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Instructions

ForLearners

ThisbookisanintroductiontotheideasofEuclid's

firstandmostidea-filledbook. Therearemany

explanationsofhisideasinthistextandevenmore

numerousquestions,mostofwhichareexercisesin

imagination.Itcontainsnoanswers.Inaclassroom,

the teacherwould have the understanding (one

wouldhope)toknowtheanswers.Buttheanswers

follow,with absolute geometric logic,from the

explanations.

Andthatkindoflogicismerelythewayweallthink

whenwemakesurethatwecandemonstratethe

truthofwhatwehaveinourheads. Mostly,our

thinkingiswaysloppierthanthat. Butwecanall

demonstratethetruthwediscover,ifwechoosenot

tosettleforless.

Soyoucanstudythisbookonyourownandshould

finditanenjoyableintroductiontoEuclid.Thereare

noproofsandyouwillnotberequiredtomakeany

proofs either. This textis here to help you

understandtheideaswhicharealreadyprovenin

Euclid.Andtotheextentthatyouunderstandthe

simpleexplanations,youwillbeabletoimagineand
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expressthecorrectsolutions.

Inmathematics,wespeakofmathematicalmaturity.

Thisismostlytheabilitytobehonestwithyourself

andothers. Whenyouproduceasolutiontoa

problem,ifyouaremathematicallymature,youknow

whetheryoursolutioniscorrectornot.Ifitisnot

correct,youknowprettyaccuratelyhowcorrectitis.

Sometimesithappensthatyou learn you were

mistakeninyourbeliefthatasolutionwascorrect.

Thisisnaturalandunavoidableandistheonlywayto

learn.

Butyoucanbemathematicallymaturenow.Simply

behonestwithyourself.Ifyoudothis,your"grades"

willtakecareofthemselves.Gradesarestupid.Just

learntoacceptthatyouonlyknow whatyoucan

correctlydemonstrate.Andthendemonstrateallyou

can.
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ForTeachers

My originalidea wasto take William Spencer's

approach,inhisInventiveGeometry,toteachingthe

ideasofEuclid'sfirstsixbooksandtore-focusitin

suchawaythatyoungerstudentswoulddiscover

geometricthinking.Hisbookfocusedonutility;this

bookfocusesonpreparationforpuregeometry.The

resultisatextthatintroducestheideasofEuclid's

BookIinawaythatshouldbesuitableforanyone,of

anyage,whoisignorantofpuregeometryandwho

wouldliketoknowEuclidbetter.

AndBookIdoescontainhismajorideas.Itishis

trianglebookandEuclidprovesalmosteverything

withtriangles,evenwhenusingapreviousresult

withouttriangleswouldbefarshorterandeasier.I

makeslightin-roadsonBooksII,III,IV,VI,andeven

XI--butwithoutgoinganyfurtherthanBookIwill

easilytakeyou.Basically,we'redoingBookIhere.

Ifaschooldidnotrequireametricofgradesfor

everycourse,thiswouldbeacoursewhichdidn't

needgrades.Thegoalisforthestudentstolearnto

express the major ideas ofEuclid,using their

imaginations,sothattheseideasareintheirminds,

readytobeenlargeduponinarigorousway.

I'msureyouwillhavetogradeyourstudents.Grade
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them gentlysoasnottospoiltheirfun.Thereisno

reasonwhythesectionsmarked"Quiz-Time"cannot

beanenjoyablegroupeffort.Foryoungerstudents,

theyshouldprobablybejustthat.Youandthisbook

shouldteacheveryonethatgeometryisfun.

Andthefunliesinunderstandinganideasoclearly

thatonecanusefullyexpressthatideawithoriginality

toobtainaconcreteresult.Thefunliesinrealizing

thatyouhavedominionovertheseideasinyour

mindandcanuseyourimaginationtocreateallkinds

ofresultsusingtheseideasastools.

Finally,noanswersareprovidedfortheexercisesand

noteacher'seditionwillbecreated.Dowhatyoucan.

Dowhatyouactuallyunderstand.Or,dosomething

youdon'tunderstand,admittingyourignoranceto

yourstudents,andseeifyoucan'tallsolveittogether.

Ifyoucan'tsolveittogether,thenfigureouthow

closetoasolutionyouare. Thatwouldbereal

mathematics. And yourgoalis to create real

mathematicians,right?

Oops,onelastthing:donotover-helpyourstudents.

Thereisnovirtueinfinishingthebookifnoonegot

tothinkforthemselvesintheprocess.
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Euclid'sRules

Forthisbookyouwillneedyourimaginationanda

fewtoolstoexpressyourimaginationwith:aruler,a

compass,andaprotractor.Iuseasix-inchclearruler

markedininchesandcentimeters.Clearrulersare

moreusefulthancoloredorsolidones.Ihavealittle

three-inchclearprotractor.AndIuseanicelittle

compassthatholdsapencilstub.Butyoucanuse

anykindofruler,compass,andprotractorthatyou

cangetyourhandson,thesmallerthebetter.

Overtwothousandyearsago,Euclidputalmostall

thegeometryintheworldintotwelvebookswhichas

awholearecalledEuclid'sElements.Wearegoingto

expresstheideasfromEuclid'sBookIusingthisbook

andyourimagination.Butfirstweneedtoknowthe

rulesofEuclid'spuregeometry.

1.So,first,canyouimaginetwocirclesthatoverlap?

Wheredotheyoverlap?

Letuscheckyourimagination.

2.Canyoutakeyourcompassanddrawthosecircles

youimagined?Dotheylookastheydidinyour

imagination?Ifnot,whatdidyoumiss?

Whencirclesoverlap,theyintersectorcutone
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anotherattwopoints.Points,inEuclid,arelocations.

Theyanswerthequestion,"Where?"SoinEuclid's

andinourownimagination,pointshaveno

dimensions--nolength,width,ordepth.Theydon't

addanythingtothepicture.Theyonlysay"here."

3.Canyoumakepointsonyourpaperwhereyour

compasswasstuckinthepaperforyourcircles?

Oops.Yourpointshavelengthandwidth,liketiny,

blobbycircles.Butthat'sokay.Euclid'sideasare

ideals.Weknowexactlywhatanidealmeans.But

wecan'tquitemakeaperfectexampleofoneinour

work.Sowedothebestwecan.

Pointshavenames,orlabels,fromthealphabet.

