsoforth.

Cor.1.Thisholdsifa,b,c,…arepowersofprimenumbers.

Ifp(p,a)weknowthatap-1-1isdivbypfromFermat.Further(q<p-1)∧(ap-1divbyp)

⇒p-1divbyq.Ifacausesnosuchnumbersasqtoexistthenaisaprimitiverootofp.

p a≡prim.root

3 2

5 2,3

7 3,5

11 2,6,7,8

andsoon
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Thm.7.1.a≡primitiverootofp⇒dividinga,a²,a³,…,ap-1bypleavesdifferent

remainders.

Proof

Elseam,am'havesameremainder(m>m')

∴am-am'divbyp

∴am-m'-1divbypandp(am',p)↴becauseaisnotsomeremainder≡primitiveroot■

Prop.7.25.αrootofxp=1,α∈C-R,pprime,αprimitiverootofp⇒allrootsare

1,αα,αα̂2,αâ3,…αα̂(p-1)

Proof

Letαmbetheindexofanyelementinthisseries.

Divideαmbyp.Letthisquotientbec,remainderr.

∴αm=cp+r

∴αα̂m=(αp)c⋅αr=αr

Byabover∈{1,2,3,…,(p-1)}∴seriesreorderedis1,α,α2,…,αp-1

∴Thesearealltheroots.■ Notethathereαp-1=α.

Withthisformofprimenumbersnaileddown,Euler,Lagrange,andGausspursued

theseideasintofunctions.Tofollowthem,wewillactuallyneedthisnextweirdthing.

Fromxp=1,wehaveitsrootsα,αα,…,αα̂(p-2)asaboveandfromyp-1=1,wehaveits

roots1,ω,ω²,…,ωp-2wheretheseareitsrootsofunity.And(weirdly,butyou'llsee

whyinaminute)wewantthesumoftheseterms'products:

V=1⋅α+ω⋅αα+ω²⋅αα̂2+⋅⋅⋅+ωp-2αα̂p-2

NowVp-1isafnofα,αα,…,whichdoesnotchangeifweswapααforα(oranysimilar

adjacentswap--thinksubstitutiongroup).SubααforαandVbecomesV1.Thenα=

ωp-1αα̂p-1 ∴Vp-1=V1
p-1.Soforanyswapofadjacenttermswegetthissamekindof

resultwhereVp-1=Vi
p-1.Andifωshouldhaveapowergreaterthanp-2,wecan

depressitasωp-1=1,ωp=ω,andsoon.SoifVp-1hasform A1+ωA2+ω
2A3+⋅⋅⋅+ω

p-

2Ap-1thenbecauseV
p-1neverchanges,neitherdotheAi.

IfweexpressAiintermsofα
m:

A1=a1+b1α+c1α
α+⋅⋅⋅+p1α

α̂(p-2)

Subααforα

A1=a1+b1α
α+c1α

α̂2+⋅⋅⋅+p1α
α̂(p-1)

∴b1=c1,c1=d1,…p1=b1

∴A1=a1+b1(α+α
α+αα̂2+⋅⋅⋅+αα̂(p-2))
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Herea1isindependentofαandb1isanycoeffwechoose.Sotheseareknown.And

1+α+α2+⋅⋅⋅+αp-1=0∴A1=a1-b1 A2=a2-b2 A₃=….SoVp-1iscompletelyknown

andwecanderiveV1.Becausep-1isnotprime,wecanuseitsfactorstoreducethe

rootsofunitytogetV1.Let'sshowthisVstuffinuse.Forsomeprimep,wewantall

therootsofxp=1.Then

1,ω1,ω2,…,ωp-2aretherootsofy
p-1=1

V0=α+α
α+αα̂2+⋅⋅⋅+αα̂p-2

V1=α+ω1α
α+ω1

2αα̂2+⋅⋅⋅+ω1
p-2αα̂p-2

V2=α+ω2α
α+ω2

2αα̂2+⋅⋅⋅+ω2
p-2αα̂p-2

⋅⋅⋅

Vp-1=α+ωp-2α
α+ωp-2

2αα̂2+⋅⋅⋅+ωp-2
p-2αα̂p-2

V₀=-1.V₂andV₃arederivedfromV₁bysubbingω₂orω₃forω₁.AndcalculatingV₁

asabovedeterminestheothers.

∴ V₀+V₁+V₂+⋅⋅⋅+Vp-2=(p-1)α

V₀+ω1
p-1V₁+ω1

p-1V₂+⋅⋅⋅+ω1
p-1Vp-2=(p-1)α

α

V₀+ω1
p-2V₁+ω1

p-2V₂+⋅⋅⋅+ω1
p-2Vp-2=(p-1)α

α̂2

⋅⋅⋅

Allofthisleadstocalculatingthenumericalvalueofroots.Applyingittox⁵=1:

4α=-1+√5+4√(-15+20i)+4√(-15-20i)

Therationalpartoftherootsofaneqnisthecoeffofthesecondtermdividedbythe

degree.Here(x⁵-1)/(x-1)hasrootsα,α²,α³,α⁴andfor

x⁴+x³+x²+x+1=0

therationalpartoftherootsis-1/4.Wecansimplifytheabove,thankstoLagrange

andwewillgointohisworkinordertopursuethisalittlefurther.Becausepisprime,

p-1iscompound.Letp-1equalc⋅bwithc,bprimes.Letω≠1berootofzc=1thenωis

arootofyp-1=1.ThenViscomposedofthesenextbtermswherepowersofωoccur

inthesameorder:

U₀=α+αα̂c+αα̂2c+⋅⋅⋅+αα̂(b-1)c+1

U₁=αα+αα̂c+1+αα̂2c+1+⋅⋅⋅+αα̂(b-1)c+2

U₂=αα̂2+αα̂c+2+αα̂2c+2+⋅⋅⋅+αα̂(b-1)c+2

⋅⋅⋅

Uc-1=α+α
α̂c-1+αα̂2c-1+⋅⋅⋅+αα̂p-2

Inthis,VbecomesU₀+ωU₁+ω²U₂+⋅⋅⋅+ωc-1Uc-1andV
cbecomesourunchangingfn.

Letω'bearootofub=1thenwehave

U=α+ω'αα̂c+ω'2αα̂2c+⋅⋅⋅+ω'b-1αα̂(b-1)c
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andubislikeourearlierVp-1forgettingvaluesofα,αα̂c,andsoon.

Example

xμ=1≡x⁵-1=0

μ-1=4∴c=2,b=2ω,ω'rootsofy²=1(alsoy⁴=1)

Theprimitiverootfor5is2(youcanalwaysusethefirstoneiftherearemore)

αisarootofx⁵=1.

∴V=α+ωα2+ω2α2̂2+ω3α2̂3

=(α+α⁴)+ω(α²+α³)

=U₀+ωU₁

∴V²=(U₀²+U₁²)+2ωU₁U₂

U₀=α+α⁴ U₀²=α²+α³+2

U₁=α²+α³ U₁²=α⁴+α+2

∴U₀²+U₁²=4+α+α²+α³+α⁴=3

U₀U₁=α³+α+α⁴+α²=-1

∴V²=3-2ω

Letω=-1

∴V₀=α+α²+α2̂2+α2̂3=-1=U₀+U₁

V₁=α+ωα²+ω²α2̂2+ω³α2̂3=√5=U₀-U₁

∴2U₀=-1+√5 2U₁=-1-√5

NowwedotheU=α+ω'α2̂2whereω'=ω=-1

U²=(α+ω'α⁴)²=α²+ω'²α³+2ω'

α²+α³=U₁=½(-1-√5) 2ω'=-2

∴U²=½(-5√-5)∴α-α⁴=√(½(-5-√5))α+α⁴=½(-1+√5)

That'sthesortofthingLagrangedevelopedthisfor.Again,aswithVp-1etc.,wehave

analgebraicmethodfordeterminingthenumericalvalueofrootsforx⁵=1.Thisidea

isalsousedbyLagrangetofindtherootsofmoregeneraleqns.Herewearelooking

attheformofnumberasGaloisfoundit.Letxi[1-n]berootofann°eqnandωbea

rootofyn=1and

V=x₁+ωx₂+ω²x₃+⋅⋅⋅+ωn-1xn

Ifwepermutetheroots--inourearliernotation,(x₁,x₂,x₃,…,xn)--asasubstitution

group,wehave

Vn=X₀+ωX₁+ω²X₂+⋅⋅⋅+ωn-1Xn-1

wheretheXidonotchangeunderthesubstitutions.ThevaluesofVnunderthese

substitutionsare

V₀=x₁+x₂+x₃+⋅⋅⋅+xn

V₁=x₁+ωx₂+ω²x₃+⋅⋅⋅+ωn-1xn

V₂=x₁+ω²x₂+ω⁴x₃+⋅⋅⋅+ω2n-2xn
⋅⋅⋅

Vn-1=x₁+ω
n-1x₂+ωn-2x₃+⋅⋅⋅+ωxn
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V₀isourfn'ssecondcoeffwiththesignchanged.Ifweaddthese,aftermultiplying

eachbythepoweroftherootsofunitysupplementarytonregardingtherootweare

goingafter,wehave

nx₁=V₀+V₁+V₂+⋅⋅⋅+Vn-1

nx₂=V₀+ωn-1V₁+ωn-1V₂+⋅⋅⋅+ωVn-1

nx₃=V₀+ωn-2V₁+ωn-4V₂+⋅⋅⋅+ω²Vn-1
⋅⋅⋅

nxn=V₀+ωV₁+ω²V₂+⋅⋅⋅+ω
n-1Vn-1

Ifoureqnisxn-1-axn-2+bxn-3-⋅⋅⋅=0then

a=V₁n+V₂n+⋅⋅⋅+Vn-1
n

b=V₁nV₂n+V₁nV₃n+⋅⋅⋅+Vn-2
nVn-1

n

⋅⋅⋅

Example

x³-Ax²+Bx+C rootsx₁,x₂,x₃

V=x₁+ωx₂+ω²x₃

V³=X₀+ωX₁+ω²X₂

X₀=x₁³+x₂³+x₃³+6x₁x₂x₃

X₁=3(x₁²x₂+x₂²x₃+x₃²x₁)

X₂=3(x₂²x₁+x₃²x₂+x₁²x₃)

X₁,X₂arecoeffsofaquadraticwhereX₁+X₂andX₁X₂aresym.fnsofitsroots

∴V₀=x₁+x₃

V₁=x₁+ωx₂+ω²x₃

V₂=x₁+ω²x₂+ωx₃

ThesegivetherootsasV₁³andV₂³andarewhatVbecomeswhenforunitywesub

½(-1±√-3).

Thenextmethod,originatingwithBezout,isessentiallytheabovewithbinomialsand

usuallyfailswithpolynomialswhicharenotbi.Butlet'sviewitasaglimpseofthe

clockworkunderlyingeqns.Wewanttherootsofann°φxwithcoeffofxn=1.Anf(y)

isanyn°eqninywithrootsyi[1-n]whichareknownquantities.Letx=F(y)whereF

hasncoeffssothatφxistheresultineliminatingyinf(y)=0andx-F(y)=0.Soour

F(y)is(n-1)°.Wehave

(x-F(y₁))(x-F(y₂))(x-F(y₃))⋅⋅⋅(x-F(yn))=φx

∴ln(1-F(y₁)/x)+ln(1-F(y₂)/x)+⋅⋅⋅ln(1-F(yn)/x)=ln(φx/x
n)

Letφx/xn=A₁/x+A₂/x²+A₃/x³+⋅⋅⋅and

F(y₁)+F(y₂)+⋅⋅⋅+F(yn)=S₁

(F(y₁))²+(F(y₂))²+⋅⋅⋅+(F(yn))²=S₂

⋅⋅⋅

∴-(S₁/x+½S₂/x²+⅓S₃/x³+⋅⋅⋅)=A₁/x+A₂/x²+A₃/x³

Anddoingourcoeffsofequalseriesthing:S₁=A₁S₂=-2A₂S₃=-3A₃… Sn=-nAn
TheseareneqnsbetweennunknowncoeffofF(y).Determine(goodluck)thesecoeffs

andourrootsarex₁=F(y₁),x₂=F(y₂),⋅⋅⋅,xn=F(yn)
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Example

φx=x³+ax+b=0

f(y)=y³-1=0 roots1,ω,ω²

x=qy+ry²

∴(x-(q+r))(x-(qω+rω²))(x-(qω²+rω))=x³+ax+b

∴ln(1-(q+r)/x)+ln(1-(qω+rω²)/x)(1-(qω²+rω)/x)

=ln(1+(a/x²+b/x³))=a/x²+b/x³-½a²/x⁴⋅⋅⋅

∴(q+r)²+(qω+rω²)²+(qω²+rω)²=-2a

(q+r)³+(qω+rω²)³+(qω²+rω)³=-3b

Thenas1+ω²+ω⁴=1,1+ω³+ω⁶=3,theseare

3qr=-a

q³+r³=-b

andwesolveforqandr.

MoreSolutionsofEquations

WithMurphy,weareonthecuspofGaloisTheory,whichwewillnotdealwithinthis

textbeyondthisnext"longstory(waytoo)short":For,say,a4°eqn,wehavetheperm

oftheroots(x₁x₂x₃x₄).IfthisformsthegroupG₄,whichcanbereduceddownthrough

G₃andG₂toG₁,wecansolvebyradicals.Thisisalwayspossiblefordegreesup

throughfour.Itbreaksdownonquinticsandalltheoldattemptsforageneralsoln

hadtofail.Beinghuman,weneedanother,evenmoreradicalsolutionthanourby

radicals,approach.Solet'slookatacoupleofapproacheswhichwerefoundto

sometimesworktoseewhatwecansee--theothersideofthemountain,ifnothing

else.

Thm.7.2.Denotex(x-h)(x-2h)⋅⋅⋅(x-(n-1)h)as[x]n.ThesenfactorsareinA.P.⇒

[x+y]n=[x]n+n[x]n-1[y]+n(n-1)/2![x]n-2[y]²+n(n-1)(n-2)/3![x]n-3[y]³+⋅⋅⋅

wherethespecialcaseofh=0givesustheBinomialTheorem.

Ileavetheprooftoyourcuriosityandyoushouldbecurious.Let'sseethisinuse.

Example

[x]²+ax=b orx(x-h)+ax=b

add[a/2]²toeachside

∴[x]²+ax+[a/2]²=b+[a/2]²

∴[x+a/2]²=b+[a/2]²whereLHT≡(x+a/2)(x+a/2-h)

…suchinthiscaseisthesimpleeqntowhichtheproposedquadraticisreducible.
Thusitwillbeseenthatthesolnofeqnsinthealgebraicsenseconsistsinreducing
them tobinomialsofaparticularform andthatform hastheadvantagewhich
containsonlypurepowersoftheunknownquantity;butthequestionadmitsof
extensiontoanyformoffninwhichxmayberegularlyinvolved.

Rememberthat.Murphy,likeChrystal,alsosolveseqnsbyseries.Let'slookathis

methodandhisfirstandsimplestexample.
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Thm.7.3.Takeφx,arrangeinascendingpowersofxandmakethecoeffofx¹equal

unity.Thentakethelnofthefn.Takethecoeffof1/xineachtermandthisinfinite

sumwithsignchangedisarootofthefn.

Proof

φx=A(x-α)(x-β)(x-γ)⋅⋅⋅whereAisindependentofx

=A'(x-α)(1-x/β)(1-x/γ)⋅⋅⋅whereA'=A(-β)(-γ)⋅⋅⋅

∴φx/x=A'(1-α/x)(1-β/x)(1-γ/x)⋅⋅⋅

lnφx/x=lnA'+ln(1-α/x)+ln(1-β/x)+⋅⋅⋅

∴ln(1-α/x)=-α/x-½α²/x²-⅓α³/x³+⋅⋅⋅

Andthecoeffof1/xis-αwhichistherootwiththesignchanged■

Example

Givenx²+ax+bfindrootα

φx/x=a+x+b/x

ln(φx/x)=lna+ln(1+z)wherez=1/a(x+b/x)

∴-α=coeffof1/xinz-z²/2+z³/3+z⁴/4+⋅⋅⋅

coeffof1/xinz=b/a

inz³=3b²/a³

inx⁵=10b³/a⁵

andsoonand1/xdoesnotappearinevenpowersofz

∴α=-(b/a+b²/a³+2b³/a⁵+5b⁴/a⁷+⋅⋅⋅)

Thegeneraltermz2n+1/22n+1anditscoeffof1/xis

(2n-1)(2n-2)(2n-3)⋅⋅⋅(n+2)/n!⋅bn+1/a2n+1

∴α=-(b/a+b²/a³+4/2b³/a⁵+6⋅5/2⋅3b⁴/a⁷+⋅⋅⋅)

Ifweconsiderx=-a/2+√(a²/4-b),thesolnbyradicals,

=-a/2+a/2(1-1b/a²)1/2

=a/2(1/24b/a²+1⋅1/2⋅4(4b/a²)²+1⋅1⋅3/2⋅4⋅6(4b/a²)³+⋅⋅⋅)

LetSnbethenthtermofeitheroftheseseries.Then

Sn=(2n-1)(2n-2)(2n-3)⋅⋅⋅(n+2)/n!⋅b
n+1/a2n+1

Sn-1=(2n-2)(2n-3)(2n-4)⋅⋅⋅(n+1)/n!⋅b
n/a2n-1

∴ Sn=2n(2n-1)/(n+1)n⋅b/a²⋅Sn-1
=(1-1/2n)/(1+1/n)⋅4b/a²⋅Sn-1

n→∞,if4b>a²,Sn>Sn-1andseriesdiverges∴i-roots

Let'slookattherootsα,β(α<β)whenseriesconverges:

α+β=-a αβ=b

∴ root=αβ/α+β+α²β²/(α+b)³+2α³β³/(α+β)⁵+⋅⋅⋅

∴ αβ/(β+α)=αβ(β+α)-1=α(1-α/β+α²/β²+α³/β³+⋅⋅⋅)

andthisseriesconverges.

EndofExample
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Murphyusesalloftheselastfewideastofindaninversefnofφx.

Letφ(h)=x⇒h=φ-1(x)

∴h=(x-φ(0))⋅h/(φ(h)-φ(0))

Letx-φx=ξandx(φ(x)-φ(0))=f(x)∴h=ξf(h)

=ξf(h)+ξ²/2!(f(h)²)'+ξ³/3!(f(h)³)"+⋅⋅⋅

hisassumedtobezero.Therefore:

φ-1(x)=(x-φ0)[x/(φx-φ0)]+(x-φ0)²/2![(x/(φx-φ0)²]'+(x-φ0)³/3![(x/(φx-φ0)³]"⋅⋅⋅

wherex=0inthesquarebrackets.x→0,φx→0andφ-1(x)=

x[x/φx]+x²/2![(x/φx)²]'+x³/3![(x/φx)³]"+⋅⋅⋅

Example

φx=ax+bx²+cx³+dx⁴+⋅⋅⋅

x/φx=(a+bx+cx²+⋅⋅⋅)-1whereconsttermis1/a

(x/φx)²=(a+bx+cx²+⋅⋅⋅)-2wherecoeffxis-2ba-3

(x/φx)³=(a+bx+cx²+⋅⋅⋅)-3wherecoeffx²is1/2![(x/φx)³]"=-3ca-4+6b²a-5

andsoon∴φ-1(x)=x/a-bx²/a³+(2b²-ac)x³/a⁵+⋅⋅⋅

RecurringSeries

Murphy,andthesemathematicianshedrawsupon,makesgreatuseofrecurring

series.AbitofthiswillbeareviewofChrystal.Butnotmuch.

S=u₁+u₂+u₃+⋅⋅⋅+ux+⋅⋅⋅

whereuxisthegeneraltermandisthesumofsomenumberofprecedingterms

multipliedbyaconstant.Ifmisthenumberofconstants,thenweneedmarbitrary,

butoftenwell-chosen,termstobuildtherecurringseriesor2mquantitiesdefinea

recurringseries.ThesimplestrecurringseriesareinG.P.

Examples

1)Oneconstant3andoneterm2

S=2,6,18,54,162,…

2)Twoconstants1,3andtwoterms2,4

S=2,4,2⋅1+4⋅3,4⋅1+14⋅3,14⋅1+46⋅3,…

=2,4,14,46,152,…

3)Threeconstants-1,0,1andthreeterms1,2,3

S=1,2,3,-1⋅1+0⋅2+1⋅3,…

=1,2,3,2,0,-3,-5,-5,-2,3,8,10,…(We'llseethisoneagain.)
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ThesumoftworecurringG.P.seriesisarecurringserieswithtwoconstantsof

relation.Sotheseareuxwithconstantαandvxwithconstantβ.∴

wx=ux+vx
Weeliminatexinux+1=αux,vx+1=βvx,w=ux+vx∴

wx=ux+vx [1]

wx+1=ux+1+vx+1=αux+βvx [2]

wx+2=ux+2+vx+2==α²ux+β²vx [3]

Multiply[1]byλ'and[2]byλ"andequatethesumoftheseto[3]

∴wx+2=λ'wx+λ"wx+1whereα²=λ'+λ"αandβ²=λ'+λ"β

∴α,βarerootsofz²=λ'+λ"z

∴λ'=-αβandλ"=α+β

∴wx+2=-αβwx+(α+β)wx+1

Sowehavetwoconstants-αβand(α+β)andtwotermsu₁+v₁=w₁andαu₁+βv₁=w₂.

Example

ui=3,6,12,24,48,96,… α=2

vi=1,3,9,27,81,243,… β=3

wi=ui+vi=4,9,21,51,129,339,…

whereconstantsare-2⋅3=-6and(2+3)=5

21=-6⋅4+5⋅9 51=-6⋅9+5⋅21 andsoon.

Sym.with3G.P.series,constantsα,β,γgetuswx+3=λ'wx+λ"wx+1+λ'"xx+2where

λ'=αβγ,λ"=(αβ+βγ+γα),λ'"=α+β+γ.Ingeneral,withnG.P.series,wecanbuilda

Sym.proofinthisform.Leta',a",a'",…betheconstants,u',u",u'",…betheseries.

Thensummingtoseriesw:

wx=u'x+u"x+u'"x+⋅⋅⋅

wx+1=a'u'x+a"u"x+a'"u'"x+⋅⋅⋅

wx+2=a'²u'x+a"²u"x+a'"²u'"x+⋅⋅⋅

⋅⋅⋅

wx+n=a'
nu'x+a"

nu"x+a'"
nu'"x+⋅⋅⋅

Thentakenarbitraryconstantsλ',λ",λ'",…,usethemasabovemultiplyingeachlinei

byλi',sumthelines,equatesumton+1and

wx+n=λ'wx+λ"wx+1+⋅⋅⋅+λ(n)wx+n-1

andwefindthata',a",a'",…arerootsof

zn=λ'+λ"z+λ'"z²+⋅⋅⋅+λ(n)zn-1

andtheλiaregivenusbytherelationsofrootstocoeffs.
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SotheG.P.ofthesumofnG.P.shanaiconstantsandnterms:

w1=u'1+u"2+⋅⋅⋅

w2=a'u'1+a"u"2+⋅⋅⋅

⋅⋅⋅

wn=a'
n+1u'1+a"

n+1u"2+⋅⋅⋅

Ifmconstantsarethesame,thentherearen-m+1constantsinthisresult.Nowhereis

whyweevencareaboutallthis.Ifyouhavearecurringseries

u₁+u₂+u₃+⋅⋅⋅

andmultiplyittermbytermwithagivenseries

1+z+z²+⋅⋅⋅

youget

u₁+u₂z+u₃z²+⋅⋅⋅ [1]

andnowwehaveapolynomialwhichissubjecttothesenewtools.This[1]isthe

expansionofanifrac

a₀+a₁z+a₂z²+⋅⋅⋅+an-1z
n-1

1-λ'zn-λ"zn-1-⋅⋅⋅-λ(n)z

Thecoeffsof[1]arearecurringseries

a₀=u₁

a₁=u₂-λ(n)u₁

a₂=u₃-λ(n-1)u₁-λ(n)u₂

a₃=u₄-λ(n-2)u₁-λ(n-1)u₂-λ(n)u₃

⋅⋅⋅

an-1=un-λ"u₁-λ'"u₂-⋅⋅⋅-λ
(n)un-1

Andwecanturnthisaroundandfindtheifracifgiventhepolynomialorevenjustthe

firstbitofthepolynomial.

Examples

1)Findtheifracof2+4z+14z²+46z³+152z⁴+⋅⋅⋅

λ'=1λ"=3u₁=2u₂=4

a₀=2a₁=4-6=-2

∴(2-2x)/(1-z²-3z)
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2)Andfor1+2x+3x²+2x³-3x⁵-5x⁶-⋅⋅⋅

u₁=1u₂=3u₃=3λ'=-1λ"=0λ'"=1

a₀=1a₁=2-1=1a₃=3-1⋅2=1

∴(1+z+z²)/(1+z³-z)

Andthisleadsusbacktopartialfractions.Withourrooteqn:

φ(z)=C(z-α')(z-α")⋅⋅⋅(z-α(n))

whereαiarethenrootsandCisindependentofz.Letf(z)be

A₀+A₁z+A₂z²+⋅⋅⋅+An-1z
n-1

withnconstants.Supposeweuseacommondenomtoadd

A'/(z-α')+A"/(z-α")+⋅⋅⋅+A(n)/(z-α(n))

wheretheAprimesarenottheAi'sinf.Thecommondenombecomes1/C⋅φ(z)and

thenumis

A'(z-α")(z-a'")⋅⋅⋅+A"(z-α')(z-α'")⋅⋅⋅+⋅⋅⋅

andthisisf(z),ifweuseneqnstodeterminetheAprimes:

A'+A"+⋅⋅⋅+A(n)=An-1
A'(α"+α'"+⋅⋅⋅)+A"(α'+α'"+⋅⋅⋅)+⋅⋅⋅=-An-2
A'(α"α'"+⋅⋅⋅)+A"(α'α'"+⋅⋅⋅)+⋅⋅⋅=An-3 (ThesearesumsCn|2)

⋅⋅⋅

Weknowaboutequalrootshere.Let'signorethemfornow.Andlet'sassumeC=1.

Then

f(z)/φ(z)=A'/(z-α')+A"/(z-α")+⋅⋅⋅+A(n)/(z-α(n))

∴f(z)/(z-α")(z-α"')⋅⋅⋅=

A'+A"(z-α')/(z-α")+A'"(z-α')/(z-α'")+⋅⋅⋅

andifwemakez=α'

f(α')/(α'-α")(α'-α'")⋅⋅⋅(α'-α(n))=A'

∴ f(α')/φ'(α')=A'

AndSym.A"=f(α")/φ'(α") A'"=f(α'")/φ'(α'")andsoon.Sowecaneasilycalculate

ourfractionsandifC≠1,wecanstickitbackin.Youmayhavepickedallthisupthe

firsttime.ButI'mrepeatingChrystal,viaMurphy,toemphasizethepartplayedbyφ'.
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Examples

1)Decompose1/(z-α)(z-β)

f(z)=1 φ(z)=z²-(α+β)z+αβ φ'(z)=2z-(α+β)

f(z)/φ'(z)=1/(2z-(α+β))

Putα,βsuccessivelyforzandwegetthenumsofourfractions:1/(α-β)1/(β-α)

∴ 1/(z-α)(z-β)=1/(α-β)⋅(1/(z-α)-1/(z-b))

2)Decompose(2z+1)/z(z+1)(z+2)

Subrootsofthedenom(0,-1,-2)intof(z)/φ'(z)andthenumsare1/2,1,-3/2

∴ ½(1/z+2/z+1-3/z+2)

Iff(z)=φ'(z)allthenumsareunity:

φ'(z)/φ(z)=1/z-α'+1/z-α"+1/z-α'"+⋅⋅⋅

Let'sdoalongexampletoseewherethiscanlead.We'lldecompose

1/(εhz-1)=ε-h/2̂z/(εh/2̂z-ε-h/2̂z=½((εh/2̂z+ε-h/2̂z)/(εh/2̂z-ε-h/2̂z))-½

Bywhatweknowoftrig,ifwemakethatlastdenomequaltozero,thenfor∀m∈Z,

z=(2mπi)/h

whichgiveszinfinitevalues.Nowmakethatdenomourφ(z)and

φ(z)=2(h/2⋅z+(h/2)³⋅z³/3!+(h/2)⁵⋅z⁵/5!+⋅⋅⋅)

∴ φ'(z)=h(1+(h/2)²⋅z²/2!+(h/2)⁴⋅z⁴/4!+⋅⋅⋅)

=h/2⋅(ournumerator)

∴1/(εhz-1)=1/h⋅φ'(z)/φ(z)-1/2

=1/2+1/h(1/z+(z-2πi/h)-1+(z-4πi/h)-1+⋅⋅⋅+(z+2πi/h)-1+(z+4πi/h)-1+⋅⋅⋅

Ifwetakethesetermsandexpandtheminpairsasin

(z-2πi/h)-1+(z+2πi/h)-1=2h(1/2²π²⋅hz-1/2⁴π⁴⋅h³z³+⋅⋅⋅)

then

1/(ehz-1)=1/hz-1/2+2hz/π²(1/2²+1/4²+1/6²+⋅⋅⋅)

+2h³z³/π⁴(1/2⁴+1/4⁴+1/6⁴+⋅⋅⋅)+⋅⋅⋅

Warning:TheBiwhichfollowarenotBernoullinumbers.
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If

1/1²+1/2²+1/3²+⋅⋅⋅=2B₁π²

1/1⁴+1/2⁴+1/3⁴+⋅⋅⋅=2³B₃π⁴/3!

1/1⁶+1/2⁶+1/3⁶+⋅⋅⋅=2⁵B₅π⁶/5!

then

1/(εhz-1)=1/h²-1/2+B₁hz+B₃h³z³/5!+B₅h⁵z⁵/5!+⋅⋅⋅

TocalculatetheseBi:

φ'(z)/φ(z)=1/(εz-1)=1/2=1/z+B₁z+B₃z³/3!+⋅⋅⋅

lnφz=lnz+ln(1+(1/2²⋅z²/3!+1/2⁴⋅z⁴/5!+⋅⋅⋅))

Thislogarithmisthen

A₁z²-A₃z⁴+A₅z⁶-⋅⋅⋅

whichgivesus

φ'z/φz=1/z+2A₁z-4A₃z³+6A₅z⁵-⋅⋅⋅

Andusingourequalseries'scoeffthingie,youshouldget:

B₁=1/2²⋅3 B₃=1/2³⋅3⋅5 andsoon.

Thisleadstoarestatementofourφ'z/φz:

F(x)=f(x)-1/2hf'(x)+B₁h²f"(x)-B₃h⁴/3!⋅f(4)(x)+B₅h⁶/5!⋅f(6)(x)-⋅⋅⋅

ThenF(x+h)-F(x)=h⋅f'(x)andour"longexample"ends.

Examples

1)F(x)=x²∴F(x)=x²-hx+h²/6

∴F(x+h)-F(x)=(2x+h)h-h²=2xh=h⋅f'(x)

Andwecanusethistosumaseries:

F(x)=u₁+u₂+u₃+⋅⋅⋅+ux+⋅⋅⋅

∴ F(x+1)=u₁+u₂+⋅⋅⋅+ux+ux+1
∴ F(x+1)-F(x)=ux+1≡f'(x)

Then(f(x)+C)'=f'(x)asweknowfromtheCalculuswesawinDME.
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2)F(x)=1³+2³+3³+⋅⋅⋅+x³

F(x+1)=1³+2³+3³+⋅⋅⋅+x³+(x+1)³

f'(x)=(x+1)³ (simplybysubtraction)

f"(x)=3(x+1)²

f(4)(x)=6

∴ F(x)=C+1/4⋅(x+1)⁴-1/2⋅(x+1)³+1/4⋅(x+1)³

TodetermineC,letx=1,theF(1)isthefirstterm.

∴ 1=C+1/4⋅(2⁴-2⁴+2²)∴C=0

∴ F(x)=(x+1)²((x+1)²-2(x+1)+1)=((x(x+1)/2)²

∴ 1³+2³+3³+⋅⋅⋅+x³=(1+2+3+⋅⋅⋅+x)²

Butyouknewthat.Let'snowconsiderpartialfractionsinthiswaywhenthedenom

hasequalroots.Ourproperifracthistimeis:

f(x)/((z-α')m(z-α")(z-α'")⋅⋅⋅(z-α(n)))

φz=(z-α')m(z-α")(z-α'")⋅⋅⋅(z-α(n))

∴ 1/φz=1/φ'α'⋅1/(z-α')+1/φ'α"⋅1/(z-α")+⋅⋅⋅

f(z)=(f(z)⋅f(α'))+f(α')=(f(z)-f(a"))+f(α")=⋅⋅⋅

∴ f(z)/φz=1/φ'α'⋅(f(z)-f(α'))/(z-α')+1/φ'α"⋅(f(z)-f(α"))/(z-α")+⋅⋅⋅

+1/φ'α'⋅f(α')/(z-α')+1/φ'α"⋅f(α")/(z-α")+⋅⋅⋅

Ifwesubα'+hforα',weareledto

φz/z-α'⋅(z-α'-h)=φz(1-h/(z-α'))²

Thenf(z)/φzbecomesf(x)/φz⋅(1-h/(z-α'))-1andwecancollectcoeffsofsayhm-1

whichcoeffis

f(z)/((z-α')m-1φz)

Andthis,aftermuchexpansion,is

fα'/φ'α'⋅1/(z-α')m+(fα'/φ'α')'⋅1/(z-α')m-1+(fα'/φ'α')"⋅1/2!(z-α')m-2+⋅⋅⋅

+fα"/((α"-α')m-1φ'α")⋅1/(z-α")+fα'"/((α'"-α')m-1φ'α'")⋅1/(z-α'")+⋅⋅⋅

whichyoushouldcomparetoourearlierversionbyChrystal.

Example

Decompose(2z³+7z²+6z+2)/(z⁴+3z³+2z²)Rootsofdenom:0,0,-2,-1

Togetthenumsoffractionswithdenomsz+2,z+1,letz=-2,-1infraction

∴nums:-1/2,1

φz=(z+1)(z-α')(z+2)whereifα'=0thenφ'(α')=(α'+1)(α'+2)

∴f(α')/φ'(α')=(2+6α'+7α'2+2α'³)/(2+3α'+α'²)=1+3/2⋅α'+3/4⋅α"+⋅⋅⋅

α'=1⇒f(α')/φ'(α')=1,(f(α')/φ'(α')'=3/2

∴partialfractions:-1/2⋅1/(z+2),1/(z+1),1/z²,3/2⋅1/z
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Murphygiveshisownuniqueapproachinthefollowing:

Thm.7.4.P/QproperifracofzwhereQ=(z-α')mQ₁.ExpandP/Q₁inform

A₀+A₁(z-α')+A₂(z-α')²+⋅⋅⋅+An-1(z-α')
n-1

ThenA₀/(z-α')n,A₁/(z-α')n-1,⋅⋅⋅,An-1(z-α')arepartialfractions.Let(z-α")
pbe

anotherfactorofQ:(z-α")pQ₂=Q.Expandagaininsameform.Repeatforallfactors

ofQforallpartialfractions.

Example

DecomposeZ=(1/(z³-z))²

Z=1/z²⋅(1-z)-2=1/z²+2/z+⋅⋅⋅

Z=1/(1-z²)⋅(1-(1-z))-2=1/(1-z)²+2/(1-z)+⋅⋅⋅

∴ Z=1/z²+1/(1-z)²+2/z+1/(1-z)

Partialfractionsofproperifracsarealloftheform

A/(a-z)n

whichexpandas

A/an(1+n⋅z/a+n(n+1)/2!⋅z²/a²+⋅⋅⋅)

andthisisafigurateseries.Itscoeffsofz/aarefiguratenumbers.Themthfigurate

numberofanyorderisthesumofmfiguratenumbersofthenextinferiororder.Here

thecoeffofzmare

(1-z)-(n+1)=(1-z)-1(1-z)-n

Sincetheexpansionofaproperifracbypowersofzisarecurringseries,every

recurringseriescanbedecomposedintoafigurateseriesandiftherearenoequal

rootsinthedenomthentheseseriesaregeometrical.LetAan/(a-z)nbeapartial

fraction.Thecoeffofzxintheexpansionis

A⋅n(n+1)(n+2)⋅⋅⋅(n+x-1)/x!⋅(1/a)x=A(x+1)(x+2)⋅⋅⋅(x+n-1)/(n-1)!⋅(1/a)x

andcollectingthecoeffofxfromeachpartialfraction,thesumisthecoeffofxinthe

recurringseries.
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SolutionbyRecurringSeries

LetAibetheconstantsofrelationinarecurringserieswiththegeneraltermuxthen

ux+n=A₁ux+A₂ux+1+A₃ux+2+⋅⋅⋅+Anux+n-1

Thenuxz
nisthegeneraltermintheexpansionof

f(x)/(1-A₁zn-A₂zn-1-A₃zn-2-⋅⋅⋅-Anz)

andifα,β,γ,…rootsof

yn=A₁+A₂y+A₃y²+⋅⋅⋅+Any
n-1

then1/α,1/β,1/γ,…rootsoftheabovedenom,withfactors,besidessomeconstantC,

of(z-1/α),andsoon.Assumerootsunequal.Thenthefractiontakesform:

f(z)/B(1-αz)(1-βz)⋅⋅⋅

withpartialfractions

C₁/(1-αz)+C₂/(1-βz)+⋅⋅⋅

Thecoeffofznisfoundbyexpandingthese.Thereforethegeneralterm ofthe

recurringseriesis

ux=C₁α
x+C₂βx+⋅⋅⋅

∴ ux+1=C₁α+C₂(β/α)x+1+C₃(γ/α)x+1+⋅⋅⋅

ux C₁+C₂(β/α)x+C₃(γ/α)x+⋅⋅⋅

Letthemaxroot=α,thenx→∞,α=Lux+1/uxwhenx=∞.Toconvergetothegreatest

rootof

yn=A₁+A₂y+A₃y²+⋅⋅⋅+Any
n-1

assumenarbitrarynumbersforthefirstntermswithconstantsofrelationbeingthe

aboveAi.Thenourux+1/uxconvergestoα.

Example

y³=-4+3y²

Assumeterms0,1,3forAiof-4,0,3thenseriesis

0139235713531371115933527…

Therootsofthiseqnare2,2,-1andthisseriesconvergesto2.

Asin9/3=3,…,3527/1593=2.214
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Wehavehererootsofα,β,γwhereα=β.Soourpartialfractiontakesform

C₁/(1-αz)²+C₂(1-αz)+C₃/(1-βz)+C₄/(1-γz)+⋅⋅⋅

ux=coeffofz
x=(C₁(x+1)+C₂)αx+C₃βx+⋅⋅⋅

∴ ux+1=α⋅(C₁(x+2)+C₂)+C₃(β/α)x+1+⋅⋅⋅

ux (C₁(x+1)+C₂)+C₃(β/α)x+⋅⋅⋅

andx→∞,thisgoestoα=1/1

Ifwehavei-roots,letβ=a+bi=R(cosθ+isinθ)

Rcosθ=a Rsinθ=b ∴R²=a²+b²

ByDeMoivrefromDME,βn=Rn(cosnθ+isinnθ)

∴αmustbegreaterthanRorα²greaterthantheproductoftheconjugatei-rootsfor

thismethodtoconvergetothegreatestroot.Thismethodcanalsobeusedtofindthe

squarerootsofintegers,usingamethodofMurphy'swhichIleavetoyourcuriosity.