4.Canyoumakepointsattheintersectionsofyour

circlesandlabelthemAandB?Canyoulabelthe

centersPandQ?

Cool.Nowwecanuseourgeometricnotationtosay

whatwejustdid.Notationisalazywaytosay

somethingexactlysothattherecanbeno

misunderstanding.

InEnglish,wecouldsaywhatwedidlikethis:

"ThecirclewithcenterPhasintersectedthecircumferenceof

thecirclewithcenterQatpointsAandBandthecirclewith

centerQhasalsointersectedthecircumferenceofthecircle

withcenterPatthosesamepoints."

Or,usingnotation,wecanbelazyandsayitlikethis:
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⊙P×⊙Q@A,B

ThissaysexactlythesamethingastheEnglish

versionand,ifyouknowthenotation,itcannotbe

misunderstood.Itsays,precisely:"Circle,centerP,

intersectscircle,centerQ,atAandB."Wedon'thave

tochoosewhichwordstouseandthenmaybe

chooseabadoneandpossiblyconfusesomeone.If

youknowthenotation,youknowexactlywhich

circlesintersectandwhere.

And,already,youknowthismuchnotation.You

knowthat"⊙"is"circle,""×"is"intersects,"and"@"

is"at."

5.CanyoumakeapointA,apointBanywhereelse

butA,andaline,smallenoughforyourcompassto

reachbothends,withlabelsCandDatitsends?

Here'swhatyoujustdid:∀A,B∀CD

YouchoseanddrewanyAandanyotherBandany

lineCD.NowCandDarepoints.Whenyouconnect

them,youhaveanylineCD,withCandDonitsends.

Whenwewanttoconnecttwopoints,likeCandD,

wesay,"JoinCD."Sowecouldalsosaythatyoudid

this:∀A,B,C,D JoinCD.

The"∀"isnotationfor"any","every",and"all."In

puregeometry,thesemeanthesamething.If

somethingistrueforanylineCD,itistrueforevery

lineCD--soitistrueforalllines,becauseCandD
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arejustlabels.

WewilluseyourA,B,andCDtomakesomecircles.

ButfirstIwilltellyouEuclid'sUnbreakableLaw:

Youcannotuseyourrulerorcompasstomeasureanything.

NowuseyourcompasstomeasureCDbyputtingthe

pointonCandthepencilonD.Oops.Webrokethe

law!Butthat'sokay.Thelawonlyapplieswhenyou

areprovingsomething.Andeverythinginthisbook

wasproven2400yearsago.Sowe'recool.

6.CanyoumakeacircleonAandacircleonB,each

withradiusCD?Aradiusisanylinefromthecenter

ofacircletoitscircumference.

Youjustdidthis:∀⊙A,CD∀⊙B,CD--right?

So,Quiz-Time!

7.Ifaradiusisanylinefromcentertocircle,canone

circlehaveanydifferentlinesforthisormusttheyall

bethesame?

8.CanyoudothiswiththesameCD:

⊙P,CD×⊙Q,CD@A,B

JoinAB

Euclidhasthreeruleswhichwecall"postulates."In

thisbookwecallthem"rules"sowedon'tmisspell

"postulates."Forthecircles,youusedRuleNo.3:

Anypointandanylinecanbeusedtomakeacircle.

ForlineAByouusedRuleNo.1:

Betweenanytwopoints,one,andonlyone,linemaybedrawn.
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Whoa,whoa,whoa.BetweenAandBwedefinitely

havethreelines.

9.CanyousaywhichlineonAandBisaEuclidean

line?Whataretheothertwocalled?

Technically,theothertwoare"arcs."Anarcisany

partofacircle.InEuclid,alllinesaredrawnwitha

rulerandallcurvesaredrawnwithacompass.Soall

linesarestraightandallcurvesarearcsofacircle.

Mostgeometrybooksmakeabigdealaboutcalling

everylinea"straightline"whichjustmakesitharder

totakenotes.

10.Sowhydogrown-upsmakethingsmore

complicatedthantheyneedto?Trytogrowup

withoutbeingthisway.

11.IseveryEuclideanlineastraightline?Andisthis

astupidquestion?

Ofcourseitis.Justremember,youmayhavetosay

"straightline"inpublic.

Okay,westillneedRuleNo.2:

Anylinecanbemadeindefinitelylongerineitherdirection.

WehaveourlineAB.IfwewantittostartatAand

goonpastBtosomeC,wesay:

AB(pr)toC

InEnglish,thatmeans,"LineABproducedtoC"or

"ProduceABtoC."Ifwewanttogotheotherwayto

someD:
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BA(pr)toD

Ifwewantedtojustmakeitlongerinbothdirections:

AB(pr2)

12.CanyoudoAB(pr2)onyourABinthecirclesuntil

yourunoutofpaper?Donotmarkonyourdesk,

yourclothing,oreachother.

13.IsAB(pr2)stillstraight?Ifnot,areyounot

embarrassed?

Somepeoplethinkthat"indefinitely"inRuleNo.2

means"infinitely."Theword"infinitely"meansthatit

goesonforever.

14.Canyoudothis:∀AB,produceABinfinitely?

Surprise!Youranoutofpaper.Andoutofdesk.

Andoutofotherkidstodrawonandranintothe

wall.

Ihopenoonegothurt.Youcannotdrawaninfinite

lineorcountyourwaytoinfinityorcountyourway

outofinfinity,ifthat'swhereyouareonemorning

whenyouwakeup.

Butyoucanbedrawinganinfinitelineorcounting

yourwaytoinfinity.Andthat'sallanymathematician

cando.

Let'simaginethatyouaredrawinganinfiniteline.

Yourlittlebrotherorsisterorsomeotherlittlekid

youcan'tstandisfollowingyouandcountingthe

inchesinyourline.Youarereallyamazing.You
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drawanddraw.Theannoyingbratbehindyouis

countingandcounting.Anddrivingyoucrazy.But

youcan'tstoptorunthebratoffbecausethenyour

infinitelinewouldend.

Soyoudrawanddraw.Empiresriseandfall.Ice

Agesandtheirglacierscomeandgo.Oh,no!One

daythesungoesout!TheEarthturnsintoaballof

ice.Bothofyouarepopsicles.Andtheinfinite

drawingandtheinfinitecountingcometoanend.

Whatcanyoudo?Atleastyouwon'thavetolistento

thatgazillion-year-oldannoyingbratcountanymore.

Thereisapointtothisstoryandthepointbelongsto

LudwigWittgenstein.(A"w"inGermansoundslike

"v".)Hesaid:

Infinityisanadverb.

Wittgensteiniscorrecthere.Butifyousaythistoan

adultandtheysayyouarewrong,here'swhatyoudo:

1.Lookattheground.

2.Putathoughtfullookonyourface.

3.Nicelyandslowly,say,"Perhapsyoushouldreadmore

Wittgenstein."

Ifyoudothisright,youwillgetareputationforbeing

verysmart,whichisuseful.Ifyoumessup,youget

yelledat.Possiblysmacked.Sodon'tmessup.And

bepatientwithadults.Theyoftenthinktheyknow

morethantheyreallydo.Mostarenot

mathematicallymature.



15

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC

Physicalcopiesandallothermedia:allrightsreserved-R.EarleHarris(c)2018

Let'simagineanequilateraltriangle."Equilateral"

meansithasthreesidesthesamelength.Andyou

knowwhatatriangleis.Sostartimaginingone.
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AnEquilateralTriangle

Surprise!Quiz-Time:

15.CanyouwritedownEuclid'sUnbreakableLaw

andEuclid'sThreeRules?

16.Infinityisa)anaardvarkb)anadditional

annoyancec)anadverb.

17.AndifyouwereGerman,howwouldyousay

"wow"?Thisisnotsomethingtheysay.

Iwasjustmakingsureyouwerepayingattention.

Anequilateraltriangle,whichyouweretryingto

imaginebeforeIdistractedyou,hasthreeequalsides.

Soimaginehowonemustlook.Itmustlookacertain

waybecauseitssidesareequal.Inournotationitis

aneqS∆andthecapitalSisfor"sides."Don'tmake

meexplainthe"eq"part.Orthe"∆".

18.CanyouuseyourrulertodrawtheeqS∆you

imagined?Breakthelawandmeasurethesides.

WecanuseEuclidtocheckbothyourimagination

andyourdrawing.Herearehisinstructions.

19.Canyoudothis:

∀AB(aline,right?)

⊙A,AB×⊙B,BA@C,D
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JoinAC,BC

∆CAB≡eqS∆

The"≡"means"is"or"isequivalentto."Itmeans

youmadepreciselyaneqS∆becausethetwocircles

havesameradiusAB=BAandAC,BCaremoreradii

(radiusisLatin,pluralisradii).SoAB=AC=BCand

thesearethesidesof∆ABC.

20.Whatdoyougetif,insteadofjoiningAC,BC,you

joinAD,BD?

NowthatyouhaveaneqS∆,isitasdreamyasyou

imaginedittobe?Moreimportantly,didyour

imaginedtrianglelookliketherealthing?What

abouttheoneyoucheatedonbymeasuringthesides?

Whichoneturnedoutbest?

Atrianglehasthreesides,joinedattheirendpoints.

Whentwolinesmeet,theymakeoneormoreangles.

21.Howmanyanglesdoesatrianglehave?Asquare?

Afigurewithsixsides?Withnsides?The"n"means

"anycounting,orwhole,number"orinnotation

"∀n∈N"where"∈"means"in"and"N"means"all

thecountingnumbers:(1,2,3,...)."

22.Canyouwriteadefinitionforyourbestideaof

anangle?UseplainEnglish.Don'tleaveanythingout.

Nowyoushouldallreadyourdefinitionsout-loud

andvoteonwhichoneistheweirdest."Angle"islike

"straightline."Ofcourseyouknowwhatitis.But
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youcan'texplainitwithoutsoundingstupid.

23.Whatdowecalltheseabsolutelyclearideaswith

stupid-soundingexplanations?

WecandolotsofthingswithaneqS∆.Butweneed

somemoreideasfirst.Let'sstartwith...
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TooManyAngles

Themostimportantthinginpuregeometryisyour

imagination.Ifyoucan'timagineit,youcan'tdoit.

Remembertobeginalwaysbyimagining.

Butmanytimesyoustillmayfindsomething

impossibletoimagine.Sometimesthismeansyou

aren'timaginingproperly,thatyouarelimiting

yourselfbyfalseideas.Butsometimesitmeansthat

thethingyouareunabletoimagineisimpossibleto

actuallydo.Learntotellthedifference.Ditchthe

falseideas.

Sofromthispoint,whenIsay"Canyoudraw...."I

amreallysaying"Canyouimagineandthendraw...."

ButIambeinglazyaboutit.Lazycanbegood,aswe

learninnotation.Butdon'tbetoolazytoimagine.

24.Canyoudrawoneanglewithtwolines?

Ofcourse,youcan.Butdon'tbetoolazytousea

ruler.Alllinesarestraight.Thelinesherearecalled

thelegsoftheangle.

Nowlookatyouroneangle,thinkaboutEuclid'sRule

No.2,andimagineturningyouroneangleintotwo

angles.

25.Canyoudrawtwoangleswithtwolines?
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26.Canyoudrawarightangle?

Ofcourse,youcan.Arightangleisanotherideal.

Everyoneknowsit'sthecornerofaperfectsquare.

Anacuteangleislessthanarightangle(legscloser

together)andanobtuseangleismorethanaright

angle(legsfartherapart).

27.Canyoumakeanacuteangle?

28.Whathappenstoyourangleifyougettooacute?

Inotherwords,whatdothelegsoftheangleturn

into?

Wecallthisanangleofzeromeasure.

29.Canyoumakeanobtuseangle?

30.Whathappenstoyourangleifyougettooobtuse?

Nowlookbackatthetwoanglesyoumadewithtwo

lines.Write"acute"insidetheacuteoneand

"obtuse"insidetheobtuseone.

31.Ifyouaddthosetwoanglestogether,howmany

rightanglesdoyouhave?

Somepeoplecallastraightlinea"straightangle"in

geometry.Ifyouputtwolineswithadotbetween

theminastraightline,youdohaveanangleof180°

or2∟.Wearenotgoingtocallthosetwolinesin

onestraightlineanangleinthisbook.

Butifwethinkofitthatway,youcanseethatany

twoangleslikeyoursadduptotworightangles.

Theseanglesarenexttoeachothersowecallthem
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adjacentangles.