Fourierpursuedthisideatothediscoveryofallrootsofsuchafn.Buthismethodwas

somewhatflawed.Murphyshowshowitmaybe,insomecases,corrected.Letme

giveyouanexampleandyoumaypursuethetheoryifthistweaksyourinterest.

Example

x²=6x-10

Assumeterms1,2forconstantrelations-10,6thenseriesis

122-8-68-328

Takethelastfourterms.Fromproductofextremes,-656.Subtractproductofthe

means,544,remainderis-1200.Usingthepenultimate3terms,fromtheproductof

theextremes,-136,takethesquareofthemean,64,remainderis-200.Dividethe

formerremainderbythis:6.Thisisthesumoftherootsexactlyanditshalf,3,isthe

realpartofthei-roots.Theproductofthelasttwotermsis2624.Fromthis,subtract

thesquareof-62or4624. Dividethisremainderof-2000bytheformer

correspondingremainder,-200.Thequotient,10,istheproductofthei-roots.

Thereforetherootsare3±i.Ifthatdoesn'ttweakyourinterest,youneedtotakea

longhardlookatyourself.

Newton'sMethodofApproximation

Letαbeanapproximatevalueofarootofφx=0.Thenα+histhecorrectvaluewithh

verysmall.

∴ φ(α)+φ'(α)h+φ"(α)h²/2!+⋅⋅⋅=0

Ashisverysmall,wehave,verynearly(andIfindthatphraseendearing)
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φ(α)+hφ'(α)=0 OR h=-φ(α)/φ'(α)

Butletthishbeh₁,wash,rinse,repeat,andthehiconvergeveryrapidly.Sowehave

α₁=α-h₁α₂=α₁-h₂andsoon

IfwedenoteF(α)=α-φ(α)/φ'(α)wehave

α₁=F(α)α₂=F(α₁)=F•F(α)α₃=F•F•F(α)

andthisseriesofcompoundfnsconvergesontheroot.Conversely,ifthisconverges

toαthen

Fn(α)=α Fn+1(α)=α ∴ F(α)=α

ButF(α)=α-φ(α)/φ'(α)∴φ(α)/φ'(α)=0.Soiftherootsarexi[1-n]then

φ'(α)/φ(α)=1/α-x₁+1/α-x₂+⋅⋅⋅

∴αisaroot

BySturm'sTheorem,onecouldfindtwolimits,a,b,toaroot.TheninNewton's

Method,hcouldbeginas(a-b)/nwherendivides[a,b]intoalargenumberofparts.

ThiswasdevelopedintoamethodbywhichFourier,byrepeatedapplication,could

determinearootofx³-2x-5=0tobe:

2.09455148154232659148238654057930

althoughwhathegainedhere,beyondbraggingrights,ismorethanIcouldtellyou.

Simpson,whoalsohadagreattolerancefortedium,furtherimprovedthismethod.

Butamethodofnumericalapproximation,humanordigital,doesnotrevealthelaws

governingthoseapproximatedroots.Soagain,Ileavethesemethodstoyourcuriosity,

Simpsonisabletoapproximate,inhisway,theproductsofi-roots,whichgivesyou

somethingtobecuriousabout.IshouldalsomentionthatFourier'smethodusesφx,

φ'x,φ"xtogetherwithEuclid'sAlgorithm,butnotinanynewwaythatwehaven't

seen.

MethodofContinuedFractions

Ifφx=0isanalgebraicaleqnwithrealroots,wecanusethefollowingmethodtofind

itspositiverootsandfindthenegativerootsbymakingx=-yandthenpositivey's

givenegativexroots.Divideφxbyφ'x≡V₁.Changethesignoftheremainder≡V₂.

Divideφ'xbyV₂andchangesignofremainderforV₃.DivideV₂byV₃,wash,rinse,

repeat,untilyougettoaconstantremainder≡Vm.Ifwemakex=0wereduceφxand

allVitolasttermsandnotetheirsign.Thenx=+∞andnotethesignsofthefirst

terms.Numberofalternationsofsignisnumberofpositiverealroots.Sub1,10,100,

1000,…forxuntilyouhaveasfewchangesofsignasforthefirstterms.Thenumber

ofalternationslostinthisarerootson[1,10],[10,100],andsoon.Saythereisaroot
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on[10,100].Repeatsubbingxwith20,30,…,90.Saytheroot(s)areon[30,40].

Repeatwith31,32,…,39.Intheendwehavetheintegerpartsofallthepositiveroots.

Letpbeanintegerhere.ThechangesofsignonφandVifromptop+1giveyouhow

manyrootsarehere.Makex=p+1/yandasφxisn°wehave

φ(p)yn+φ'(p)yn-1+φ"(p)/2!⋅yn-2+⋅⋅⋅+φ(n)(p)/n!=0

Wewanttoapproximatethevaluesofyon(p,p+1).Soymustbegreaterthan1.We

canfindtheintegralpartsofy,justaswedidforx.Thenwewillhave,foreachywe

seektoapproximate,aqandq+1wherey∈[q,q+1].Toseparateverycloseroots,

wash,rinse,repeatwithy=q+1/z,z=r+1/u,andsoon.

Wethen,foreachroot,haveaconvergentcontinuedfraction,p:q,r,s,….Lagrange

extendsthismethodtoalaboriousonefori-roots.But,hey,thisisalllaborious.And

Murphynotesthat,forapproximation,themethodofrecurringseries,withproperly

chosenarbitraryterms,istheleastlaboriousofanymethodforapproximatingroots.

Forp,q,r,s,…,weknow,from Chrystal,thatwecancalculatethese.Letthe

convergentsbe

1/33/1010/3333/109109/360360/1189⋅⋅⋅

Ifwerepresenttheconvergentvalueofthisseriesasxanduseitinthefirst

convergents,wehave

x=1/(3+x)ORx²+3x=1

∴ x=-3/2±√(13/4)

Butwecanonlyusepositivevalues∴x=½(√13-3).Murphyworksoutthree

examplesofthislongmethodifyouarecurious.Atthispoint,Murphyconsiders

continuedfractions,goingoversomeofwhatChrystalgaveuswithanearlier,more

awkwardnotation.HedoesshowhowtoconvertanalgebraicexpressionintoaCF.

Letmegiveyouhisfirstexample.Followinghisthinkinghereisarewarding

entertainment,inmyopinion.

Example

Convert((x+1)/x)²intoaCF:x>2

Letx=2y⇒4y²containedoncein4y²+4y+1as2>largestrootof4y²+4y-1=0

∴x≥2∴4y²>4y+1∴8y²>4y²+4y+1

∴1isthefirstquotient,remainder4y+1

4y+1isnotcontainedytimesin4y²

Tryingy-1asquotient⇒positiveremainder3y+1

3y+1containedoncein4y+1,remaindery

ycontained3timesin3y+1,remainder1andthisterminatestheoperationOR

[cont'd]
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4y²)4y²+4y+1(1

4y²

4y+1)4y²(y-1

4y²-3y-1

3y+1)4y+1(1

3y+1

y)3y+1(3

3y

1)y(y

0

∴x=2y⇒((2y+1)/2y)²=1:y-1,1,3,y

Butwhenxisoddthisbecomes(2y/(2y-1))²andbythesamemethod:

4y²-4y+1)4y²(1

4y²-4y+1

4y-1)4y²-4y+1(y-1

4y²-5y+1

y)4y-1(3

3y

y-1)y(1

y-1

1)y-1(y-1

0

∴(2y/(2y-1))²=1:y-1,3,1,y-1

MurphycontinuesthisbygoingovermostofwhatChrystalcoveredwithCF.Ifyou

areinterested,youmightenjoyseeingMurphy'sviewpointoftheseideasasitdiffers

fromChrystal's.Let'sfollowhimfurtherintousingCFtosolveeqns.

Thm.7.5.InsolnbyCF,thetransformedeqnsafterthefirstfewwillhaveopposite

signsforfirstandlastterms.

Proof

φ(x)=0withλmaxint<rootofφx

x=λ+1/y⇒eqninyhasasmanypos.roots>1astherearevaluesofx⋅|⋅(λ,λ+1)

Itispossiblethat2+valuesofyarebetweensomeλ'andλ'+1

Thenwemakey=λ'+1/zwithφ(z)havingitsnumberedrootssymmetrically>1

Aswewash,rinse,repeat,wereachaneqnwithonlyonerootbetweenanytwo

successiveintegers:

aum+bum-1+cum-2+⋅⋅⋅+k=1 [1]

Then,withu=s+1/w,sbeingthenearestintegerbelowoneof[1]'sroots,F(w)can

haveonlyonepos.root>1andthenalltheconsecutivetransformedeqnswillbein

thesamecondition.

[proofcont'd]



206

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.EarleHarris(c)2019

TakeF(w)=0,lmaxint.belowtheonlypositiveroot>1,andw=l+1/t.Then

F(l+1/t)=1/tm(F(l)tm+F'(l)tm-1+F"(l)/2!⋅tm-2+⋅⋅⋅+F(m)(l)/m!)=0

∴1sttermF(l)tm,lasttermF(m)(l)/m!musthaveoppositesignsbecause

byhyp.∃!rootofF(w)=0∈(l,+∞)

∴F(l),F(+∞)haveoppositesignsORF(l+1/t)hascontrarysignsforF(0),F(+∞)

∴tmF(l+1/t)=F(m)(l)/m!whent=0andthishasasigncontrarytoF(l)

Thissamereasoningholdsforallsucceedingtransforms.■

IlikeMurphy'sconversionofaCFtoaseries.Letpi/qi[1-n]betheconvergentsand

P/Qthevalueoftheinfiniteseries.

p₂/q₂-p₁/q₁=(p₂q₁-p₁q₂)/q₁q₂=-1/q₁q₂

p₃/q₃-p₂/q₂=1/q₂q₃

p₄/q₄-p₃/q₃=-1/q₃q₄

⋅⋅⋅

pn/qn-pn-1/qn-1=(-1)
n-1/qn-1qn

∴pn/qn=p₁/q₁-1/q₁q₂+1/q₂q₃-⋅⋅⋅=(-1)
n-1/qn-1qn

∴P/Q=p₁/q₁-1/q₁q₂+1/q₂q₃-⋅⋅⋅

Becausethetermsmonotonicallydiminishandalternateinsigntheerroroftakingn

termsislessthanthe(n+1)thterm.Headds"insomecases,itisconvenienttotake
someofthepartialdenomsasnegative."Isn'tthatinteresting?

OnPeculiarandInfiniteEquations

WeareonthelastsevenpagesofMurphy'stext.Thislastbitisinterestingtomeasit

drawstogethersomanydisparateideas.ThisisthefirsttimeIhavecomeacrosssuch

athingandIsuspectitrevealssomethingofMurphy'sindividualinterests.Let's

considersome"peculiareqns"byforminganeqnwhoserootsare∀z∈ZOR

Fn(x)=Cx(x-1)(x-2)⋅⋅⋅(x-n)(x+1)(x+2)⋅⋅⋅(x+n)

∴ Fn(x+1)=C(x+1)x(x-1)⋅⋅⋅(x-n+1)(x+2)(x+3)⋅⋅⋅(x+n+1)

∴ Fn(x+1)=(x+n+1)/(x-n)⋅Fn(x)

Letφxbetheeqnsoughtasn→∞.Then(x+n+1)/(x-n)→-1

∴ φ(x+1)=-φx

Tosolvethis(recallfromDME)letφx=Cεmx

∴ Cεm⋅εmx=-Cemx

∴ εm=-1

∴ m=±iπ,±3iπ,±5iπ,…

Thisparticularform,thesumwhichgivesthegeneralforofφxwhichcoincideswith
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theaboveeqnofdifferencesarethese:

Asinπx+Bcosπx

A'sin3πx+B'cos3πx

A"sin5πx+B"cos5πx

⋅⋅⋅

ThechoicetouseaneqnofdifferencesensuresthattherootsofthesefnsareinA.P.

Butweneedour0valueaswell.Andthesinesofoddmultiplesofπxvanishfor

fractionalx,notjustintegerx.AndwearehereleftwithAsin(πx)=φx.

ifwewantedφxtohaveroots1/2,3/2,5/2,…,-1/2,-3/2,-5/2,…

thenourφx=Acos(πx).

Nowwewantsomeφxwithroots1,1/2,1/2²,1/2³,…,1/2nor

φx=(x-1)(x-1/2)(1-1/2²)⋅⋅⋅((x-1/2n)

Sub2xforx,separatenumericalfactorsofxand

φ(2x)/2n+1=(x-1/2)(1-1/2²)⋅⋅⋅(x-1/2n)(x-1/2n+1)

∴ (x-1)φ(2x)/2n+1=(x-1/2n+1)φx [1]

Soφxhasform

xn+1-a₁xn+a₂xn-1-a₃xn-2+⋅⋅⋅

∴ (x-1/2n+1)φx=xn+2-(a₁/2+1)xn+1+(a₂/2²+a₁/2)xn-(a₃/2³+a₂/2²)xn-1+⋅⋅⋅

∴ φ(2x)/2n+1=xn+1-a₁/2⋅xn+a₂/2²⋅xn-1-a₃/2³⋅xn-1

∴ LHS[1]=xn+2-(a₁/2+1)xn+1+(a₂/2²+a₁/2)xn-(a₃/2³+a₂/2²)xn-1+⋅⋅⋅

Comparingthegeneralcoeffofbothsidesof[1]:

ap+(ap-1)/2
n+1=ap/2

p+ap-1/2
p-1

∴ ap(2
p-1)=ap-1(2-1/2

n-p+1)

∴ a₁=2-1/2n a₂=(2-1/2n-1)/(2²-1)⋅a₁

a₃=(2-1/2n-2)/(2³-1)⋅a₂andsoonandwehaveourφx.

Nowlet'sformaneqnwithroots-α₁,-(α₁+α₂),-(α₁+α₂+α₃),…,-∑αn[1-n]

Weformtheproduct

(x+α₁)(x+α1+α₂)⋅⋅⋅(x+α₁+α₂+⋅⋅⋅+αn)

andthistakestheform

xn+A₁xn-1+A₂xn-2+⋅⋅⋅+Amx
n-m+⋅⋅⋅+An-1x+An
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ThegeneralcoeffhereisAmbeingthesumoftheproductswithmfactors.

A₁=nα₁+(n-1)α₂+(n-2)α₃+⋅⋅⋅+2αn-1+αn

A₂consistsofproductsαiαjandpurepowerslikeαi²,αj².Thegeneralformofthefirst

classoftermsisαpαqandweneeditscoeff,whichwedenote(αpαq).Letp<qandno

factorbefore(x+α₁+α₂+⋅⋅⋅+αp)needbeconsidered.Sowecareaboutthesefactors:

x+α₁+⋅⋅⋅+αp
x+α₁+αp+αp+1
⋅⋅⋅

x+α₁+⋅⋅⋅+αp+⋅⋅⋅+αq*

x+α₁+⋅⋅⋅+αp+⋅⋅⋅+αq+αq+1
⋅⋅⋅

Nowifαp+1wereplacedatthe*,thecombsofαpwithαqandαq+1wouldbethesame.

∴(αpαq)-(αpαq+1)isthenumberofcombsofonetermatthe*withthetermsinthe

columnofαpexceptthatαpwiththe*.

∴Thenumberoftermsinthatcolumnminusonewillben-p.

Solet∆denotethefinitedifferenceasqincreasesbyunity

∴(αpαq)=-(n-p)

∴(αpαq)=(n-p)(C-q)whereCisindependentofq

Ifq=nthen,observingthecolumnofαp:

(αpαq)=(n-p)(n-q+1)

Denotingthecoeffsofpowers,sayαp
2as(αp

2),theyarenotaffectedbyzeroes,asin

α₁=0orαn=0.

∴(αp
2)=(1+αp)

n-p+1whichalgebraicallymeans(n-p)(n-p+1)/2!

∴A₂=n(n-1)/2!⋅α₁²+(n-1)(n-2)/2!⋅α₂²+(n-2)(n-3)/2!⋅α₃²+⋅⋅⋅+(n-1)(n-1)α₁α₂+

(n-1)(n-2)α₁α₃+(n-1)(n-3)α₁α₄+⋅⋅⋅+(n-2)(n-2)α₂α₃+(n-2)(n-3)α₂α₄+⋅⋅⋅+

(n-3)(n-3)α₃α₄+⋅⋅⋅

andthiscanbeSym.pursuedforallAiifyourcuriositymaliciouslycompelsyouto

pursueit.Nowlet'sconsiderwhatMurphycalls"infiniteeqns".

Given1+x²+x³+⋅⋅⋅=0itsderivativecanbeconsideredas

1+nz+n(n-1)z²+n(n-1)(n-2)z³+⋅⋅⋅=0

whichisafiniteeqnforn∈Nandisinfiniteifz=x/nasn→∞.Letz=1/yandthe

derivativebecomes

yn+nyn-1+n(n-1)yn-2+n(n-1)(n-2)yn-3+⋅⋅⋅=0

LetLHSofthisbeuanditsderivativeu'then

u=yn+u'=0
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Lettherealroots,ifany,ofu=0beα,β,γ,…indescendingmagnitude.Ify=αinu'then

u'>0andyn<0whichifnisevenisimpossibleandnorealroots.Butifnisodd,we

haverealrootsandαmakesyn<0.

∴αandanyotherrealrootsarenegative

Butβmakesu'<0∴yn>0∴yhasonerealroot

Ify=0inu,uequalsitslasttermwhichispositive.

Ify=-√n,uisnegative∴y∈(0,-√n)∴z∈(-n-1/2,-∞)

Thisseriesis1/1-xwhichonlyvanishesforx=+∞.

Considerx-x³/3!+x⁵/5!-⋅⋅⋅=0anditsderivative

nz-n(n-1)(n-2)/3!⋅z³+n(n-1)(n-2)(n-3)(n-4)/5!⋅z⁵-⋅⋅⋅=0

whichterminatesforn∈N.Letx=nzandn→∞.Thiseqnis

(1+iz)n-(1-iz)n OR ((1+iz)/(1-iz))n=1

Letz=tanθ∴((cosθ+isinθ)/(cosθ-isinθ))z=1 OR cos2nθ+isin2nθ=1

∴2nθ=(2n-2)πforn∈N

Forz=0±tan(π/n),±tan(2π/n),…n→∞⇒x=0atzπforz∈Z

Consider1-x+x²/2!-x³/3!+⋅⋅⋅=0

Derivative1+nz+n(n-1)/2!⋅z²-n(n-1)(n-2)/3!⋅z³+⋅⋅⋅=0 OR (1-z)n=0

whererootisz=1∴x=∞and!∃finiteroot.