Whentwoanglesadduptotworightangles,theyare

calledsupplementaryangles.Whentwoanglesadd

uptoonerightangle,theyarecalledcomplementary

angles.

32.Canyoumakeanangleandthenmakeits

supplement?Whataretheirmeasureindegreesona

protractor?

Didyouremembertosimplyextendoneleg

backwardsinordertomakethesupplement?

33.Whatwouldyouaddtoanangletomakea

complement?

34.Canyoumakeanangleandthenmakeits

complement?Whataretheirmeasureindegrees?

35.Canyoumakea30°angleanditscomplement

andsupplementusinggeometryandcheckthemwith

aprotractor?Hint:theanglesofaneqS∆equal60°.

Justsoyouknow,ifyouhavetwocomplementary

angles,∠Aand∠B,∠Aisthecomplementof∠B

and∠Bisthecomplementof∠A.Itworksthesame

wayforsupplementaryangles.

Quiz-Time:

36.Canyoumaketwounequaladjacentangleswith

twolines?Whatkindofanglesarethey?

37.Canyoumaketwoequaladjacentangleswith

twolines?Whatkindofanglesarethey?
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Well,thatwaseasy.Butwe'resupposedtobe

makingtoomanyangles.

38.Isitpossibletomakethreeangleswithtwolines?

Ifyouusedyourpencil,youforgottoimaginefirst.

Threeangleswiththreelinesisa∆.Threeangles

withtwolinesisimpossible.

Lookatyourtwoangleswithtwolinesagainand

imaginefirsttoanswerthis:

39.Canyoumakefourangleswithtwolines?

40.Canyoumakemorethanfourangleswithtwo

lines?

Didyouimaginefirstonthatlastone?Let'stalkabout

thosefourangleswithtwolines.The"⊥"means

"perpendicular"or"atrightangles."

41.Canyoudothis:AB⊥CD×CD@E?Don'tforget

tolabeleverything.

Sowehave:"AB,perpendiculartoCD,intersectsCD

atE."Thisgivesusfourequalangles:∠AEC∠CEB

∠BEDand∠DEAeachequaltoa∟ or:

∠AEC,BEC,BED,AED=∟

Weusuallylabelanglesasclosetoalphabeticallyas

wecanandusethesamenameeachtime.∠CEBis

∠BECbutthere'snoreasontoswitchnamesallthe

timeandconfuseourselves.So,twolinesheremake

fourangles.Eachofthemarightangle.Theirsumis

4∟,right?
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ImaginethatyoucanmoveCclosertoA,likeasee-

sawonitshinge,andtrythenextfourquestions

withoutdrawinganything:

42.Areanyoftheanglesstillequal?Whichones?

43.Whatdothesefournewanglesaddupto?

44.Whichonesareacute?Whichobtuse?

45.Whichonesadduptotworightangles?

Thesethingsarealwaystrueofanytwolinescreating

fourangles.

Butwait!Is4∟ anangle?Itis,actually.Anditlooks

justlike0∟.Anangleof4∟ takesyoualltheway

aroundacircle.Soyoucansavetimebystayingright

thereonthestartinglineandwaitingforeveryone

elsetocatchup.

Let'sdomoreangleswithmorelines.

46.Canyoumakethreeangleswiththreelines?

Whatdoyoucallwhatyoujustdrew?Ifit'snota

triangle,youusedyourimagination.

47.Canyoumaketwoanglesoutofthreelines

withoutturningtwoofthemintooneline?Putyour

pencildown.

Thinktriangle.ThinkaboutRuleNo.2.

48.Withthreelinescanyoumake4angles?

49.Withthreelinescanyoumake5angles?

50.Withthreelinescanyoumake6anglesintwo



24

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC

Physicalcopiesandallothermedia:allrightsreserved-R.EarleHarris(c)2018

differentways?

Thisnextoneisalittleharderbutyouhaveallthe

ideasyouneedforit.Imaginefirst,becausesomeof

thesemaybeimpossible.

51.Withthreelines,canyoumake7,8,9,10,11,12,

13angles?

Thenextoneisevenharderbutyouhaveallthetools.

52.Whatisthegreatestnumberofanglesyoucan

makewithfourlines?

Alrightalready!That'senoughangles.Let'swhack

somelinesupintotinybitstoreleaseourfrustration.
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N-SectingaLine

Quiz-Time:

53.CanyoumakeaneqS∆?

54.Canyouwritethenotationforwhatyoujustdid?

Fine.Let'sdothisinstead:

∀AB

⊙A,AB×⊙B,BA@C,D

CD×AB@E

AccordingtoEuclid,Eisnowthe"midpointofAB"or:

E×/2AB

Whenwecutalineintwo,webisectitor"cutitinto

twoequalparts"or"2-sect"it.Ournotationfor

"bisect"is"×/2",combiningtheintersectsignwith½.

Cuttingintothreeequalpartsis"trisect"andfouris

"quadrisect."Butlet'sbelazy.

55.Canyouwrite"trisect"and"quadrisect"inour

notation?

Excellentlaziness.

56.Canyoudothis:∀AB,C×/2AB?Inotherwords,

useyourtoolstofindpointCthatbisectsAB.Make

ABatleastfourincheslongsowecanreusethis

diagram.
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Wedon'thavetolabelanypointswedon'tneed

labelled.Soin#56,wejustusetheintersectionsof

thecirclestomakealinethatcutsABatC.Youcan

belazierthanthis:justdrawthefourlittlearcsofthe

circlesthatyouneedformakingthatline.Wedon't

havetodoanymoreworkthanweneedto.

Butwehavetodoeverythingwhichisgeometrically

necessary.Lazinesshasitslimit.

57.UsingyourexistingdiagramofC×/2AB,canyou

×/4ABwithpointsDandE?

IfyouusedthreeverticallinesforC,D,andE,youare

notbeinglazyenough.Weuseourimaginationto

saveourselveswork.

58.IfyouhaveCandDonABinyourdiagram,what

isthelaziestwaytogetE?

59.Usingyournewlazymethod,here'saproblem:

Given:∀AF

Required:AB=BC=CD=DE

Twothingstolearnhere:First,readthewhole

problembeforeyoudrawanything.AFhastobelong

enoughtocutoutfourpieceswithacompass.

Second,noonesaidhowbigABhadtobe.Sojust

markaBsothatit'seasytoputyourcompassspike

onB,pencil-endonA,andspinacompassforC.

ThenrepeatforDandE.