Murphy'slastexampleis

1-x/1²+x²/(1²⋅2²)-x³/(1²⋅2²⋅3²)+⋅⋅⋅=0

withderivative

1-n/1⋅(n-1)/1⋅z+n(n-1)/2!⋅(n+1)(n+2)/2!⋅z²-⋅⋅⋅=0

whereallrootsarerealandpositive.Andallareon(0,1).Thedifferenceoftwo

separaterootsisoftheorder1/n.Sothelimitsofallrootsxiarefoundbyx=n∀n∈N

andbyobservingalternationofsign.Whenx<1alltermsinparensarepositiveor

(1-x)+x²/2²(1-x/3²)+x⁴/(2²3²4²)(1-x/5²)+⋅⋅⋅

sothereisnoroot≤1.Whenx=2,thefirstthreetermsvanishandtheseries

becomes

-2/3²(1-2/4²)-2³/(3²4²5²)(1-2/6²)-⋅⋅⋅<0

Sothereisarealrooton(1,2).Whenx=3,thefirstfivetermsarenegativeandthe

remainder,takeninpairsarenegative.Sothereisnorooton[2,3].Andthesamefor

x=4,5,6,7,8.
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Ifwecallthisfnanditsderivativeuandu',thenu'=u₁withitsu".Andu"isu₂andso

on.Then

um-(-x)
mu(m)=0whereu(m)isthemthderivative

Orifm=1thenu₁+xu'=0.Thesubstitutionofrootsofu=0inu'wouldproducea

seriesofalternatingsignsandasx>0,thisistrueofallui.Murphynotesthatthe

definiteintegralsofumultipliedbyotherfnsrelatetotheformelectricitytakesin

solidbodies.Andthereheends.
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8.ResolutionofAlgebraicEquations

Let'slocateourselvesintimeandspace.Galois'spaperswerepublishedbyLiouville

in1846.Hargreave'sTheResolutionofAlgebraicEquationswaspublishedin1866.

ItwaspublishedbytheCambridgemathematicianGeorgeSalmon.Salmonhadread

themanuscriptanddisagreedwithHargreaveaboutitssubstance.Hargreave,already

inillhealthexacerbatedbytheeffortofthisbookontopofhisworkasajudge,

rewroteitanddiedjustafterhegaveSalmonthelastoftheappendices.Salmon,who

nowagreedwiththetext,sawthatitwaspublished.Todhunterrecommendsthetext

inhisbookonEquationTheory,although,tomymind,heisatadslyaboutit.Ifyou

lookintowhatisknownaboutHargreave,mostbioscitethathediedwhilethisbook

wasbeingwrittenandareunawareofitsexistence.

Onapersonalnote,IhadreadonlySalmon'sprefacetoHargreaveupuntilthepointof

havingwrittenthefirst190pagesofthismanuscript.Soanyresemblanceofmy

thoughttoHargreave'suptothereispurelycoincidental.Andonemorehistorical

thing:TodhunterthoughtthatonecouldspendtoomucheffortonAnalytical

Geometry,whichwasSalmon'sspeciality.Salmonwroteseveralvolumesonthattopic,

eachofwhichwouldkeepadooropeninahighwind.ThismightexplainTodunter's

slyness.NowherecomesHargreave:

Introduction

"Toresolveanequation"differsinalogicalsensefrom allotherproblemsin

mathematics.Ifweconform tothelawsoftheground-truths--ofnumberand

operations--theresolutionprovesitself.Ifx₁andx₂arerootsofaquadratic,then

½(x₁+x₂+√(x₁²+x₂²-2x₁x₂)) [1]

identicallyrepresentstheresolutionofanyquadratictoitsroots.Theexistenceof[1]

provesitstruth.Itmattersnotatallhowwearriveat[1].Ourreasoningwillbeofan

apriorinature.Whateverstepsleadusto[1]arelegitimatedby[1].

Thesameistrueofeqnsofdegrees3and4.Differenthumanbeingsarrivedat

differentsolutionsfortheirthreeandfourroots.Thereisobviouslyapracticallimitto

thisapproach.Allsuchmethodssofarhavebeenour"solutionbyradicals"andall

havebeenshowntobeequivalent.Butthereisanecessityofnotassumingthatall
modesofsolutionnecessarilyconducttothesameresult,sofarasrelatestotheform
ofresolution.

Ithasbeenshownthatforeqnsofdegree5andhighertheexistingformofsolnby

radicalscannotpossiblysucceed.
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Theonlymethodlefttousistoproceedbysteps;thatis,ineffect,sosoonaswehave
resolvedtheprobleminanyonecase,saythelowest,toendeavourtomakeuseofthis
step,inorder,ifpossible,tomounttothenextstep;andtodothis,asfaraspossible,
uponsomegeneralprinciple,theapplicabilityornon-applicabilityofwhichisshown
bythesuccessorfailureoftheattempttoapplyit.

Ifitistrueofsomenumbermthataneqnofdegreem-1isalgebraicallyresoluble

whileoneofdegreemisnot,itmustbethatthesecondeqnisnotofthesamespecies

asthefirst.Sotheremustbesomewayofstatingthefirstalgebraicallywhichcannot

beusedtostatethesecond.

Yetnothingofthiskindhasmanifesteditselfinalltheinfiniteresearcheswhichhave
beenmadeintothisproblem.Thecaseswhichhavebeenresolvedareknownbythat
facttoberesoluble,butnotveryclearly,inanyotherway.Thecaseswhicharenot
resolublearedemonstratedtobeirresoluablenotbyanythingreallypeculiartothese
casesofsuchanatureastodistinguishthemfromtheothers,butbyanelaborate
inquiryintoallthepossiblemodesofalgebraicexpression,andanexhaustiveproof
thatnooneofthemcanqualifyitselftobetheexpressionoftheroot.

Notation,Definitions,andElementaryTheorems

Thegeneralalgebraiceqnisaquanticφn:

xn-na₁xn-1+½n(n-1)a₂xn-2-⋅⋅⋅±nan-1x∓an=0

(1p)istheresultantofφ1andφpfromthesubbingofa1forxinφpandchangingthe

sign.Ift=x-a1,thequantictakesform:

tn-(11)tn-1-½n(n-1)(12)tn-2-⋅⋅⋅-n(1(n-1)t-(1n)=0 [2]

(11)=0

(12)=a₁²-a₂

(13)=2a₁³-3a₁a₂+a₃

(14)=3a₁⁴-6a₁²a₂+4a₁a₃-a₄

(15)=4a₁⁵-10a₁³a₂+10a₁²a₃-5a₁a₄+a₅

⋅⋅⋅

Example

x²-2x+1=0 a₁=1a₂=1

(12)=(x+1)²-2(x+1)+1=x²+2x+1-2x-2+1=x²

(11)=0 (12)=a₁²-a₂=1²-1=0

Sothese(xy)arenumbersandHargreaveusesthemextensively.The(1p)comes

fromt=x-a₁∴(2p)comesfromt=x-a₂.Inthequantic,xistheargument(arg),ai
[1-n]arethecoefficients(coeff),xi[1-n]aretheroots.Transformedinto[2],theargis

torx-a₁andthecoeffs(12)to(1n)aren-1innumber.Thisisalineartransformation

(lin.trans.)and(12)…(1n)aresym.fnsof(x₁-a₁),(x₂-a₁),…,(xn-a₁).
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Wecoulduseotherresultants,asin(23),theresultantofφ₂andφ₃.

Spdenotesasym.fnofrootsxi[1-n]ofpthdegree(n=p)∴alsoaqfnofai[1-n].

Rpisaqfnofp°whichmayormaynotbesym.

Thediscriminant(dscr)ofaquanticaswellaseverycombinationofrootsorcoeffs

whosevanishingshowsaconditionofasystemorsystemsofequationsamongthe

rootscanbeexpressedintermsofthen-1quantities(12),(13),…,(1n).

Discriminants

Quadratic (12)

Cubic 4(12)³-(13)²

Quartic 81(12)⁴(14)-54(12)³(13)²+18(12)²(14)²-54(12)(13)²(14)

+27(13)⁴+(14)³

Quintic 3456(12)⁵(15)²+11520(12)⁴(13)(14)(15)-6400(12)⁴(14)³

-5120(12)³(13)³(15)+3200(12)³(13)²(14)²

-1440(12)³(14)(15)²+2640(12)²(13)²(15)²

+448(12)²(13)(14)²(15)-2560(12)²(14)⁴

-10080(12)(13)³(14)(15)+5760(12)(13)²(14)³

+120(12)(13)(15)³-160(12)(14)²(15)²+3456(13)⁵(15)

-2160(13)⁴(14)²+360(13)²(14)(15)²+640(13)(14)³(15)

-256(14)⁵+(15)⁴

Notethatthequarticdscrcantakeform

27((12)³+(12)(14)-(13)²)²-(3(12)²-(14))³

whichresemblesthecubic.Ifthequanticcanbealgebraicallyresolvedbylin.trans.

therationalpartoftherootisa₁andtheresiduewillbethen-1fns(12),(13),…,(1n).

Thisisonlynecessarilytrueifresolvablebyourlin.trans.Thexiareindependent

rootsorsymbols,theaiindependentcoeffsorparameters.Norelationbetweenthem

orcharacterofthemisassumed.

Atransformation(trans.)appliedtoφngivesusoneormoren°eqnswithrelations

betweencoeffsand/orroots.Thesewillbeeqnsinzwithcoeffsbi.Eacheqnis

denotedλnandtheresultantofλ1andλpwillbedenoted(p1)todistinguishthenfrom

(1p)foreqnsinx.Ifweconsiderwithφnasubsidiaryeqnoflesserdegreeor

resolvent(rsvt),itwillbeafnofywithresultantsdenoted(I⋅II),(I⋅III),andsoon.

∑willbeusedasinoursigmanotationfromChrystalofpermsandthefollowingsym.

fnsofrootswillbeabbreviatedbyunderliningandthesecanbeexpressedintermsof

xiorai:
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pq ≡(n-1)∑(xp)∑(xq)-n∑(xpxq) p≠q

pp ≡(n-1)(∑(xp))²-2n∑(xpxp)

pqr≡(n-1)(n-2)∑(xp)∑(xq)∑(xr)-n²∑(xpxqxr) p,q,rdifferent

ppq≡(n-1)(n-2)(∑(xp))²∑(xq)-2n²∑(xpxpxq) p≠q

ppp≡(n-1)(n-2)(∑(xp))³-6n²∑(xpxpxp)

ConsiderationofOperations

Weconsideraddition,multiplication,primepowers,androotsofsame.Additiontells

uswhatispositiveandwhatisnegative.Multiplicationtellsuswhatiswholeand

whatisfractional.Andpowerstelluswhatisrationalorirrational.

Wewillmakethefollowingimportantdistinction.IfpprimeandPanexpression

whichcannotbeobtainedbyraisinganyexpressiontothepthpowerthenp√Pisan

irrationalorsurdexpression. Weknow thatithaspvaluesbuttheyare

indistinguishableasallrequirethesymbolp√.Butifthepvaluesofp√Pare

algebraicallydistinguishablethenp√Pisnotirrationalbutoftheformp√Qpwherewe

canwriteouttheseparatevaluesofωiQwhereωiisarootofunity.HerePisthe

productofωQ,ω²Q,ω³Q,…,ωpQ.Inthefirstcase,noQexistsandusingp√Pinplace

ofQmerelymaintainsambiguity.

Itmaywellbesupposedthatthisismerelyametaphysicaldistinction.Whetherthis
besoornot,thedistinctionisarealone;anditconstitutesprobablytheclearestmode
ofdistinguishingbetweentwonotions,arationalexpressionandanexpressionwhich
isidenticallyandnecessarilysurd.

Example

Givenacubic,wefindaproductoftwoqfnoftheroots,each3°,whichisaperfect

cubeofasym.fn2°ofthesameroots.Wealsoknowthatthesamepropositioninthe

sametermsisapplicabletotwoothercubicsinwhichthe2°sym.fnisintheonecase

ωtimesandintheotherω²timeswhatisintheoriginal.Theimportantconclusionis

thateachoftheqfnswhoseproductisaperfectcubeisitselfalsoaperfectcube.Also,

wecouldnototherwisedivideeachfactorintothreedistinguishablesubordinate

factors.Moreexplicitly,letthesetwofnsoftherootshavetheproduct(12)³whichis

(x-a₁)³andthisproductisunchangedbyusingω(12)andω²(12).Theneachfnisa

perfectcubeandthereforeaperfectcubeofalinearfnoftheroots.Thisistheonly

waywecanhavethisω,ω²substitutability.Theonlyotherwaytocomposethis

productiswithfactorsR₁²,R'₁andR₁,R'₁²withsubfactorsof³√(R₁²R'₁)which

remainindistinguishable.Thisprincipleofdistinctionwillbefurtherdeveloped.



215

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.EarleHarris(c)2019

SystemsofEqualities,CriticalFunctions

Conditionsamongrootscanbeexpressedbyrootsorcoeffs.Ifwewishtoimposethe

linearcondition

A₁x₁+A₂x₂+⋅⋅⋅+Anxn=0

wemultiplytogetherthen!eqnswhichincludethisandallitschangesby

transpositionsoftheroots.Theresultisasym.fnoftherootsexpressedasaqfnin

termsifitscoeffs.IftheAiarenotalldifferent,thedegreeoftheconditionisa

submultipleofn!.

Mostimportantlyweconsidertheconditionoftwoequalroots,expressedbyequating

tozerotheproductofallxp-xqwhicharen(n-1)innumber.Andthisconditionisa

perfectsquare.Expressedincoeffs,itistheresultantofφn-1andφn,whichisinturn

thedscrofφn.Theconditionofthreeequalrootsare

1)2equalroots

2)φn'hastwoequalroots≡φandφ"haveacommonroot

Inacubic,theconditionoftwoequalrootsis

(23)=0∧(12)=0 OR (23)=0∧(13)=0

or,as(23)=(13)²-4(12)³

(12)=0∧(13)=0

Inacubic,threeequalrootscanbeexpressedbylinearrelationsamongtheroots.As

(23)isaperfect6°square,theconditionof2equalrootsisexpressibleasa3°fn.And

as(13)is3°,wecan,withsuitableN,presentbothas

N(13)+√(23)=0

whichexpressedbytherootsisatwo-valuedqfn.ThevalueofNmustensure

(12)=0∧((23)=0∨(13)=0)

Byaddingthese,theyareequivalentto(13)=0.IfN=1,theyareequivalentto

(12)³=0whichis(12)=0bymultiplication.Wehavetwoqfnsofxi[1-3]whose

productisaperfectcubeof(12).So,asinourexampleabove,eachqfnisaperfect

cubeofalinearfnoftheroots.Wethenhavethreelinearfnsoftheroots,eachcubed

equaling(13)+√(23)andthreeothers,whichcubedequal(13)-√(23)andtaking

onefromeachsetandaddingthemtogetherisasym.fnoftheroots.Theonlylinear

fnswhichwillworkforthisare

A(x₁+ωx₂+ω²x₃)andA(x₁+ω²x₂+ωx₃)

andalsoeachofthesemultipliedbyωandω².
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Sotheconditionofthreeequalrootsinacubicis

x₁+ωx₂+ω²x₃=0 ∧ x₁+ω²x₂+ωx₃=0

Nowconsiderthequartic.Twoequalrootsneeds(34)=0andthreeequalroots

requires

(34)=0∧(23)=0

(34)=0isa12°fnoftherootsandaperfectsquare.Itssquarerootishomogeneous

with(23)=0oranyother6°condition.

(34)≡27((12)³+(12)(14)-(13)²)²-(3(12)²-(14))³

≡27((23)-(12)(3(12)²-(14)))²-(3(12)²-(14))³

Sofortwoequalrootsweneedtwoofthefollowingconditionsmet:

3(12)²-(14)=0

(12)³+(12)(14)-(13)²=0

(34)=0

WithsuitableN,thetwobecome

N((12)³+(12)(14)-(13)²)±√(34)

Theirsumisoneconditionandtheirproduct,ifN=√27,istheothercondition.Sym.

withthecubic,thelinearconditionsofthreeequalrootswheretheR'sare2°qfnsofxi
[1-4]are

R₂+ωR'₂+ω²R"₂∧ R₂+ω²R'₂+ωR"₂

TheQuadratic

Thesimpleapplicationofthelin.trans.istheresolutionofthequadratic(quad)of

(x-a₁)²-(12)=0

∴x=a₁±√(12) [1]

whichtodeterminex₁andx₂isequivalentto

½(x₁+x₂+√(x₁²+x₂²-2x₁x₂))

Thequadadmitsofnoothertransformationso[1]istheonlyformoftheroot.Its

rationalpartisa₁.Theirrationalpartisafnof(12).Thequadcanundergoonlyone

changeofsystemwithrespecttotheroots.Sotherecanbeonlyoneradicalinits

rootsandthatonemustbe²√.Itssolnisthereforeunique.
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RecallournotationSpforsym.fnsoftheroots.Therootsofaquadcanbeexpressed

asS₁+√S₂andthereforeS₂isaperfectsquare.Sowemustalwaysbeabletoexpress

thetworootsasdistinguishable.IfS₂werenotaperfectsquare,therewouldbeno

possibilityofalgebraicallydistinguishingthetwoformsofexpression.Sohere,the√

mustgoaway.Inthisconsideration,weseethefirststeptowardstheviewsembodied
inAbel'sTheorem(regardingtheexpressionofrootswithrespecttocoeffs).

Inourprocess,wehaveinvertedtheordinaryalgebraicoperation.If,inthequad,we

sub2a₁tforx,thequadbecomes

t²-t=-a₂/4a₁²=(say)v

∴φt=v

Soweneedtosolvet=φ-1vwhereφisafnonlyoftwithnoconstantterm,andtisa

multipleofx.OR

Givenv=t²,whatfnofvist?

Asasidenote,beforereadingthis,Ihadthoughtonecouldsayeverythingabout

quadraticsinabouttenpagesofatextlikeDME.ButHargreave'sviewpointisso

originalandexpansive,Ithinkanothercoupleofpageswouldnowberequiredtodo

justicetoquadratics.

TheCubic

Ourviewofthequadsuggeststhattherationalpartofthecubic'srootsmaybea₁and

theirrationalpartsfnsof(12)and(13).Wewouldliketofindfnsofthecubicroots

whicharetherootsofaquadwhosecoeffsarerationalexpressions(qfns)ofthe

cubic'scoeffs.Thesequadsshouldhavespecificrelationstothecubic'srootsand

mightaidintheirresolution.

Analgebraicexpressionofanyquantic'srootsshouldmirrorchangescausedinthe

systembyequalroots.Sohereanychangesinthecubicsystemshouldbemirroredin

ourdesiredquads.Ifacubichasthreeequalroots,eachisa₁andtheirrationalpart

vanishes.Thiscausesanyradicalstodisappear.Soourquads,asexpressionsof

irrationalparts,woulddisappear.Ifthecubichastwoequalroots,theirrationalpart

ofitsrootswouldchangeinform,whereaquadwouldgofromtworootstoone.We

thenneedaquadwhosecoeffsarerationalfnsofthecubic'scoeffs(12)and(13)and

whosedscr(discriminant,remember?)isthesameasthecubic's.

Acubic'sdscris6°initsrootsandaquad'sis2°.Iftheyaretobeequal,theargument

ofanyquadinymustbe3°anditscoeffsofdegrees0,3,6.Themostgeneralformof

thiswouldbe

y²-2N₁(13)y+N₂(12)³+N₃(13)²=0

WecanletN₃=0withoutlossofgeneralityasitwouldvanishunderatransformsuch

asy=t+N₄(13)andsuchtransformaffectsneithertherationalityofcoeffsnorthe

dscr.
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Sowehave

y²-2N₁(13)y+N₂(12)³=0

Weneed,toanumericalfactor,equaldscrsforcubicandquad.Thequad'sis

N₁²(13)²-N₂(12)³

andthecubic's,fromourtablesomepagesback,is

4(12)³-(13)²

∴N₂=4N₁²

AsN₁'svalueisimmaterial,letitbeunity.Soourquadbecomes

y²-2(13)y+4(12)³=0

Itssolngivestwovaluesofyintermsof(12),(13)andthereforeofai[1-3]whichare

known.Bysubbingxiappropriatelyfor(12),(13)orforaithey'saresym.fnsofxi:

y₁=S₃+√S₆

y₂=S₃-√S₆

whicharerational,asS₆isthedscrofthecubicandthereforeaperfectsquarein

termsoftheroots.Weseethisrationalitybycomparingyexpressedwrty₁,y₂andwrt

x₁,x₂,x₃.Theformeris

½(y₁+y₂+√(y₁²-2y₁y₁+y₂²))

andthelatter,inourSigmanotation,is

2/27(∑x)³-1/3∑x∑(xx)+∏x+√(N(x₁-x₂)(x₁-x₃)(x₂-x₃))²)

whereNisaknownnumericalfactor.