Diagramsshouldalwaysbebigenoughtoworkwith
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andneatenoughthatyoucanreadyourownlabels

clearly.ImmanuelKant,whomighthavebeeneven

smarterthanWittgenstein,said:

Mathematicsisthescienceofdiagrams.

Andhewasright.Trydoingallthisinyourheadif

youdon'tbelieveme.

Weknownowthatwecandividealineintohalves

andhalvesofhalvesandhalvesofhalvesofhalves

and...(popsicle).Butdividingthemintoodd

numberedequalpartsisanothermatter.Andthis

includestryingtomake6equalpartsbecause6=2×

3and3isodd.Beforewecan×/3AB,wehavelearn

howto×/2∀∠.Butfirst:

60.Canyoudo:∀AB,×/4AB@C,D,Easabove,and

figureouthowtomakeasquareonthefirstquarter,

AD,usingonlyyourcompassandruler?Nofairusing

thecornerofyourruler.
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WhackingUpAngles

Howmanyofyoufiguredouthowtoreallymakea

squarein#60?Howmanyofyoualmostdid?How

manyofyouendedupbangingyourheadagainst

yourdesk,yelling,"Ihategeometry!Ihate

geometry!"?

Realmathematiciansdoallthosethings.Eventhe

lastone.Thentheysettledown,wanderoff,finally

comebackandsolveitlater.

Withproblemsinabook,sometimesthereare

solutionstostudy.Studyallthesolutionsyoucan--

butonlyafteryoutryhardtosolvethingsyourself.

ThisbookhasnosolutionsbecauseIknowthatyou

cansolveeverythinghereyourself,nomatterwho

youare.Havefaithinyourself,nomatterwhat

anyoneelsethinksaboutyou.Youcansolve

everythinginthisbook.

So,let'swhackanangleinhalf.First,weneed∀∠.

Agood∠ foran∀∠ isalittlelessthan½∟.Here

aretwowaystosay"anyanglewithvertexAandlegs

ABandAC":

∀AB,AC ∀∠BAC
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61.Canyoudothis?It'sEuclid'swayofbisectingan

angle.

∀∠BAC

∀D,E∈AB,AC:AD=AE

(Linetwomeans:"AnyDonAB,anyEonAC,such

thatADequalsAE."The":"isread"suchthat."Use

thelazywayforAD=AE.)

JoinDE

(Look--∆ADEisanisoscelestriangleor"isos∆"

becauseithastwoequalsides.Butforgetthatfor

now.)

⊙D,DE×⊙E,ED@F,G

(Gisonthebottom.)

JoinAG

AG×/2∠BAC

(Or"AGisthebisectorofangleBAC")

62.IfFG×ED@Hinthatlastdiagram,whatisHfor

ED?

63.HowmanythingsdoesAGcutinhalf?

Nowthinkaboutwhatyouusedthecompassforin

thatlastdiagramandimaginedoingthis:

64.Canyoubisectananglewithoutusingcircles--if

youcanusearulertomeasurethings?Doit,ifyou

can.

Ifwearegoingtorunaroundwhackingupangles,we

shouldatleastknowwhatwearewhacking.
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Imaginethatyou,likeEuclid,cannotmeasurean

anglewithnumbers.Therearenoprotractorsinthe

universe.

65.Canyouimagineawaytomeasureanglesby

comparingthemwithsomeotherangleorangles?

Euclid'swaytomeasureanglesusesrightangles.He,

likeourselves,knewwhatarightanglewas.Andifhe

couldcompareanyangletoarightangleina

meaningfulway,hecouldmeasureit.

OneofhistoolsforthiswasBookI,Proposition32.

Partofthissays:

Thethreeanglesinanytriangleadduptotworightangles.

Thereisaneasywaytoprovethiswithparallellines.

I'llshowittoyouwhenwegetthere.Butweare

talkingmeasuringangleshere.

Wehavetwowaystomeasureanglesthatbothuse

thefactthatfourrightanglestakeyouaroundacircle.

Thefirstmethodusesdegreesandthereare360°ina

circle.The"°"means"degrees."Thesecondmethod

usesradiansandthereare2π(twopi)radiansina

circle.Ifyouthinkaboutit,youcananswerthisnext

questionwithoutknowingwhatπis:

66.Canyousayhowmanyradiansareinaright

angle?

67.Canyousayhowmanydegreesareinaright

angle?
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Rememberingthattheanglesofany∆addupto2∟:

68.Canyousayhowmanyrightanglesareineach

angleofaneqS∆?Howmanyradians?Howmany

degrees?

Donotmakeabigdealaboutπ.Ifyouhaveacircle

ofradius1inch,thecircumferenceisπinches.How

bigisπ?That'sagoodquestion.Calculatingπislike

drawinganinfiniteline.

Donotletthisfreakyououtlikeitdidtheancient

Greeks.Whenevertheyfoundanumberlikethisthey

totallyfreakedoutandhadtocountbackwardsfrom

five,likeinPeg+Cat--whichIwatch.Iamnot

speakingdowntoyou.

Calculatingπisanadverb,apopsicletrap.Butwe

canapproximateπcloselyusing22/7andevenmore

closelywith355/113andevenmorecloselyifwe

haveto.ButIwouldprefernotto.

Our22/7is3.142857142857...and355/113is

3.141592920354....Using3.14159isalmostalways

goodenoughforπinthisimperfectworldbecauseit

iswithinoneone-hundred-thousandthsofourunit

length(feet,inches,inch-worms,yourchoice).

69.Howlongisthestandardinternationalinch-worm?

Trickquestion.Backtoangles.InEuclid,wecanonly

usetheangleswecanmake.OureqS∆givesusthree

anglesof2/3∟.Theonlywaytogetmoreangles
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hereistotwo-sectthem.

70.Ifyou×/22/3∟ howmanyrightangles,radians,

anddegreesareintheresultinghalf-angle?

71.Ifyoubisectthatlastresult,howmanyright

angles,radians,anddegreesdoyouhave?

Icanseeyougettheidea.Wecanconstructonly

certainangles,thenwecanbisectthem.Ifweadd

someofthoseresultsfromtwodifferentangles

togetherwecangetmoreangles.ButinEuclid,this

istheonlywaywecangetameasuredangle.Soif

wewanttousearightangleanditsbisections,we

havetobeabletobuildarealrightangle.Let'swarm

upfirst:

72.Canyoumakea45°anglewithaprotractorand

doubleitwitharulerandcompasstoa90°angle?