∴y₁+y₂andy₁-y₂canbeexpressedrationallyintermsofxi
∴y₁andy₂aresoexpressible

∴eachyisarationalfnofx₁-a₁,x₂-a₁,x₃-a₁

Theproductofthe2y'sisaperfectcubeofaqfnofthecoeffs

∴eachyisaperfectcube

∴eachyisthecubeofalinearfnofxi-a₁[1-3]

y₁1/3=A₁(x₁-a₁)+A₂(x₂-a₁)+A₃(x₃-a₁)

y₂1/3=B₁(x₁-a₁)+B₂(x₂-a₁)+B₃(x₃-a₁)

wheretheAi,Bicomefromourcalculationbywayofanextractionoftheroots,which

wehaveprovenpossible.These,combinedwith

(x₁-a₁)+(x₂-a₁)+(x₃-a₁)=0
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determinetheroots.Wemustbeabletocalculateyasafnofaiandofxi.Theaigive

usy₁1/3andy₂1/3.ThexigiveustheAi,Bi.Butherethesecouldbeinferred.

Ifweconsideroursuccessinfindingthelinearfnsin(xi-a₁),westillhavenota

definitesolnofthecubic.Forouryi
1/3,wehavenoguidetoknowwhichrootofunity

isournumericalfactor.Weonlyknowwemustusethesamerootofunityinboth.

Wehavenomeansofdecidingonarootofunitybyalgebraicresolutionunlesswe

descendintoarithmetic.Wemustconsiderthecharactersofarbitrarysymbols.Ifwe

choosethattheai∈R,wecoulddeterminethecaseswhereoneormorexiarerealand

findourrootofunity.Butalgebraicresolutionrequiresourcoeffsandrootstoremain

arbitrarysymbolswithoutattributesormeaning.

Considerourquadinywhereequalityofdscrsmakesitaresolventofitscubicinx.

(12)appearsonlyas(12)³.Sothequadisthesameifexpressedas

(x-a₁)³-3(12)(x-a₁)-(13)=0 [1]

or (x-a₁)³-3ω(12)(x-a₁)-(13)=0 [2]

or (x-a₁)³-3ω²(12)(x-a₁)-(13)=0 [3]

whichhoweverhavenorootincommon.Andherewelosealltraceofwhichofthese

wearesolving.Oursolnsarethesame,nomatterwhichofthistrioweareusing.

Butconsiderthattheintersubstitutionof(x-a₁),ω(x-a₁),andω²(x-a₁)changesany

ofthethreeintooneoftheothers.Sotheformoftherootmustallowthissubstitution.

Initself,yisnotcapableofthis.Theremustbesomefnofythatallowsit.Soweare

ledtoconsiderthreesystemswhichsolveourthreecubics:

y₁1/3=A((x₁-a₁)+ω(x₂-a₁)+ω²(x₃-a₁))

y₂1/3=A((x₁-a₁)+ω²(x₂-a₁)+ω(x₃-a₁))

for[1]

y₁1/3=A(ω(x₁-a₁)+ω²(x₂-a₁)+(x₃-a₁))

y₂1/3=A(ω(x₁-a₁)+(x₂-a₁)+ω²(x₃-a₁))

for[2]and

y₁1/3=A(ω²(x₁-a₁)+(x₂-a₁)+ω(x₃-a₁))

y₂1/3=A(ω²(x₁-a₁)+ω(x₂-a₁)+(x₃-a₁))

for[3].Theambiguitywhichremainscanberesolvedifweadheretoconsideringxias

symbolsonly.Ifwehadknownofthisambiguityoftherootsofunity,wewouldhave

knownthatanyquadresolventofacubicmusthavethedscrofthecubic.Ify₁1/3and

y₂1/3mustbeexpressibleasrationallinearfnsofxi,i.e.of(xi-a₁),thensomustbey₁

andy₂.Andour
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y²-2N₁(13)y+N₂(12)³=0

willworkhereonlyif

N₁²(13)²-N₂(12)³

isaperfectsquarewhichgivesusourequaldscrs.SoN₁andN₂areboundbythis

condition.Conversely,ifthedscrsareequal,therootsofthequadhavethequalities

thatmakeitaresolvent,notonlyforitscubic,butfortheconjugatecubicswhichin

resolutioncannotbeseparatedfromit.

Thatourquadqfnwithadscrequaltothatofacubicisaresolventisnotapodictically

established.Itappearsastheresultofacalculation.Thisidentityofdscrshasthe

followingaspects:yisof3°intherootsxi;coeffsofthequadaresym.fnsofthese

rootsofanappropriatedegree;whentwoxiareequal,theyareequalsothatthe

wholeoftheirrationalpartofthequadrootsappearsinthecubic'sroots;andwhen

allxiareequal,theeqninyvanishesalongwiththeirrationalpartoftheexpression

forx.

Conversely,asS₂andS₆arefnsof(xi-a₁)[1-3],theirrationalpartofthecubic'sroots

arefnsofy₁andy₂exclusively,wheretheirirrationalpartoccursinthemunaltered.

Becausewecan'tdistinguishbetweeny₁andy₂,theymustenterintothesefns

symmetrically.Sothex'saresym.irrationalfnsofy₁andy₂exclusively,fnsofoney

combinedwiththesameirrationalfnoftheother.

Thisfnofyisunalteredbytheintersubstitutionof(x-a₁),ω(x-a₁),andω²(x-a₁).At

thesametime,theremustbesomef(y):when(x-a₁)becomesω(x-a₁),f(ω(x-a₁))=

ωf(x-a₁)andSym.forω²ORy=(y1/3)³=(ωy1/3)³=(ω²y1/3)³ORyisaperfectcube

ofsomethree-valuedfnofthe(x-a₁)'s.Therefore,yisrational.Thisisseeninthe

formofyasS₃±√S₆whereS₃,S₆arefnsonlyofthethreevaluesof(x-a₁)³.From

algebraicconsiderationsonlywherexi,aiaremeresymbols,oursolnofthecubictakes

theform

S₁+³√(S₃+√S₆)+³√(S₃-√S₆)

whichisafnofxi[1-3]andisnine-valuedandsolvesthreedistinctcubics,solns

differingbyacubicrootofunity.

Weseefromtheidentityofthecriticalfnsofboththecubicandquadthatymustbe

rationalandatwo-valuedfn,eachvalueaperfectcubeofalinearfn.Andthe

resolventinyresolvesthreerelatedcubics.Because(12)isinthequadonlyasacube,

thequadstandsinthesamerelationtoallthreecubics,whoserootsaredifferent.And

hereagain,ymustberationalandthesixvaluesofy1/3mustbelinearinthex's.

Besidesthelin.trans.,onlyoneothertransformationmaintainsthisform.Thisisthe

Tschirnhausentransformation(T-trans)where(21)vanishes.Thisreducesthecubic

toabinomialformandgivesthesameformtotherootsasabove.Thereforethesoln

ofthecubicisuniqueinform.
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Wecanviewthecubicaswedidthequadratic,asafnoft.Thecubichasform

(x-a₁)³-3(12)(x-a₁)-(13)=0

Let(x-a₁)=√(3(12))⋅tandtheformis

t³-t=(13)/(3(12))3/2=(say)v

Orφt=vandourcubicsolnisφ-1int=φ-1v

TheQuartic(FirstMethod)

Weinferfromthelin.trans.,thatifthequarticisresolvedbyalin.trans.,therational

partoftherootsisa₁andtheirrationalpartsarefnsof(12),(13),(14).Welookfora

cubicwiththesamedscr(toanumericalfactor)asthequartic.Andweexpectthis

cubictobearesolventwhoserootsrelatetotherootsofthequartic.

Thedscrofaquarticis12°initsrootsandacubic'sis6°.Theargumentofacubiciny

withthesamedscrasacubicinxmustbe2°withcoeffsofdegrees0,2,4,6.Themost

completeformofthisis

y³-3N₁(12)y²+3(N₂(12)²+N'₂(14))y-(N₃(12)²(14)+N'₃(13)²)=0

Giventheseconstants,orrather,theirratios,wewanttogivethemvaluessothatthis

cubic'sdscristhatofthequartic.Thedscrofthiscubicis

4(I⋅II)³-(I⋅III)²

where

(I⋅II)=(N₁²-N₂)(12)²-N'₂(14)ORC(12)²-N'₂(14)

(I⋅III)=(2N₁³-3N₁N₂)(12)³-(3N₁N'₂-N₃)(12)(14)+N'₃(13)²

ORD(12)³-E(12)(14)+N'₃(13)²

andthedscrofthequarticisgiveninourearliertable.Comparingthetwo

DscrCubic DscrQuartic

(12)² 4C³-D² 0

(12)⁴(14) 2DE-12C²N'₂ 81

(12)²(14)² 12CN'₂²-E² 18

(14)³ -4N'₂³ 1

(12)³(13)² -2DN'₃ -54

(12)(13)²(14) 2EN'₃ -54

(13)⁴ -N'₃² 27
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Fromthiswehave

4C³-D²=0

108N'²-N'₃²=0

DN'₃+108N'₂³=0

EN'₃-108N'₂³=0

6C²N'₂-DE-162N'₂³=0

12CN'₂²-E²+72N'₂³=0

Thefirstimplies

N₂=3/4⋅N₁²OR C=¼N₁²

∴

N'₂=⅓C=1/12⋅N₁²

N'₃=(108N'₂³)1/2=¼N₁³

E=3N₁N'₂-N₃=¼N₁³-N₃

ButEmustequalN₃or¼N₁³∴N₃=0

Wehavetosatisfythesesixeqnsabovewithonlyfourconstants.Butthisispossible,

nomatterwhatvalueisgiventoN₁.LetN₁=6toavoidfractionsandthecubicinyis

y³-18(12)y²+3(27(12)²+3(14))y-54(13)²=0

Wecanresolvethiscubicexpressingitsthreerootsinyintermsof(12),(13),(14),

whichistosayintermsofai[1-4]andalsointermsofthex'sunderradicalsby

subbingforeachcoeffitscorrespondingvalueinx's.Thisformis

y=S₂+³√(S₆+√S₁₂)+³√(S₆-√S₁₂)

=S₂+³√(S₆+R₆)+³√(S₆-R₆)

where√S₁₂isthesquarerootofthequarticexpressedintermsofitsrootsandis

thereforereducible.Atthispoint,wecouldexpandS₆±R₆intermsofthex'sandtake

cuberoots.Eachvalueinywouldberationalandaperfectsquareproducingalinear

fnofthex's.Butthisiscomputationandweseekageneraltheory.

Ifweassumethecoeffsofourcubictoberational,allweneedflowsfromtheformof

itshavingthesamedscrasthequartic.Evenwithoutthisassumption,theremustbe

atleastonecommonradicalintheexpressionoftherootsandthisisasteptoward

showingy∈QasS₁₂isaperfectsquarewrtthex's.

Whenthecubichasthreeequalroots,thedscrvanishedandsodo(I⋅II),(I⋅III)andwe

get

(14)-3(12)²=0

(12)³+(12)(14)-(13)²=0

∴ 4(12)³-(13)²=0
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Sothislast,withvanishingdscr,givesusthreeequalrootsinthequartic.

Allconditionsbetweencoeffswhichshowmultiplicityofrootsinthecubicoperatein

asimilarmannerinthequartic.Soalltheradicalsinthecubic'srootsmustbe

unalteredinthequartic'sroots.Theistheproperty,ordefinition,ofaresolvent.

Ifwetake

R₂+ωR'₂+ω²R"₂ R₂+ω²R'₂+ωR"₂

andmultiplyeachbyωandω²,theconditionsofthreeequalrootsinaquarticare

representedbytheproductofthesesixfnswheretheR'sare2°qfnsofthequartic's

roots.Indirectly,thisshowsthey'sarerational.Butweneedtoestablishthisdirectly

fromtherelationofthecubicinytothequarticinxandthefactthattheproductof

thecubic'srootsisthesquareofaqfnofthequartic'scoeffs.

Fromthedscrs,weknowthatyi[1-3]enterintothefour(x-a₁)'s,preservingtheir

irrationalparts.Sothese(x-a₁)'saresym.wrtyiandmustbeirrationalfnsofthem,

consistingofirrationalfnsofeachyiseparatelyor(samething)combinedinpairs.

Andthisproductofthecubicrootsisalliedtoanotherquarticinthesamemanner.

Thisconnection,beingidentical,wecan'ttellwhichquarticourcubiccomesfromby

workingbackwards.Sothecubicsolvestwoquarticswithdistinctroots.Inourcubic,

(13)appearsonlyas(13)²andcancomefromeitherofthese:

(x-a₁)⁴-6(12)(x-a₁)²∓4(13)(x-a₁)-(14)=0

Therefore,yisafnofthefourvaluesof(x-a₁)onlythroughthefourvaluesof(x-a₁)².

Soyasafnof(x-a₁)cannotundergoanychangewhen(x-a₁)ischangedinto-(x-a₁).

Therootofthequarticmustbeexpressedthroughsomef(y)thatadmitsofachangeof

valueinthissubstitutionasthecubicmustsolvetwoquartics.Sotheremustbesome

fnψoperatingonlyonywhichchangeswhen(x-a₁)becomes-(x-a₁).Butthis

changeisobliteratedwhenweuseψ-1onψ(y).Soψ-1issquaringandψistakingthe

squareroot.Andthisrequiresytoberationalintermsofthex's.Forifthecuberoots

wereirreduciblesurds,anyrootofapowerorfnofywouldalsohavethatformand

wouldcontainyonlyinthefourvaluesof(x-a₁)².Becausethethreevaluesofyare

rationalandbecausetheirproductisaperfectsquaretheneachofthey'sisaperfect

squareandalinearfnofthefourvaluesof(x-a₁).Andforthetwoquartics,onesetof

y'sisthenegativeoftheother.

NowitneednotbenecessarythatthreequantitiesinQareasquarebecausetheir

productisone.TheycouldhavetheformRR',RR",R'R".Andthen(13)²wouldhave

threefactors,eachrepeatedtwice.Buteveryfactor,aswehavejustshown,candiffer

bysignonly.Andwithsymmetryofrootsofunity,wemusthave(usinga₁for

convenienceonly):

√y₁=±A((x₁-a₁)+(x₂-a₁)+(x₃-a₁)+(x₄-a₁))

√y₂=±A((x₁-a₁)-(x₂-a₁)+(x₃-a₁)-(x₄-a₁))

√y₃=±A((x₁-a₁)-(x₂-a₁)-(x₃-a₁)+(x₄-a₁))
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andthesesolve:

(x-a₁)⁴-6(12)(x-a₁)²-4(13)(x-a₁)-(14)=0

(x-a₁)⁴-6(12)(x-a₁)²+4(13)(x-a₁)-(14)=0

Incomputation,wemustusethesquarerootinonecasesothaty₁y₂y₃hasthesame

signas(13)andintheothercase,as-(13).Thefnwhichexpressesoursolutionby

thismethodis

S₁+√(S₂+³√(S₆+√S₁₂)+³√(S₆-√S₁₂))

+√(S₂+ω⋅³√(S₆+√S₁₂)+ω²⋅³√(S₆-√S₁₂))

+√(S₂+ω²⋅³√(S₆+√S₁₂)+ω⋅³√(S₆-√S₁₂))

Hereweareunabletoexpressthequarticproblemintheformφt=v.Thatmultipleof

(x-a₁)wecalltisnotinourexpressionoftherootafnofanyonesymbolv.Soatthis

point,therootofageneralquarticcannotberepresentedasafnwithasingle

parameter.Butwewillreturntothisideainthenextsection.

TheQuartic(SecondMethod)

Asarecap,forourapriorisolnofcubicandquarticwehave:

1)Foreach,wehaveaneqnofthenextinferiordegreewhosecoeffsareqfnsofthe

giveneqn'scoeffsandwhichhasthesamedscrasthegiveneqn.

2)Theconstanttermofthislessereqn,theproductofitsroots,isaperfectpowerofa

qfnofthegiveneqn'scoeffs,theexponentofthepowerbeingthedegreeofthelesser

eqn'sargument.

3)Thisqfnoftheconstantentersthelessereqnonlyinthatpowerofthesearguments.

Wealsoknowthatourprocesssolvesasetofeqnswithdistinctroots.Thesethasas

manyelementsasthepoweroftheconstantterminy.Bothdscrstakethesameform:

S²+NS'³.Ourymustbenotonlyrationalinitsx'sbutapowerofalinearqfnofthex's.

Thecubic,withitsresultant,presentednoproblems.Inthequartic,havingtosatisfy

sixeqnswithfourratiospreventedusfromknowingapriorithatwecouldsosatisfy
them.Sowecouldnotknowthatanapriorisolnexisted.Thisisimportantandat
leastshowsusthatoursolnwasnotthesimplestandmostnatural.

Aremedywouldbetoreducethenumberofeqnstosatisfy.Toequatetwogeneral

12°fnsof(12),(13),(14),wemustsatisfysixeqns,therebeingseventermswithcoeffs.

Inourcomparisonofcubicandquartic,ifwestrikeout(12),wehavetwotermsleft

andtheratiooftheircoeffscanbedeterminedwithoutredundanteqnsofother

inconsistency.
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Aquarticwith(12)=0hasthisform

3(∑z)²-8∑(zz)=0

andhastheconditionalform

z⁴-4b₁z³+6b₁²z²-4b₃z+b₄=0

andhasthesamedscras

y³+9(41)y-51(31)²=0

Resolvingthis,wegetthreevaluesofyintermsof(41),(31)orb₁,b₃,b₄.Butwe

cannotexpressyuniquelyintermsofz.Wecouldsub¼∑z→b₁,¼∑(zzz)→b₃,and

z₁z₂z₃z₄→b₄butthecondition3(∑z)²=8∑(zz)admitsinfinitevariation.Soweneed

auniqueexpressionofy.Andeventhen,wehavenoresolutionofthegeneralquartic

inx.

Let'sfirstconsidertransforminganyquarticintoour(12)=0quarticforwhichweuse

theT-trans.Wearegiven

x⁴-4a₁x³+6a₂x²-4a₃x+a₄=0

andweneedtotransformitintoaquarticinzwherezissomeψxthatmakes(21)=0.

(Atthispoint,notethatifthe(21)seemsatypooryouareunsureofitsmeaning,you

arenotquiteyetfollowingthenotation.IsaythisasIhadthesameissue.)The

generalformofourψis

z=ψx=hx³+kx²+lx

anyhigherpowerofxbeingreducibleandanyconstanttermabsorbedbyz.The

transformedeqninzistherefore

z⁴-∑(ψx)z³+∑(ψxψx)z²-∑(ψxψxψx)z+∏ψxi[1-4]

andfor(21)=0,weneedh,k,l:

3(∑(ψx))²-8(∑(ψxψx))=0

orinour,nowalmostforgotten,underscorenotationofsym.fnsoftheroots,thisis:

33h²+232hk+231hl+22k²+221kl+11l²=0

Wecansatisfythisintwowayswiththreeortworesults.Withthreeconstantsand

twoconditionswecanmakeh=0anddeterminek:lby

22k²+221kl+11l²=0

andgettwoformsofψeachwithaquarticofform(12)=0.Thisgivesasetoftwo
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quarticsandSym.fork=0andl=0.Secondly,ourconditiontakesform

(33h+32k+31l)²+(33⋅22-32⋅32)k²+2(33⋅21-32⋅31)kl+(33⋅11-31⋅31)l²=0

whichisequivalenttotwolinearconditions

33h+32k+31l=0

Ak+(B+√(B²-AC))l=0

whereA,B,Carethethreesym.fnsaboveofdegrees10°,9°,8°respectively.Any

convenienthgiveskandlbyalinearprocessandagainztakestwoforms,givingagain

twoquartics.