Thinkabouthowbisectinganangleworks.

73.Canyoumakea60°anglewithaprotractor,cut

itinhalfandthenaddoneofthosehalvestothe

originalfora90°angle?

74.Ifyouthinkaboutallthetoolsyouhave,canyou

imagineawaytocreatearealrightanglefrom

scratch?
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ReallyRightAngles

StupidQuiz-Time:

75.Canyouconstructa30°angle?Howmanyright

angles,degrees,andradiansareinit?(Don'tgetthe

degreeswrong!)Ifyou×/4it,whatangledoyouhave

inrightangles,degrees,andradians?

76.Explainasclearlyasyoucanwhywecan'tbuild

anangleof2/9∟ (20°).

HereareEuclid'sinstructionsforbuildingaline"at

right-anglesto"or"aperpendicularon"lineAB.

77.Howmanyrightangleswillwehaveoneither

sideoftheperpendicularwebuild?

Worktheseinstructionsoutinyourhead,without

drawingadiagram,usingyourimagination.

Concentrate:

∀AB∀C∈AB

∀D∈AC

CE=DC

eqS∆FDE

JoinCF

∴CF⊥AB

("Therefore,CFisperpendiculartoAB.")
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78.Canyoudrawthediagramforthoselast

instructions?Didyourimaginationgetitright?

IfanyofyouthinkthatIamrepeatedlyusing

"imagination"assomesortofbogusteachingtool,

youareincorrect.DavidHilbert,aprofound

mathematician,wroteabookcalledGeometryand

theImagination.Anditiswayovermostpeople's

heads.Theimaginationisaverypowerfultooland

youwillneveroutgrowtheneedforit(unlessyou

becomereallyboring).Useitearlyandoften.Pump

itup.

79.Whatshouldyouusein#78tomakeCE=CDina

lazyfashionandwhydoesthiswork?

Thisideaofusingtheequalityofalltheradiiofa

circletofindequalthingsisveryuseful.Inthenext

question,thenotation"E⋅|⋅(AB,CD)"means"Eis

betweenABandCD"and"∉"means"noton"and

"eqD"means"equidistant"or"equallydistantfrom"

or"sameasmuchfar-away-ness"ifyourEnglishain't

sogood.

80.Canyousolvethisproblem:

Given:∀AB,CD∀E∉AB,CD:E⋅|⋅(AB,CD)

Required:F,G,H,J∈ABorCD:EeqDF,G,H,J

81.Doesthesolutiontothelastproblemworkifthe

linesareparallel?(Youknowwhatparallelis.Use

thesidesofyourruler.)
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82.WhatifABandCDarefurtherapartthanyour

compasscanreach?Couldyouactuallymakea

substitutecompass?How?

83.WhatifAB⊥CD×CD@KandEisinside∠AKC?

Doesthesolutionstillwork?

84.IfAB×CD@Katanyangle,whatcouldhappen

sothatyoucouldgetF,GbutnotH,J?

Okay,thinkaboutalltheselastfewthingswejustdid

becauseit'sQuiz-Time:

85.Canyousolvethis:

Given:∀AB∀C∉AB

Required:CD⊥AB

86.Canyouwritedownthenotationforwhatyou

justdidtogetyoursolution?

87.Ifyouchooseapointonaline,canyoudrawa

perpendicularfromthelineatthatpoint?

88.CanyoudrawalineABwithendpointsA,Band

raiseaperpendicularatB?DonotforgetEuclid's

rules.Youcanalwaysusetherules.

89.Canyou×/2∟?Whatisthemeasureofthe

resultinrightangles,degrees,andradians?

90.Canyou×/4∟?Whatisitsmeasureinright

angles,degrees,andradians?

Nowgetyourimaginationready.InEuclid,wecan

constructthings,whichmeanswecantakeanypiece

thatobeystherulesandbuildsomethingwithit.
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91.Canyouimagineawayto3-secta∟?Canyou

writethenotationforyourmethod?

Enoughwiththequiz.

92.Dothisrightquick:

∀ABCD⊥AB×/2AB@D

∀E∈CD JoinE[A,B]

Now,Euclidwouldn'tprovethingsthisway.Butif

youputthepointofyourcompassonEandthe

pencilonA,thecircleyoumakewillfallonBifyour

workisn'ttoosloppy.

93.WhatdoesthistellyouaboutEA,EB?Whatabout

DA,DB?

YourememberItoldyou,backtheresomewhere,

thatthatanisoscelestriangle(isos∆)hastwoequal

sides.

94.Howmanyequalbasesdoesithave?WhydoI

messwithyoulikethis?

95.Canyouwritethenotationforcreatingan

isos∆ABCwhereAistheapexandBCisthebase?

96.IsaneqS∆anisos∆?

97.GivenaneqS∆ABC,howmanysidescanbethe

baseofittomakeitanisos∆?

Hereissomethingwecanusebothbisectedangles

andperpendicularson.Let'sthinkaboutthisnext

problem.
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CanyoufindthecenterofaneqS∆andputacircleinthe

triangletouchingthesidesandacirclearoundittouchingthe

pointsA,B,C?

Let'sstartbyimaginingthecirclearoundit.Thisis

calleda"circledescribedon∆ABC."

98.Sowheredoesthecenterofthecirclehavetobe?

IfthecenterisP,whatcanyousayaboutwhat

PA,PB,PChavetobe?

Thisresultistrueforalltriangleswithacircleon

them.Alltheradiiofa⊙ havetobethesamelength,

whichmeansthatpointsA,B,Careonthecircle

(A,B,C∈⊙)astheendpointsofradii.Wesaythe

"centerisequidistantfromtheverticesofthe

triangle."Nowthinkaboutallyourrecenttools:

99.GiveneqS∆ABC,howdowegetallthepointsthat

areequidistantfromAandB?

Ifyouthinkabout#92,∀E∈CDiseqDA,B,right?

100.Canyougivetheinstructionsforfindingthe

pointinthemiddleofany∆ABCthatiseqDA,B,C?

Drawadiagramifyouneedto.(Youwillneedto.)

101.Let'ssaywefindapointPthatiseqD(A,B)and

eqD(B,C).IsitalsoeqD(A,C)?