Thereductioncanalsobemadebyexchanging1and3,handlintheabove.Inall

cases,adistinctformofirreducibleirrationalappearsforeachmethodofelimination.

Thedegreesofthenewfnsintroducedare14°and18°.Allmethodsappeartobe

distinct.Ineverycase,wegettwoquarticsdifferingbythesignofthe²√whichisin

everycoeff.Weconsidernowonlythesimplestoftheabovetransformswherezis2°

inx:

z=kx²+lx=11x²+(21±√(21⋅21±22⋅11))x

OR

1/16⋅z=3(a₁²-a₂)x²+(3(4a₁³-5a₁a₂+a₃)±√(9(4a₁³-5a₁a₂+a₃)²

-3(a₁²-a₂)(48a₄-72a₁²a₂+9a₂²+16a₁a₃-a₄))x

Theradicallastwrittendownistheessentialirrationalformwhichwillpervadethe
wholeofourfutureresults.Itisirreducibleor,atleast,wewilltreatitassuch

regardless.Withthisz,b₁=¼∑z,b₃=¼∑(zzz),andb₄=∏zi[1-4]--allexpressiblein

termsofai[1-4],allcontainingthislastradicalbutotherwiserational.

Ifthisleadstoaresult,theirrationalsinitwillnotbefnsof(12),(13),(14);therational

partwithnotbea₁;andthesumoftherootswillbe4a₁.Ourpairofconditioned

quarticswiththenbe

z⁴-4b₁z³+6b₁²z²-4b₃z+b₄=0

wherez=kx²+lxandwherel:k,b₁,b₃,b₄are2°irrationalfnsofai[1-4]eachbeing

two-valued,oneforeachquarticinthesetaccordingtothesquarerootsofunity.

Considerthiscubicofoneofourconditionedquartics:

y³+9(41)y-54(31)²=0

Wecanexpress(31)asb₃-b₁³and(41)as-(b₄-b₁⁴)+4b₁(b₃-b₁³)whichisallin

termsofai[1-4]andeachcontainsourbigquadraticirrational(quad-irrational)which

wedenote√I₆.Sowecanexpressycompletelyintermsofai[1-4]andthereforeby

sym.fnsofthex'sorroots.
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Inbothcases,theirrationalisofHamilton's3dorder.Andinbothcases,inwhatever

modeoftransformation,they'sarenowuniquelyexpressed.

Considertherelationofthequarticinz(ψx)andthecubiciny.Weaskifthelatteris

theresolventoftheformer.Bothhavethesamedscr.Soanyexpressibleradicalin

they'swillentertherootofthequarticwhichis

(z-b₁)⁴-4(31)(z-b₁)-(41)=0

Withthesetwoparameters,wecannotimposetwoconditionsnorsupposethreeor

fourequalrootswithoutthecubicvanishingandthequarticbeing(z-b₁)⁴=0,Soany

multiplicityinyisreflectedinz(ψx)andradicalsinyentertherootsofthequartic

unaltered.Theseradicalsarethethreeformsof

³√((31)²+√((31)⁴+(⅓(41))³))+√((31)²-√((31)⁴+(⅓(41))³))

andareuniquelyexpressibleinx'sora's.

Althoughallthisisnotdefinitelyexpressibleinz,wecandefinitelyexpressthedscr,if

notuniquely,anditisaperfectsquare,whichsufficesforourtheory.Properly

speaking,thereisnofnofzaszisidenticallyψxwhichiskx²+lx.Wedonotattempt

tosolveaconditionedquarticbutonlythecompletequarticinxwhichtakesform

(ψx-b₁)⁴-4(31)(ψx-b₁)-(41)=0

Whenthecubichasthreeequalroots,itisy³=0and(31),(41)vanishandboth

radicalsvanishfromtheroots.Thenthequarticbecomes

(z-b₁)⁴=(ψx-b₁)⁴=0

withthreeequalroots,orconsideredinz,4equalroots.Inx,threeequalroots

reducesthequartictoψx-b₁andwithfourequalroots,x=a₁.Ourunchanging

radicalofthecubic'sandquartic'srootsmustbeafnofy₁andSym.thesameofy₂and

y₃.Thequad-irrational(31)appearsonlyas(31)²inthecubicofy.So-(31)givesus

theconjugatequartic'sresolventandouroriginalquarticbeing

(z-b₁)4-4(31)(z-b₁)-(41)=0

itsconjugateis

(z-b₁)⁴+4(31)(z-b₁)-(41)=0

wherewesub-(kx²+lx-b₁)for(kx²+lx-b₁).Soyremainsthesamebutsomefnofy

mustchangeinthissubstitution.Againwehavey1/2changingbut(y1/2)²doesnot,as

inthefirstmethod.Herey,intermsofthex's,mustbeaqfn,notofthex's,butofthe

expressionsofzintermsofx.Soymustbealinearfnofψxi[1-4].
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Then,exceptforourirreducible²√radical,yisreducibletoa2°qfnofψxi[1-4]or

A₁(ψx₁-b₁)+A₂(ψx₂-b₁)+A₃(ψx₃-b₁)+A₄(ψx₄-b₁)=y₁1/2

B₁(ψx₁-b₁)+B₂(ψx₂-b₁)+B₃(ψx₃-b₁)+B₄(ψx₄-b₁)=y₂1/2

C₁(ψx₁-b₁)+C₂(ψx₂-b₁)+C₃(ψx₃-b₁)+C₄(ψx₄-b₁)=y₃1/2

whichcombinedwith

(ψx₁-b₁)+(ψx₂-b₁)+(ψx₃-b₁)+(ψx₄-b₁)=0

determineψxi[1-4].TheAi,Bi,andCiarenumericalconstantswhichariseinthe

computation.Theyi[1-3]arethepreviouslydeterminedirrationalfnsofai[1-4].

Becausewehaveasetoftwoquartics,theaboveprocesscanberepeatedtoobtaina

secondsetofsolnsψxi[1-4].Wefirstdetermine

kx₁²+lx₁ kx₂²+lx₂ kx₃²+lx₃ kx₄²+lx₄

wherelis21+√(21⋅21-22⋅11)thenwedeterminekxi
2+l'xiwherel'is

21-√(21⋅21-22⋅11).Anysym.fnofkx₁²+lx₁andkx₁²+l'x₁isafnofx₁whosecoeffs

areqfnsofai[1-4].Fromthis,byeliminatingallpowersofx₁abovethefirst,we

absolutelydeterminex₁.

Example

Letoursym.fnbethesumofthesewhichis

11x₁²+21x₁=Va

whereVaisaknownfnofai[1-4].Thenweeliminatex₁⁴,x₁³,andx₁²fromthesetwo

fns:

x₁⁴-4a₁x₁³+6a₂x₁²-4a₃x₁+a₄=0

(a₁²-a₂)x₁²+(4a₁³-5a₁a₂+a₃)x₁-Va=0

Here,toextracttheroots,weneedonlydeterminethedoublesetof√yi[1-3].Andthe

irrationalfnsofai[1-4]inonesetappearintheotherasour√I₆withthesignchanged.

Oursecondmethodhereisanewformofquarticsolnwhereeachtermofitcontains

onlytwoelements.Ifourψhadbeenhx₃+lx,thesolnwouldtakeanotherformwith

theirreducibleradical√I₈;ifwithhx³+kx²,anewformwith√I₁₀;ifwiththeentire

hx₃+kx²+lx,yetanotherformwithoneoftheotherirreducibleradicalsofdegrees

√I₁₄or√I₁₈.

Thefirstmethod'sresultscouldnothavebeenanticipatedapriori:thatcertainqfns
oftherootsofthequarticwerealsorootsofthecubicwithcoeffsofqfnsofthe

quartic'scoeffs.Thismeantthatthereareqfnsoffoursymbolswithexactlythree

values.
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Withthissecondmethod,wehavecombinations,notofcoeffs,butofacertain

irrationalityoftheformA+B√IwhereA,B∈Q,I∈Qbutnotnecessarilyaperfect

square.Thereareseveraldistinctformsofthe√I,eachwithitsmodeofsoln.From

thismethod'sfnsoftherootscontainingour√I,weagainfindathree-valuedfnoffour

symbols,solvingthequartic.

Thetwomethodsofsolnareindependent.Ifwehadignoredthefirstmethod,we

wouldhavenoknowledgeoftheexistenceofathree-valuesqfnoffoursymbols.The

twomethodsshowthatanyeqninsolublebyaprocesswheretherationalpartofthe

rootsisa₁andtheirrationalpartsarefnsof(12),(13),…maybesolublebythe

introductionofsomeirrationalfn,anappropriateanalogofour√I.

Inconsideringoursecondmethod,itissignificantthatourAi,Bi,Ciwerediscoverable

throughoperationsonlywithoutreferencetothefirstmethod.Comparingthetwo

methodsandknowingtheeqninzisacaseofthegeneralquartic,wefindtheAi,Bi,Ci
thesameineach.Inthesecondprocess,eachrootisexpressedintermsofsix

irrationalfnsofthecoeffs,eachofHamilton's4thorder,besidesthequasi-rational

partwhichisthesum oftwovaluesofbi. Eachrootcanbeexpressedless

symmetricallybyfewerfns.Wehavenotbeensolvingthegeneralquarticbymeansof

thereduced,conditioned,trinomialquartic.Wehavetakenoneofthesolnsofthe

generalquarticandimpartedintoitthislimitationorcondition.

Thesecondmethoddoesinvolveoneortheotheroffivequad-irrationalsintroduced

bytheT-trans.Nootherswouldachieveasolndistinctfromthefirstmethod.But

usingthistransformation,welose,fromthesolnstatedattheendofthefirstmethod,

thetermS₂.Inthatstatementofsoln,S₂couldonlyvanishifwehadsomerelation

betweencoeffsandroots.Inoursearchforgenerality,weadmitnosuchrelationof

condition.Buthere,bysubbingsomeχxforxinthequartic,someoneofS₂,S₆,S₁₂

mayvanishwithoutaffectinggeneralityorintroducingarelationorcondition.TheT-

transaffectsS₂.

Notethatthistransform,havingremovedS₂byaprocessactingontheradicals,

cannotbeundonebyaprocessoutsidetheradicals.Lettherootbeρ.Ifwesubχxfor

xinρ,theresultwillbeequivalentto,andreducibleto,χρsolongastheformofρis

notalteredbythesubstitution.Butifχproducesalterationsofform,theresultcannot

taketheformχρalthoughitbearithmeticallyequivalent.ThisvanishingofS₂isof

greattheoreticalimportance.Algebraically,itpresentstheresolutioninadifferent

form.Here,likethequadandcubic,thequarticisafnofasingleparameter--

(31)⁴/(41)³--whichcannotbeinferredfromthefirstmethod.

Wecanintroduceanylin.trans.intotheoriginalquarticbeforeapplyingtheT-trans.

Andeachlin.trans.changesour√I.Thesearenotdistinctresultsbutmerelylinear

variationsofthesoln.Butifwebeginwiththelin.trans.thatcausesthesecondterm

ofthequartictovanish,wegreatlysimplifyourworkwithoutlossofgeneralityof

introductionofanycondition.Wemakethisourstandardmodeoftransformation.It

iseffectedbysubbingx-a₁forx,makinga₁zeroinallformulae,andthena₂,a₃,a₄are-

(12),(13),-(14).Toshowwearedoingthis,wedenotea₂,a₃,a₄asc₂,c₃,c₄.
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Wenowhave

ψx=k(x-a₁)²+l(x-a₁)

wherek=-3c²andl=-3c₃+√(3(9c₂³-c₂c₄+3c₃²)).Thenb₁=9c₂²and

4b₃=l³∑(xxx)+l²k∑(x²xx)+lk²∑(x²x²x)+k³∑(x²x²x²)

or

b₃=c₃l³+3c₂c₄l²+54c₂³c₃l-27c₂³(4c₃²-3c₂c₁)

whichdividedby

l²+6c₃l-3c₂(9c₂²-c₄)=0

gives

b₃=81c₂⁴-513c₂³c₃²-9c₂²c₄²+162c₂c₃²c₄-108c₃⁴

+(81c₂³c³-21c₂c₃c₄+36c₃²)√I₆

Sym.

b₄=c₄(l⁴+54c₂³l²-108c₂³c₃l+81c₂⁴c₄)

=9c₄(243c₂⁶-36c₂⁴c₄+324c₂³c₃²+c₂²c₄²-24c₂c₃²c₄+72c₃⁴

-(72c₂³c₃-4c₂c₃c₄+24c₃³)√I₆)

Thesegive

(31)=-729c₂⁶+81c₂⁴c₄-513c₂³c₃²-9c₂²c₄²+162c₂c₃²c₄-108c₃

+(81c₂³c₃-21c₂c₃c₄+36c₂³)√I₆

=(forreference)B₁₂+B₉√I₆

⅓(41)=-6561c₂⁸+243c₂⁸c₄-6156c₂⁵c₃²+972c₂³c₃²c₄-1296c₂²c₃⁴

-3c₂³c₄³+72c₂c₃²c₄²-216c₃⁴c₄

+12(81c₂⁵c₃-3c₂³c₃c₄+36c₂²c₃³-c₂c₃c₄²+6c₃³c₄)√I₆

=(forreference)B₁₆+B₃₃√I₆

fromwhichweform

y=3(³√((31)²+√((31)⁴+(⅓(41))³))+³√((31)²+√((31)⁴+(⅓(41))³)))

where(31)²=B₁₂²+B₉I₆+2B₉B₁₂√I₆and(31)⁴+(⅓(41))³=

B₁₂⁴+6B₁₂²B₉²I₆+B₉⁴I₆+B16
3+3B₁₆B₁₃²I₆

+(4B₁₂³B₉+4B₁₂B₉³I₆+3B₁₆²B₁₃+B₁₈³I₆)√I
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Supposethequartictohavetwoequalrootssothatyhasthesevalues

6(31)2/3 -3(31)2/3 -3(31)2/3

∴ z₁+z₂-z₃-z₄=4(31)1/3

z₁+z₂+z₃-z₄=2√-2(31)1/3

z₁-z₂-z₃+z₄=2√-2(31)1/3

z₁+z₂+z₃+z₄=36c₂²

∴ z₁=9c₂²+³√(31)⋅(1+√-2)

z₂=9c₂²+³√(31)⋅(1-√-2)

z₃=9c₂²-³√(31)

z₄=9c₂²-³√(31)

wherez=-3c₂(x-a₁)²-(3c₃-√I₆)(x-a₁)

Ifin(31)wechangethesignofI₆,wehaveSym.valuesfor

-3c₂(x-a₁)²-(3c₃+√I₆)(x-a₁)

andsummingthesegives

-6c₂(x-a₁)²-6c₃(x-a₁)≡ψx

LetR=³√(B₁₂+B₉√I₆)+³√(B₁₂-B₉√I₆)andforourψxwehave

ψx₁=18c₂²+(1+√-2)R

ψx₂=18c₂²+(1-√-2)R

ψx₃=18c₂²-R

ψx₄=18c₂²-R

Theordinarymethodwouldgiveequivalentarithmeticalresultsbutthesecuberoot

radicalswouldnotappearatallandtheexpressionwouldhavenosurds.But(31)

showsitscuberootcannotbealgebraicallytakenasitcontainsnosymbolofthefirst

degree.

NowifI₆equalledzero,wewouldarriveatthefirstmethod'ssolnbythesecond

method.Thedscrofthequarticinz(ψx)containsthedscrofthequarticinxasa

factor.Whenthelatteriszero,soistheformer.Butnotconversely.Whentheformer

iszero,eitherthequarticinxhastwoequalrootsORforsometwovaluesofthex's

(sayx₁,x₂)thatk(x₁+x₂)+l=0.Wehavefourcases:

1)eqninxhastwoequalroots⇒dscrsofbothconditionedquarticsvanish

2)k(x₁+x₂)+l=0⇒1stconditionedquartic'sdscrvanishes,2d'sdoesnot

3)k(x₁+x₂)+l'=0⇒2dconditionedquartic'sdscrvanishes,1st'sdoesnot

4)I₆=0⇒Neitherdscrvanishesbutthetwoconditionedquarticsbecomeonly

oneandzisanifnofx:3(a₁²-a₂)x²-3(4a₁³-5a₁a₂+a₃)xandbothmethods

yieldidenticalsolns.
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Inthesecondmethod,weoperateonaresolventcubicbutnottheresolventofany

othermethod.IthasbeenshownthattheresolventsinEuler'sandSimpson's

methodsareessentiallythesame.Ournewmethod,insteadofaresolventcubic,

actuallyhasaresolventsextic.Andthisisaqfndivisibleintotwocubicswithquad-

irrationalcoeffs.Finally,weseethesolnofaquarticisanordinaryalgebraicinverse

operation.Thegeneralquartichasform

(z-b₁)⁴-4(31)(z-b₁)-(41)=0

makez-b₁=³√(4(31)⋅t

∴ t⁴-t=(41)/4/3√(4(31))=v

orφt=vandourresolutionisφ-1v=t.

TheT-transisalsousedintheTschirnhausenSolutionofthequarticwhereaquartic

inxbecomesaquarticintunderthecondition(13)=0insteadofour(12)=0.Thisis

donebymeansofacubicandtheeqnintisaquarticwithonlyevenpowersoftand

solvedbytakingsquarerootsofaquadraticwhosecoeffsintermsofai[1-4]come

fromthecubic.Thisleadstothesamecubicresolventasothermethods.Soour

secondmethodistheonlyonedistinctfromalltheotherlinearonesequivalenttothe

firstmethod.

TheQuintic

Ifwecouldexpresstherootofaquinticbythefirstmethodoflin.trans.,therational

partofitwouldbea₁andtheirrationalpartfnsof(12),(13),(14),(15).Wewouldneed

aquarticwhosecoeffsareqfnsofthosefourvalueswithadscrequaloranumeric

multipleofthequintic's.Anditsrootswouldbeafnofthefive(x-a₁)'s.Letussee

whythiswon'twork.

Intheirroots,thedscrofaquinticis20°andofaquartic,12°.Sonodegreeof

argumentinaquarticwillwork.Butlcm(12,20)=60andiftheargumentofthe

quarticis5°,itsdscristhen60°andequaltothecubeofthequintic's.Itscoeffswillbe

ofdegrees0,5,10,15,and20.Wecouldalgebrateallofthisthehardway.Butthere

isavalid,muchlazierapproach.Weneedtheprincipalcriticalfnsofbothquarticand

quintictosharetheconditionoftwoequalroots.Whenthefirstderivativeofthe

quantichasthreeequalroots,itsdscrisaperfectcubeandthequartichasform

(y-l)⁴+m=0

wherethedscristhecubeofm.Recallthehonkingbigdscrofthequinticfromour

earliertableandlazilydenoteit∆.Letm=N₃∆.Thenthemostgeneralformoflis

N₁(12)(130+N₂(15)

andourquarticbecomes
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(y-(N₁(12)(13)+N₂(15))⁴-N₃∆=0

Solvingfory,itsexpressionintermsofx'sisirreducible.Itsrootscontain⁴√∆which

is√(√∆).As∆isaperfectsquareinthex's,thefirst√worksjustfine.Butthesquare

rootof∆hastheform∑xx²x³x⁴withhalfthetermsnegativeandsoisnotaperfect

square.Ouryhereisnotanyfnofthe(x-a₁)'s.If⁴√∆werereducible,wewouldhave

afive-symboledfnpossessingfourvaluesandthatisalgebraicallyimpossible.Sowe

canseethatourfirstmethodoflin.trans.cannotwork.

Soweneedtoproceed,ifpossible,byoursecondmethod,introducingirreducible

irrationalsandavoidinglin.trans.Wecannotfindafour-valuedqfnoffivesymbols.

Butwemayfindirrationalfnsofknown,specificirrationalityoffivesymbolswhose

multiplicityofvaluesmaysolvethequintic.Notethatalthoughthey'sareirrational,

theydivideintotwopairswhoseproductsarerationalwrttheroots:

y₁y₂=(N₁(12)(13)+N₂(15))²-√(N₃∆)

y₃y₄=(N₁(12)(13)+N₂(15))²+√(N₃∆)

Andthisrelationshouldbekeptinmindaswegoforward.Let'sfirstdigressby

askingifthereareconditionedquinticswith⁴√∆reducible.If∆intermsofcoeffsisa

squarefn,thenitcouldbeafourthpoweroftheroots.Ifthisoccurs,ourtwoproducts

abovewouldnotonlyberationalbutwouldbesym.fnsoftheroots.Soifinour

tabular∆wemake(13)=0andcondition(12)visavis(14),wecanmake∆aperfect
squarewhererelationsbetweencoeffshaveasimplecharacter.Let(13)=0andthen

let(14)-N(12)²=0,then

∆=(6400N³+2560N⁴+256N⁵)(12)¹⁰+(1440N+160N²+3456)(12)⁵(15)⁵-(15)⁴

whichisaperfectsquareof

N⁵+35N⁴+475N³+3105N²+9720N+11664=0

OR

(N+4)²(N+9)³=0

∴ N=-4∨9

andourquinticsfortheseare

(z-b₁)⁵-10(21)(z-b₁)³+20(21)(z-b₁)-(51)=0

(z-b₁)⁵-10(21)(z-b₁)³+45(21)²(z-b₁)-(51)=0

Thesegiveyas

(51)=⁴√((51)²-128(21)⁵)²

(51)=⁴√((51)²-1728(21)⁵)²
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Now

y₁y₂=128(21)⁵∨1728(21)⁵

y₃y₄=2(51)²-128(21)⁵∨2(51)²-1728(21)⁵

wherebotharerationalandsymmetricallyexpressible.Oneisaperfectfifthpower.

The(21)onlyappearsas(21)⁵.Sotheysolvequinticswhere(21)becomesω(21),

ω²(21),ω³(21),ω⁴(21)ORwherez-b₁ismultipliedbytheserootsofunity.Andif

y₁,y₂areqfnsofthe(z-b₁)'s,eachisafifthpower,astheirproductisafifthpower,as

thataloneallowssolnofasetoffivequintics.Andiftheywereknowntohavethe

irreducibleformof

(51)±√((51)²-N⁵(12)⁵)

theywouldhaveanextractablerootofformR₁±√R₂asthey₁,y₂mustadmitthe

variationallowingsolnoftheentireset.Inbothcasesy₁1/5andy₂1/5arerationaland

ωy₁1/5+ω⁴y₂1/5ORωy₁1/5+(N(21))/ωy₁1/5

isafive-valuedfnoftherootswithvalues

y₁1/5+y₂1/5,ωy₁1/5+ω⁴y₂1/5,ω²y₁1/5+ω³y₂1/5,ω³y₁1/5+ω²y₂1/5,ω⁴y₁1/5+ωy₂1/5

Theeqnintwiththeserootsis

t⁵-5N(21)t³+5N²(21)²t-2(51)=0

wheretisafnofthe(z-b₁)'swithfivevalues.WhenN⁵=128thefirsteqnis

t₅-10⋅22/5(21)t³+20⋅24/5(21)²t-2(51)=0

Lett=21/5vandwehave

v⁵-10(21)v³+20(21)²v-(51)=0

Herev=2-1/5t=(y₁/2)1/5+(y₂/2)1/5isequivalentto(z-b₁)andthisisitssoln.The

eqnitselfisnowDeMoivre'sform.Thisy₁andy₂arerationalandtisalinearfnofthe

(z-b₁)'swithfivevaluesbypermutationsoftheroots.Forthesecondeqn,itsformin

tis

t₅-10(54)1/5(21)t³+20(54)2/5(21)²t-2(51)=0

Wecannothereconcludethatthissecondeqninzisreducibletothesameformasthe

firstwheretisaqfnofzwithcoeffsintermsof(21)and(51).Ineachoftheseeqns,

ourexpressionsarenotunique,butinfinitelyvarious.Tocomparethemweneed

uniqueexpressionsoftheseresolvents.Wewouldherehavetogobacktothegiven

quinticoffiveparametersofwhicheacheqninzisadistincttransform.
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Whatwehaveprovedinthisdigressionisthatifthecompletequinticinχwere

reducibletothesecondformz=ψx,itwouldbereducibletothefirstformintbya

furthertransforminwhichtwasaqfnofz,sayχz.Herethecoeffsofψandχwouldbe

expressibleonlyintermsofcoeffsofthegeneralquinticinxandnotintermsof(21)

and(51).Hereourdigressionends.

Wewillapproachthequinticbythesecondmethod.Considerthedscrofthequintic

andcause(12)and(13)tovanish.Inthecubic,thedscrwas(13)²+N(12)³;inthe

conditionedquartic,(14)³+N(13)⁴;inourproposedconditionedquintic,(15)⁴+

N(14)⁵.Nisalways±(n-1)n-1.Withthisdscr,wecanfulfillaconditionofresolubility:

anyeqninywheretheconstanttermifaperfectfifthpowerofaqfnofthecoeffs,i.e.

(41)⁵,andwillnototherwisecontain(41).Weneedtoexpress(12)=0and(13)=0

intermsoftheroots.Theproposedconditionalquinticis

z⁵-5b₁z⁴+10b₁²z³-10b₁³z²+5b₄z-b₅=0

andof(21),(31),(41),and(51)only(41)and(51)havesignificantvalue.Themost

completeformofaquarticinywithcoeffsasqfnsofthequintic'sis

y⁴-4N₁(51)y³+6N₂(51)²y²-4N₃(51)³y+N₄(41)⁵=0

Inthelastterm,anymultipleof(51)isomittedasitcouldvanishunderaproper

lin.trans.WeneedthefiveN'stomakethedscrofthequarticthatofthequintic.

(I⋅II)=(N₁²-N₂)(51)²=C(51)²

(I⋅III)=(2N₁³-3N₁N₂+N₃)(51)³=D(51)³

(I⋅IV)=(3N₁-6N₁²N₂+4N₁N₃)(51)⁴-N₄(41)⁵=E(51)⁴-N₄(51)⁵

Sobyourdscrtable,wehaveforourdscr:

(81C⁴E-54C³D²+18C²E²-54CD²E+27D⁴+E³)(51)¹²

-(81C⁴N₄+36C²N₄E-54CD²N₄+3E²N₄)(51)⁸(41)³

+(18C²N₄²+3EN₄²)(51)⁴(41)¹⁰-(N₄³)(41)¹⁵

whichmustbecomparedwith

((51)⁴-256(41)⁵)³

IfwemakethearbitraryN₄=256,wehavethreeeqns:

6C²+E=1 [1]

27C⁴+12C²E-18CD²+E²=1 [2]

81C⁴E-54C³D²+18C²E²-54CD²E+27D⁴+E³=1 [3]

From[1]²-[2]

9C⁴+18CD²=0
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OnesolnisC=0∴E=1,D=0∴N₁=N₂=N₃=1

∴ (y-(51))⁴+256(41)⁵-(51)⁴=0

HeretherearenoredundanteqnsorinconsistenciesandC²+2D²=0givesthesame

result.Sowecanexpressyintermsof(41),(51)orb₁,b₄,b₅andthereforewiththe

threez's.But(12)=0and(13)=0are2(∑x)²-5∑xx=0and2(∑x)³-25(∑xxx)=0

andallowinfiniteformsfory.Weneedauniqueonethatrepresentsyasafnofcoeffs

orrootsofacompletequinticinzbydefiniterelation,i.e.byrepresentingacomplete

quinticbyonecontaining,aswiththequartic,onlytwoparameters.

Toachieveaquinticorsystemofquinticssubjectto(12)=0∧(13)=0,weusethe

Tschirnhausen-JerrardTransform(TJ-trans).Wetakeacompletequinticinx

x⁵-5a₁x⁴+10a₂x³-10a₃x²+5a₄x-a₅=0

andtransformitintoaquinticinzwherez=ψx.Thefullestformfor(12)=(13)=0is

z=ψx=hx⁴+kx³+lx²+mxwhichgivesus

z⁵-∑(ψx)z⁴+∑(ψxψx)z³-∑(ψxψxψx)z²+∑(ψxψxψxψx)z-∑ψxi[1-5]=0

For(21)=(31)=0,wetakeh,k,lm:

4(∑(ψx))²-10∑(ψxψx)=0

12(∑(ψx))³-150∑(ψxψxψx)=0

Thefirstoftheseeqnsconditionsis

h²44+2hk43+2hl42+2hm41+k²33+2kl32+2km31+l²22+2lm21+m²11=0

Bymeansofthedisposableconstant,thisdividesintotwolineareqns.Thecondition

nowhasthisform:

(11⋅22-12⋅12)(m11+l12+k13+h14)²

+((11⋅22-12⋅12)l+(11⋅23-12⋅13)k+(11⋅24-12⋅14)h)²

+((11⋅22-12⋅12)(11⋅33-13⋅13)-(11⋅23-12⋅13)²)k²

+2((11⋅22-12⋅12)(11⋅34-13⋅14)-(11⋅23-12⋅13)(11⋅24-12⋅14))hk

+((11⋅22-12⋅12)(14⋅44-14⋅14)-(11⋅24-12⋅14)²)h²=0

Thiscanbemadeintotwoparts,usingthedisposableconstants;thefirsttwoterms

madeequaltozero;thelastthreemadeseparatelyequaltozero.Wethenhaveaquad

inh,kwithrationalcoeffs(thefirstquad)whosesolngivesalinearrelationbetweenh

andk.Thecoeffofthisrelationisa30°quad-irrational.Substitutingforhintheeqn

ofthesumofthetwofirsttermsmadeequaltozerogivesanotherquadeqnwithquad

-irrationalcoeffs(thesecondquad).Itssolngivesalinearrelationbetweenm,l,k

whosecoeffisaquad-quad-irrational.Substitutingtheseinthecubiceqnofcondition

whichis
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h³444+3h²k443+3h²l442+3h2m441

+3hk²433+6hkl432+6hkm431

+3hl²422+6hlm421

+3hm²411

+k²333 +3k²l332+3k²m331

+3kl²322+6klm321

+3km²311

+l³222 +3l²m221

+3lm²211

+m³111 =0

Theresulttakesthisform:

A₁m³+3A₂m²l+3A₃ml²+A₄l³=0

wheretheAiarequad-quad-irrationalfnsoftheai[1-5].Solnofthiscubicgivesthe

relationofmandlasanirrationalfnofthecoeffsoftheoriginalquintic.Thisfncomes

fromtheresolutionofacubicwithcoeffsderivedfromthesolnofagivenquadwith

coeffsofirrationalfnsfromanotherquadwithcoeffsofqfnsofai[1-5].Thiswould

makeitacubic-quad-quad-irrational.Withthis,ψxisdeterminedgivingusb₁,b₄,b₅by

subbingψintothesym.fnsofthecoeffsofthetransformedeqn.

NowhintermsofkcomesfromA16h=k(A15+√I30),thesuffixesbeingthedegreeof

theknownqfnofthelatter.Subbingthisforhinthecubic:

m³111A³16+3m²l112A³16+3m²k(113A16+114A15+114√I30)A²16
+3ml²122A³16+6mlk(123A16+124A15+124√I30)A²16
+3mk²(133A³16+134A²16A15+144A16(A²15+I50)+(134A²16
+2144A16A15)√I30)+l²222A³16+3l²k(223A³16+224A²16A15
+224A²16√I30)+3lk²(233A³16+234A16A15+244A16(A²15+I30)

+(234A²16+2224A16A15)√I30)+k³(333A³16+3334A²16A15
+3344A16(A²15+I30)+444(A³15+3A15I30)+(3334A²16
+6344A16A15+444(3A²15+I30)√I30)

Thenkintermsoflcomesfrom

11A16M+(12+√A6)A16l+(A1613+A1514+√I3014)k=0

whereA₆=-(11⋅22-12⋅12)and,makingthedenomsrational:

k((13A16+14A15)²-14²I30)+A16(13A16+14A15+14√I30)(11m+(12+√A₆)l)=0

whichisalso

A40k+A16(13A16+14A15+14√I30)(11m+(12+√A₆)l)=0
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Thenthecompleteexpressionofthecubicis

m³(111A³40+311A²40B41+311²A40B79+11³B117
+(311A²40B26+311²A40B64+B102)√I30)

+3m²l(112A³40+(12+√A₆)A²40B41+211A²40B42
+211(12+√A₆)A40B79+11²A40B80+11²(12+√A₆)B117
+(A²40(12+√A₆)B26+211A²40B27+211(12+√A₆)A40B64
+11²A40B65+11²(12+√A₆)B102)√I30)

+3ml²(122A³40+2(12+√A₆)A²40B42+11A²40B43
+(12+√A₆)²A40B79+211(12+√A₆)A40B80+11(12+√A₆)²B117
+(2(12+√A₆)A²40B79+11A²40B28+(12+√A₆)²A40B64
+211(12+√A₆)A40B45+11(12+√A₆)²B10)√I30)

+3l²(222A³40+3(12+√A₆)A²40B43+3(12+√A₆)²A40B80
+(12+√A₆)³B117+(3(12+√A₆)A²40B28+3(12+√A₆)²A40B64
+(12+√A₆)³B102)√I30)

wheretheB'sarerationalandnotdifficulttoexpress.Ifwemultiplythiscubicbythe
coeffofm³,using-√I30for√I30,andmakelequaltothatrationalproduct,wecan

determineminawholeformbysolvingthecubic.Thecoeffsofthiscubic,withtheir

quad-quad-irrationality,subbedintotherootsofageneralcubiceqngivesusthekind

ofirrationalweconsiderfromthispoint.Wecallitirreducibleasweneednotreduce

itandsafelyconjectureittobeinfactirreduciblewhenexpressedintermsofthex's.

Givenm,thereisnofurtherdifficultyindetermininghandk.Theresultisthata

generalquinticisequivalenttoasystemoftwelveconditionedquinticsofform

z⁵-5b₁z⁴+10b₁²z³-10b₁³z²+5b₄z-b₅=0

withtherelationz=hx⁴+kx³+lx²+mxwherek:h,m:h,b₁,b₄,b₅arecubic-quad-

quad-irrationalfnsofai[1-5],allwiththesamekindofirrationalityandall12-valued

fromthesquare-andcube-rootsofunityweusetosolvetheeqnsgivingrisetothe

irreduciblefn.

Theabovemethodisthesimplestapproach.Thetwoquad-irrationalsareofdegrees

6°and30°;thehighestdegreeinthecubic,126°,whichbecomes249°whenan

extremecoeffisrationalized.Eliminatinglandmforacubicinhandk,thedegrees

become14,50,192,384respectively.Therearesixwaystovarytheelimination,the

otherfourgivingintermediateresultsofdegree. Eachmethodgivestwelve

conditionedquinticsandarelationbetweenxandz.

Consideroneoftheconditionedquinticsanditsquarticinywithcoeffsofqfnsofthe

quintic'sandsharingitsdscr.Wehave,bythequartic'sresolution,acomplete

expressioninyintermsofai[1-5]involvingourspecialirrationality.Subbingthesym.

fnsofxintothecoeffs,weexpressyintermsofxandforeachmodeoftransformation

thisisunique.

Ourquinticinz(ψx)andthequarticinyhavethesamecriticalfnswhichhereisonly

thedscrasthequintichasonlytwoparametersandthereforeonlyonecondition.By

this,ifthequarticinyhastwoequalroots,ithasfourequalroots.Thedscrofthe

quinticinxisafactoroftheoneforthequinticinzandthelattervanisheswhenthe
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formerdoes.Whenthequinticinzhasmorethantwoequalroots,ittakesthisform:

(ψx-b₁)⁵=0andthequarticisy⁴=0.Ifwesupposesuchconditionstoexistbetween

thecoeffsoftheoriginalquinticaswouldbeinconsistentwiththeformofthequartic

inz,thetransformationwouldneedtobemodifiedormightevenbenullified.

Regardingtherationalityofthey'sinthequartic,theydifferfromourearliercases.

Werequiredthattherootsofaquanticbeindependentofeachother.Butinour

quarticiny,anytwoarelinearexpressionsoftheothertwo.Ify₁,y₂aretakenas

independent,theny₃,y₄eachtakeformN₁y₁+N₂y₂.Soourargumentastothe

rationalityfoyfailsus.Aswehavenotfourbuttwoindependentelementsinthe

resolvent,weconcludethatiftherootsaretoberational,itresultsintheformofa

quadratic.

Let∆=(51)⁴-256(41)⁵andwetakethequartic'srootsas:

y₁=(51)+⁴√∆

y₂=(51)-⁴√∆

y₃=(51)+i⁴√∆

y₄=(51)-i⁴√∆

whicharerational(butnotsym.)fnsofzandofy₁⋅y₂,y₃⋅y₄theirproductis256(41)⁵,

afifthpowerrationalandsym.fnofthez's.IfwecalltheseproductsY₁andY₂,they

aretherootsof

Y²-2(51)²Y+256(41)⁵=0

Y₁,Y₂areqfnsofthez'sandY₁⋅Y₂isaperfectfifthpowerofarationalfn--(41)--of

thez's.SoYisaperfectfifthpowerqfnof2°ofthez'sasanyotherformisexcluded.

CalculationofeachYgivestwo10°expressionstakingtheform

∑(A₁t²)+∑(B₁tt)=Y₁1/5

∑(A₂t²)+∑(B₂tt)=Y₂1/5

wheret=z-b₁=ψx-b₁.TheseYiareknownfnsofai[1-5]andAi,Biariseinthe

calculation.Thisgivesustwounsymmetricalfnsof2°oftandshowsthequartic

resoluble.These,restingontheperfectsquareofthedscr,mustberationalfnsofthe

x's.ThisgivesusthesefnsforoneformofψandwemayobtainSym.thefnsofthe

otherformsofψ:i.e.ψ212comesfromthesecondrootofthecubic,firstrootofthe

secondquad,secondrootofthefirstquad.IfweformthefnsYforsuffixes111,211,

311andcombinetheminanysym.manner,wegettwofnscorrespondingtoYwhere

thecubic'sirrationalityisgoneandthesenewfns,χ,containonlytheirrationality

fromthetwoquads.Letthesebyχ11,Sym.derivefnsχ21andcombiningsymmetrically,

wegetfnλ₁withonlytheirrationalityofthefirstquad.Sym.deriveλ₂,combinethe

λ'ssymmetricallyandwehavefnsμwhichareqfnsofthex's.
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Ifalloursym.combinationsaresimplesums,ourtwonon-symmetricqfnsoftheroots

are

∑(A₁(μx)²+∑(B₁μxμx)=S(Y₁1/5)

∑(A₂(μx)²+∑(B₂μxμx)=S(Y₂1/5)

Wecanloseanypowersofxabovefourandeliminatesomeofthex'sbymeansofthe

aboveeqns.Then∑t=0,∑(tt)=0,∑(ttt)=0.Wecanthenderivethequintic'sroots

withoutfurtherradicals. Theserootsarecompletelydeterminedandtheonly

extractionsaretheY1/5's.Alltwenty-fouroftheseareofthesameformwithdifferent

combinationsofsquare-andcube-rootsofunity.Notethatwecandetermine√∆

withoutforming∆as√∆isthesquarerootofthedscrmultipliedbytenexpressions,

onebeing

h(x₁³+x₁²x₂+x₁x₂²x₃³)+k(x₁²+x₁x₂+x₂²)+l(x₁+x₂)+m

Notealsothatwedidnotsolvethegeneralquinticfromitstrinomialform.Wesee

thattheprincipleofsolnisnotthattherootsoftheresolventareexpressibleasqfns

oftherootsofthegivenquantic. Theprincipleis,thatofwhateverorderof
irrationality(includingrationality)therootoftheresolventis,whenexpressedin
termsoftherootsofthequantic,itsprime-rootwillalsobeofthesameorderof
irrationality,orrational,asthecasemaybe.