Whensomethingislikethiswecallittransitive.In

plainarithmetic,ifA=BandB=CthenA=C.Itisthe

equalityofdistancesthatmakesthistransitivequality
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workforfindingourcenter.Wecanuseittohelpour

laziness.Youonlyhavetoprovetwosetsofpoints

areequidistantfromPtogetallthreesets.Watchfor

thisingeometry.

102.CanyoudrawaneqS∆ABCandputa⊙ around

it?Useallthethingsyoujustlearned.

Theeasynotationforthecircledescribedona

triangleis"en⊙"becauseit"encircles"thetriangle.

Thecircleinthetriangleiscalledthe"inscribedcircle"

or"in⊙."Notmanypeopleusethisnotation.Butit

worksfineandyoucanspreadthegospeloflaziness

byusingthem.

103.Usingyourimaginationandapenciltothink

with,whatdoesthecenterofthein⊙ havetobeeqD

from?

104.Whichofyourtoolswillproducealineofpoints

eqDfromthose?

105.CanyoucreateaneqS∆anditsin⊙?

106.Whyisthecenteroftheen⊙ alsothecenterof

ourin⊙ here?

Ishouldpointsomethingoutbeforewegoon.The

lineswehaveusedtofindthecenterscanbe

describedinthisway:"Theperpendicularfromthe

midpointofABisthelocusofpointswhichare

equidistantfromAandB.Andthebisectorofan

angleisthelocusofpointsequidistantfromitslegs.
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Thesearethelociwhichconcuratourcenters."

Ipointthisoutbecausemostbooksdon'tuse"locus"

or"loci"andwhentheydo,theydon'texplainit.

Theyjustsay:"Findthelocusof...",leavingyou

thinking:"Findthewhat? WillIneedamagicwand

forthat?"Igotallthewaythroughadegreein

mathematicsatamajoruniversitywithouthearing

theword"locus."Butit'soutthere,lurking

somewhere.

ThereasonIdidn'tputanumberinfrontof"Canyou

findthecenterofaneqS∆andputacircleinitanda

circlearoundit?"wastoshowyouthatmany

problemsneedtobebrokenupintosub-problems.

Youbreakthemupandthinkaboutonepieceuntil

youcansolveit.Thenyougotothenextpiece.

Alwaysstartwiththeeasiestpieceandworkupfrom

there.

Finalquestion.Anddonottotallyfreakout.Youcan

imaginethis--soyoucandothis.

107.Canyousolvethis:

Given:∀AB

Required:C,D×/3AB

Wewilltalkmoreabouttrisectionlater.Ifnoone

solvesthisproblem,noworries.I'mgoingtogiveyou

threewaystosolveitbythetimewe'redone.
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ImpossibleTrisections

Here'sthefirstway.Youcanbuildatrisectedangle

lessthan2∟.

108.Whataretwoanglesthatyoucanbisectsothat

threeoftheresultsaddedtogetherarelessthan2∟?

Whatdothreeofeachaddupto?

InEuclid,youlearntomovelinesaroundandcopy

anglestoanypoint.Soyoucanstackthreeofyour

anglesintoasingletrisectedanglewithoutbreaking

anyrules.Someofyouhavealreadyimaginedthisin

thelastchapter.

109.Canyousayhowyouusethistrisectedangleto

trisectyourlineexactly?

Onewayistotreatyouranglelikeyouweregoingto

bisectit.Youputalineacrosstheangleexactlyasin

bisectionofanangle.

110.Canyouwritethenotationforthewhole

processoftrisecting∀AB?

Whatyouendupwithisatrianglewithtwolinesinit

which,whenproduced,trisectAB.Makesureyou

havesuchadiagrambeforewegoon.

Thisisagoodplacetotalkaboutimpossiblethings.
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Itisimpossibletotrisect∀∠.Lookingatthis

trisectedtriangleyoujustmade,itreallylookslike

thismethodwouldtrisect∀∠.Butyoucanonly

trisectanglesthatyoucanbuild.Here'swhy.Weare

goingtotalkaboutalittlealgebra.Butyouwill

understandthepartthatmatters.Wearejustputting

geometryinanotherlanguage.

InEuclid,wecanonlymakelinesandcirclesortheir

arcs.Youknowthat.Inalgebra,alllinescanbeput

inthisform:

ax+by+c=0

Thelettersa,b,andcarenumbers,xandyare

variables.Inalgebra,allcirclescantakethisform:

x²+y²=r²

Here,xandyarestillvariablesandristheradius.

Hereisanimportantidea:

Anyalgebraproblemsolvablewithlineandcircleforms

canbesolvedbyEuclideangeometry.

Thepiecesofthelasttwoalgebraequationsarewhat

wecandowitharulerandcompass.Butthat'sallwe

candowitharulerandcompass.Ifyouwantto

trisectanyangle,thealgebrasolutionhasatermwith

x³init.Itscurveisnotanarcofacircle.Youcan

solvetrisectionwithtrigonometry,too.Again,the

curveofsolutionisnotanarcofacircle.Soitistruly

impossibletodirectlyconstructatrisectedanglewith

arulerandcompassunlessyoucanbuildit.Butthat

isalltheimpossibleitis.
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111.Trythis.Make∀∠BAC.AD=AElikein2-secting

an∠.ButchooseDsothatEandDaremaybethree

inchesapart.JoinED.Nowverycarefully3-sectED

atF,Gusingthecentimetermarksonyourruler.

WhatisinterestingisthattheGreeks,likeEuclid,

knewthatthiswasimpossiblewithoutmeasuring

anythingorusingthenot-yet-inventedalgebraor

trigonometry.Theyinventedthecissoidcurveto

solvetrisections.Howdidtheyknowthiskindof

triangleyouhavedoesn'ttrisectitsangle?

Iwillgiveyouahint.Putyourcompasspointonthe

apexofthetriangleandputacirculararcjustinside

thebaseofthetriangle,allthewayacross.Jointhe

pointswherethefouranglelinescutthearc.Now

youhavethreecircularsectorswithchordsagainst

theirarcs.

112.Canyouthinkofalazywaytoshowthatthe

threeanglesareunequal?

Nowifyourthreechordsareequal,youaccidently

drewatrisectableangle.Butmostofyoufoundthe

centerchordisbiggerthantheoutsidechordswhen

youputthecompasspointonF,thepencilonGand

swungitaroundtotheoutside.Euclidneversaysthis

directly,butanglesaremeasuredinEuclidbytheir

arcs.Hisdefinitionofangleisnohelpatall.
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113.Canyoudrawasecondbigarcbelowthefirst

one?