Ifnisthedegreeofthequantic(nassumedprime),thenvalueofyisoftheformthat

itsnthrootisexpressibleasnvaluesof11/nP,wherePisofthesameradicalformasy

buteachmembertothe1/nthdegreeofthatiny.Inthecubic,yisrationaland3°,

thereforey1/3isrationalandlinear.Inthequintic,ytakesformS₅+√R₁₀.Therefore

y1/5hasformR₁+√R₂whereSissymmetricandtheR'sareqfnsofψx's.Thequartic

resolventisdivisibleintotwoquads,ineachofwhichthefifth-rootoftheproductof

itsrootsisrationalasindicatedabove.Andtheproductoftwocorrespondingrootsin

thesequadsisrationalandsymmetricinthesamesense.Orwecansaythereisa

connectionbetweenthefourvaluesofy1/5wheretheydivideintotwopairs,the

productofwhosecorrespondingmemberisaqfnofthefivevaluesofψxorrather,a

qfnofthefivex'sequivalenttothesameqfnoftheψx's.

WedenotebyaDeMoivreanEquationaquanticofprimep°withrootsofformωP+

ωp-1Q,PQbeingasymmetric,one-valuedfnoftheroots.Ourresolutionbyonequad

resolventisreductiontoDeMoivreanform.InthecubicrootsareωP+ω²QwherePQ

issym.intherootsandrationalinthecoeffs.Inthefirsttwoquinticsinourdigression,

eachroot,oraqfnofeachroot,hasformωP+ω⁴QwherePQisaqfnofthecoeffs.The

peculiarityhereisthatωP+ωp-1QisωP+S/ωP,anexpressionofpvaluesandmust

thereforebeaqfnofsomeoneroot.

Inthegeneralquintic,expressedinψx,PQisnotsym.intherootsandnotrationalin

thecoeffs.Itisdemi-symmetricalintherootsandinvolvesasquare-rootradical

whichexpressedinthecoeffs.



241

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.EarleHarris(c)2019

Ifwemakethefivevaluesofωy1
1/5+ω4y2

1/5therootsoftheDeMoivreanquintic

t⁵-5At³+5A²t-2(51)=0

Ais(y₁y₂)1/5,atwo-valuedqfnoftheψx'sinformP+√Qinthecoeffsanddoingthe

samewithy₃,y₄in

t⁵-5Bt³+5B²t-2(51)=0

Bis(y₃y₄)1/5withSym.results.AndeachAofformP+√QhasaBasP-√Qwiththe

samePandQinboth.Thenωy1
1/5+ω4y2

1/5andωy3
1/5+ω4y4

1/5arefive-valuedfns,

throughaquad-radicalandareofoppositesign.Andthefivevaluesofour

ωY1
1/5+ω4Y2

1/5

aretherootsoftheDeMoivreanquinticwithcoeffsassym.fnsofthez's:

t⁵-5⋅2561/5(41)t³+5⋅(2561/5)²(41)²t-2(51)²=0

ThissystemofYmightnotcompletelydeterminetheroots.Butifweconsiderevery

possiblevalueofωpy1
1/5+ωqy2

1/5,therearefiveandtheyarelinearfnsofthez's.

Thesearey1
1/5+y2

1/5andthismultipliedbyeachfifth-rootofunity.Sym.fory3,y4.We

arriveatfivesystemsoftwoeqns,usingt=ψx-b₁:

(y1
1/5+y2

1/5)=∑(At)

(y3
1/5+y4

1/5)=∑(Bt)

ω(y1
1/5+y2

1/5)=∑(At)

ω⁴(y3
1/5+y4

1/5)=∑(Bt)

ω²(y1
1/5+y2

1/5)=∑(At)

ω³(y3
1/5+y4

1/5)=∑(Bt)

ω³(y1
1/5+y2

1/5)=∑(At)

ω²(y3
1/5+y4

1/5)=∑(Bt)

ω⁴(y1
1/5+y2

1/5)=∑(At)

ω(y3
1/5+y4

1/5)=∑(Bt)

Repeatthissystemforeachofthetwelveformsoft≡ψx-b₁withthecorresponding

formsofyanwehave120eqns,combinablesymmetricallyintwelvetoproducethese

systems:

S(y₁1/5)+S(y₂1/5)=∑(Aλx)

S(y₃1/5)+S(y₄1/5)=∑(Bλx)

andthefourderivedbymultiplyingthesebyeachfifth-rootofunity.Hereλxisa4°

qfnofai[1-5]ascoeffs.Wecannotalgebraicallydeterminewhichsystemgoeswitha

givenquinticasthesesolveasetoffiveconjugatequintics.Buthere,Yandy

determinetheroots.
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Remarks

Thenumberofvaluesacompletefnoftherootsofann°quantichasisn!andthisis

thenumberofelementsinitssoln.Inacubic,wehave2⋅3eqns,eachwithoneradical.

Inourfirstmethodforthequartic,wehad2⋅3eqnseachwithtworadicalsfor12

elements.Inthesecondcompletemethod,2⋅2⋅3eqns,eachwithtworadicalsand24=

4!elements.Inthequintic,2⋅5eqnscontaining2⋅2⋅3radicalsfor120elements.

Ineachcaseweusearesolventwhoserootsenterintothealgebraicexpressionofthe

rootsofthequantic.Inthecubic,theresolventisaquadraticwithrationalcoeffs.In

thequartic,thefirstmethodusesa3°qfn,thesecond,a6°qfndivisibleintotwocubics

withquad-irrationalcoeffs.Inthequintic,itisa24°qfndivisibleinto12quadswith

ourspecialirrationalinthecoeffs.Ineverycase,thefinaltermoftheresolventisof

thesamepowerasthequanticitself,aqfnofthatquantic'scoeffs.Fromthiswecan

inferthesolubilityoftheconjugates.

Abel'sTheorem Ifarootisexpressibleasanirreducibleirrationalfnofthecoeffs,
everyradicalwhichentersintothecompositionofthefnisexpressibleasaqfnofthe
rootsandthisqfnhasthesamemultiplicityofvaluebytranspositionoftheroots,as
theirrationalhasbyreasonofthedifferentrootsofunitywhichareimpliedinits
radicals.

Althoughthisremainstrueoffnssoluablebythefirstmethodusinglinear

transformation,itisasubsetofthetruthwhenthesecondmethodisconsidered.

Enteringthismoredeeply,Hargreaveconsidersthistheorem,atbottom,tobeamere

truism,acircuitousdefinitionofresolution.Hamilton'stheoremthatallmethodsof

quarticsolnaresubstantiallythesamealsoremainstrueforthosewherethefirst

methodisapplicable.Hargreaveexpandsontherelationofhisproventheorywith

respecttotheseandothertheorems.Ileavethistoyourcuriosity.Itgoes(almost)

withoutsayingthatHargreave'stheorymuststandinaparticularrelationtoGalois

Theory.UnderHargreave'stheory,asIgraspit,ifaquinticisalgebraicallyresolubleit

hasaquadraticresolventwhereifthegeneralquinticcanbetransformedintoa

quinticwithtwoparameters--(41),(51)--andwhosediscriminant,roots,andcoeffs

aresusceptibleof12values,thenitsresolutionbecomespossible.IleaveHargreave's

relationtoGaloistomorecapablehands.IhavestudiedthreetextsofGaloisTheory

andmyresponsesofaristhatoftheFrenchmathematicianwhosaid,ineffect,of

GroupTheory,"Iseewhatyouaredoing.ButIdon'tseewhy."

Inanappendix,Hargreavenotesthataquinticcanalsobesolvedthroughacubic

resolvent.Thedscrofthequinticherecanberepresentedasthesumofafifthanda

thirdpower.If(12)=(14)=0wehaveasthedscr

(15)((15)³-3456(13)⁵)

andbecause(15)onlyvanishesinextremecases,theconditionofourhavingtwo

equalrootscanbe

(15)³-3456(13)⁵=0
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WiththeTJ-trans,thegeneralquintichasaformwithonly(13)and(15).Astheeqnis

conditioned,wewriteforthis(31)and(51)setting(12)=(14)=0.Wedividethe

conditionof(21)intotwopartsaswedidearlier,andsubstitutingthevaluesin(41)=

0,wehave

4444h⁴+4443h³k+⋅⋅⋅

Solvingthisquarticgivesush,k,l,andm.Wefindfromthisthatwenowneed16

formsofψxinsteadof12.Thisgives16quinticsofform:

(ψx-b₁)⁵-10(31)(ψx-b₁)²-(51)=0

andourcubicresolventsforthesehaveform

y³-3N₁(51)y²+3N₂(51)²y-N₃(31)=0

Bythesamemethodasearlierbutequatingthedscrofthecubictothesquareofthe

quintic's,wehave

N₁=N₂=1N₃=3456∴(y-(51))³+(51)³-34546(31)⁵=0

OR

y=(51)+³√(3456(31)⁵-(51)³)

whichhasallthequalificationsofaresolvent.Itslasttermisafifthpowerofasym.

qfnofthe(ψx-b₁)'swhichfnonlyentersasafifthpower.Sotheeqninyappliesto

thesentofquinticsdeterminedwith(31),ω(31),ω²(31),ω³(31),andω⁴(31)ascoeffs

ofthemiddleterm.Soy1/5iscapableofextractionintheformR₁ifyisrational.Else

itisofformR₁+³√R₃ifthecubicinyisirreducible.

Hargreavesummarizeshisideasasfollows.

1)Themethodofproceedingbysteps,basedontheideathatthealgebraicexpression

oftherootofacompleteeqnmustcontaintherootsofaneqnoflowerdegree,all

beingqfnsoftherootsofthecompleteeqnisthefoundationofthistheory.Thesoln

ofacompleteeqninvolvingthesolnofalleqnsoflowerdegreeimpliesthenecessity

ofaresolventwhosecriticalfnsarethoseofthecompleteeqn.

2)Thisresolventappliestoasetofquanticsincludingthegivencompleteeqn.And

thissethasnocommonroots.Therootoftheresolventexpressedintermsofthe

givenquanticisaperfectpowerofanotherexpressionsimilarinrationality,the

exponentofthepowerbeingthenumberofelementsinthesetitmustapplyto.Ifthis

powerisp,thepthrootoftherootoftheresolventmustbethesameformastheroot

itself,subbingforeachsym.fnoftherootsofthequanticofdegreemp,aqfnofthe

samerootsofm°.
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3)Thequanticistransformedinsuchawaythattheformoftherootisalteredbutthe

rootstillappliestotheoriginalquanticinitscomplete,unalteredform.Thisproperty

producestheuniquenessintheexpressionoftherootoftheresolventwhen

expressedintermsoftherootsofthequanticitself.Wecannotusetheresolvent

unlesswecanexpressitsrootsinaperfectlyuniquemannerandthisisonlypossible

intermsofrootsorcoeffsofaneqnbetweenwhoserootsorcoeffsnospecialrelation

exists.Forthiswemustgobacktothecompletequanticinx.

4)Ourtransformationsdiminishtheparameterswhilemaintainingageneralsoln.

Givenφ(u,v,w,…)=0,wefindu=ψ(v,w,…)sothatofu=φvwecanfindφ-1inv

equivalenttoφ-1uandnotqualifyitsscope.Thisisapplicabletoeqnsuptofifth

degree.Beyondthispointwecannotgointhisdirection;forwehavearrivedatthe
placewherethereisnecessarilyafundamentalchangeistheverystatementsand
conditionsoftheproblem.ThisIconceiveistherealbarriertoalgebraicresolution:
theimpossibilityofinventinganyproblemoftwoparameters,oranyproblemof
simpleinversion,whichshallbeanadequaterepresentativeofacompletealgebraic
equationofthesixthofhigherdegrees.Itakethistomean,givenwhatfollows,thatas
ofhiswritingnoadequatetransformcomparabletotheT-transandTJ-transwas

available.

Hargreaveemphasizesthathismethodmustapplytothecompleteandgeneraleqnof

eachdegree.Inthecaseofthequintic,theDeMoivreanformallowsustodothis.We

donotconcludethatx³-5a₄x-a₅=0isreducibletotheDeMoivreanEquation.What

wehaveprovenisthatifinatrinomialformof(z-b₁)⁵+5(41)(z-b₁)-(51)=0,itsb₁,

(41),(51)arefnsofthefiveparametersofthegeneralquinticinx,thenthequinticinz

isatransformationof,andanequivalenceto,thegeneralquinticinx.Thenwecan

finditsDeMoivreanformwithrootsadequatetoourpurpose.Thedistinctionisthat

asimpletransformationtotrinomialform hasnoinverse. Inthequartic,a

transformationtoz⁴-4(31)z+(41)=0hastwoparametersandwecanexpress(31)

and(41)intermsofai[1-4].Butwecannotdothiswithz⁴-4b₃z+b₄=0andreacha

generalquarticwithfourparameters.Inthismethod,everythingwedomustretain

thenecessaryrelationsofthegivencompleteequation'sroots,therootsofthe

transformedequation,andtherootsoftheresolvent.Inthisisboundupour

requirementofuniqueness.ThegeneralquinticbeingreducibletoJerrard'sformis

alsoreducibletotheDeMoivrean.ButJerrard'sformaloneisnotreducibletotheDe

Moivrean.

Letusexaminethegeneralcaseofthetrinomial,wherefornprime

(z-b₁)n+nbn-1(z-b₁)-bn=0

Itsdscris

bn
n-1(n-1)n-1bn-1

n

andwecanusethistowritedowntheDeMoivreanquanticwiththesame

discriminant.IfwetakethequadinYwithroots

(bn
(n-1)/2±√(bn-1-(n-1)n-1bn-1

n))1/n
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andthenformtheDeMoivreaneqnwhoserootsarethenvaluesofωY1+ω
n-1Y2,we

thenhaveaDeMoivreanint.Andwemightsupposeittobereducible.Butitisnot.If

wetriedtoformthevaluesofY,whichshouldbeqfnsofthequanticinz-b₁ofdegree

(n-1)/2,wemustfirstfindYnexpressibleintermsofbn-1andbn.Butwhatofthe

correspondingexpressionsofbn-1andbnintermsoftheroots?Then-2conditions

amongtherootsturneveryexpressionofthemintoann-foldinfinityofexpression

andprecludeuniqueness.WecannotthenuniquelyrelateYorttothez's.

Butifthetrinomialquanticinz-b₁isapropertransformofandthereforeequivalent

toourn°completequanticinxwithnindependentparametersai[1-n],thenwecan

expressY₁andY₂intermsofthecoeffsinacompletelyuniquemanner.Thesquare

rootradicalinthisYisapriorireducibleandthenthrootwouldbeextractableinfns
of((n-1)/2)°ofthefnofxwhichwedenotebyz.WecouldthenformtheDeMoivrean

int.Andifthisdidnotabsolutelyleadtoresolution,itwoulddeterminenon-

symmetricfnsoftherootspresumablyleadingtoresolution.

In pointoftheory,thegeneralquanticisreducibleto trinomialform by

Tschirnhausen'sprocessalthoughthepracticallimitsofthisprocessareratherlimited.

Butwearenotentitledtoconcludethismakessuchquanticsirresoluable.

Nowwhatifourquanticintrinomialformisnotcompletebutconditioned?Wemust

stillbringitfromanyformof

(z-b₁)⁵+5b₄(z-b₁)-b₅=0

totheproperformof

(z-b₁)⁵+5(41)(z-b₁)-(51)=0

where(41),(51)arefnsofthefiveparametersofthegeneralquinticinx.Theone

form isrationalandsingle-valued. Theotherhascoeffswithcubic-quad-quad

irrationalsandistwelve-valued.Theonlyformsolublewithouttransformationisthe

DeMoivreanwhichisinitselfauniversalresolvent.

Algebraicallyconsidered,thegeneralquanticisreducibletotrinomialform.Suppose

itreducedto

(z-b₁)n+(n-1)(n-11)(z-b₁)-(n1)=0

wherezis

hxn-1+kxn-2+lxn-3+⋅⋅⋅+λx

andh,k,l,…,λand(n-11),(n1)areuniquelyandexclusivelyexpressedintermsofxi
[1-n]whicharetheroots. Theoretically,thesehave(n-2)!values,practically

considered,twicethatmany.Theresolventinyis

(y-(n1))n-1-(n1)n-1+(n-1)n-1(n-11)n=0
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anditsrootsdivisibleinto(n-1)/2pairsofform

(n1)±1(n-1)/2n-1√∆

whosenthrootshaveform

R₁±1(n-1)/2n-1√Rn-1

multipliedbyallthenth-rootsofunity.Let

y₁,y₂=R₁'±ωn-1√Rn-1'

y₃,y₄=R₁"±ω²n-1√Rn-1"

⋅⋅⋅

yn-2,yn-1=R₁
(n-1)/2+ω(n-1)/2n-1√Rn-1

(n-1)/2

andforeachofthesewetakeallvaluesof

ωy2p-1+ω
n-1y2p

forthenvaluesofω,wehaven²valuesofwhichexactlynarelinearqfnsofthez's.

Thesearey2p-1+y2pmultipliedbytherootsofunity.Wethenhavensystemsofeqns

eachwith(n-1)/2elements

y₁1/n+y₂1/n=∑(At)

y₃1/n+y₄1/n=∑(Bt)

⋅⋅⋅

yn-2
1/n+yn-1

1/n=∑(Lt)

andeachmultipliedbythenth-rootsofunity.Werepeatthisforallformsoftwhichis

ψx-b₁andthisgivesus(1,2,…,n)eqns.Wecombinethemasbefore,solvingour

quanticandthen-1otherconjugatequantics.

Thisrequirementthataquantic,toberesoluble,needbereducedtoaparticular

trinomialformisconnectedtotheworkofHarleyandBooleastothebinomialformof

differentialeqnsresultingfromtrinomials.Foratrinomialquantic,theproblemisto

finditsinversion,findingtintermsofvfromv=φt.Inquanticsofcompositedegree,

theeqninystillholdswhenonetermisgiventheoppositesignwhenniseven.The

trinomialformhasreallyonlyoneparameter.Multiplyingthisparameterbytheroots

ofunitygivesthesameresult.Noothermultinomialofmoreparametershasthis

property.ADeMoivreanEquationofprimedegreenhasthisproperty.Andthis

suggeststhatthetrinomialformandtheDeMoivreanformhavesomeconjugate

relationbetweenthem,assuggestedinpartbyJerrard.

Ishouldaddthatallofthislastchapter,apartfromafewremarks,issolelyHargreave.

Allthecreditoftheseideasgoestohim.