Heretheangleisunchangedeventhoughthecircleis

smaller.

114.Canyousaywhythesameanglehasthesame

measureifyourtwoarcsaredifferentsizes?Thisis

thesamethingasaskingwhyarightangleonany

circlecenterequalsarightangle?

Theanswerisinthediagramyouhavenotyetdrawn:

twocircles,onecenter,oneangle.Always--a

diagram.

Iwanttosayonemorethingaboutimpossiblethings

beforewelearnanotherwayto3-sect.Itis

impossiblethedirectlyconstructthetrisectionofany

anglewitharulerandcompass.Butourmindsare

infinite.Themenandwomenofmankindhavebeen

thinkinginfinitelyandtheywillneverstop.

Wecameupwithonerealidea,thentwo,three....

Howmanyrealideashasmankindhad?Wewillkeep

thinkinginfinitelyuntilweareallpopsiclesbeneatha

deadsun.Ormaybewe'llgettoanewsunbefore

thatandstillbethinkinginfinitely.

Andtheunthinkingpeoplewhohavebeenpleasedto

tellusthatsomethingisimpossiblehavealwaysbeen

wrongsofar.

Sosomeday,someonewillthinkofanindirectwayto
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trisectanyanglewitharulerandcompass.This

solutionwillbeveryhardtothinkof.Butonedayit

willoccurtosomeoneanditwillbesimpleand

elegantandmanyofuswillwonderwhywedidn't

thinkofitourselves.Thiscouldhappentomorrow.

Orafterthesunburnsout.

Ifyoutellthistoanadultandhesaysthatitiswrong,

youknowwhattodo.Onlythistime,leave

Wittgensteinoutofit.Justsay:

Idon'tthinkweshouldlimitthepossibilitiesofinfinitethought.

Hereisaneasierwayto×/3∀AB:

115.Canyoudothis:

∀AB∀AC⊥AB(makeACprettyshort)

BD⊥AB:BD=3ACandDopp.sideABfromC

CD×AB@E:AE=⅓AB

116.Canyoudraw∀ABandputEat1/5?

117.CanyoudrawalineABandputaC,D,andEat

1/2,1/3,and1/4?Canyoubelazyaboutit?No

measuring!

118.Canyoudrawadiagramthatshowsthat2goes

into3oneandahalftimes?

119.Canyoudrawadragoneatingthepeoplethat

telluseverygoodthingisimpossible?Well,canyou?

Someofyoumaybegettingtiredoftriangles.Ihave

badnewsforyou...
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TooManyTriangles

Quiz-Time:

120.Canyoumakeanequilateraltriangle?Doesit

makeyouwanttoscream?Ifyoualldooneshort

screaminunison,youcanprobablygetawaywithit.

121.Canyoumakeanisoscelestriangle,measureits

angleswithaprotractorandaddthemalltogether?

Ishouldfinallymentionthatwhenwelabel∆ABC,the

consistentwayistomakeAtheapex,BCthebase,

puttingBontheleft.Noteveryonedoesitthisway.

Butconsistencyavoidsconfusion.

122.Canyouwritethenotationformaking

∀isos∆ABC?Ifyoufollowyourowninstructions,are

thelabelsintherightplace?

123.Canyoumakeanisos∆withabaseof1(inches,

miles,whatever)andthesumofsides3whatevers?

124.Ifathree-inchunitisa"thrinch,"whatisatwo-

inchunit?

Seriously,abaseof13-inchlineandthesumofsides

of33-inchlinesor9incheswouldbeeasytowork

withinthatlastproblem.
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125.Whywouldusing⅓inchesasabaseof1anda

sumof3⅓-inchlinesworkinthatlastproblem?

Woulditbeannoyingtodraw?

126.Whatdotheanglesinatriangleaddupto,in

rightangles,degrees,andradians?

127.Ifyouhavethemeasureofanangleinright

angles,howdoyouchangeiteasilyintoradians?

Whew!Thatquizwaskindoutofcontrol.Butit

madeagoodreview.

BesideseqS∆andisos∆,thereareothercommon

formsof∆thatweneedtoknow.Arighttriangleor

"⊿ABC"or"∟∆ABC"hasarightangle.Soour

notationgoes:

⊿ABC∟A

128.Cana⊿ canhaveanobtuse∠?

129.Canyoumakearighttriangleusingonly

geometry?Canyougivethenotationforyour

method?Canyoumeasureitsangleswitha

protractorandaddthemtogether?Dotwoofits

anglesequalthethird?Ifso,why?

130.Dothistomakea⊿ABCfromBookIIIinEuclid:

∀BCD×/2BC⊙D,DB

∀A∈arcBC JoinA[B,C]

∴∆ABC≡⊿ABC∟A
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131.Canyouusethatlastmethodtomakeatriangle

withsidesof3,4,and5inches?Imaginefirst!Ifyou

doonethinghere,themethoddoestherest.Whatis

thatonething?

Inany⊿ABC∟C,ifwelabelthesidesopposite∠A

asa,opposite∠Basb,andopposite∠Casc,thenif

wemeasurethesides,theywillsatisfythisequation:

a²+b²=c²

Ifyouhaven'tdonealgebra,a²islazinessfora×a.

Thisdoesn'tseemlikemuchlazinessfora×a,butin

algebrayoucanhavea×a×a×a×a×a×a×a×a×a×a×a×a

andwritinga13insteadwillkeepyoufromlosingyour

mind.

132.Canyoumakearighttrianglewithsides6,8,

and10inches?Don'tdrawit.Think!Howabout9,

12,15?

133.Atrianglewithsidesof3,4,and5isaright

triangle.Thenextbiggeronewithintegersforsides

alsohasasideof5.Butitsthesmallestside.Can

youcomeupwithastrategyforfindingtheothertwo

sides?Ifyoucan,doesitwork?Whatarethey?

134.Canyoumakearighttrianglewithsidesof6,8,

and9inches?Ifnot,whynot?Andifyoustarttouse

aruler,spankyourhand.Dothemath.

Itisimportanttorealizewhensimplydoingthemath

iseasierthandrawingadiagram.
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Mosttrianglesarenotrighttriangles.Anacute

trianglehasthreeacuteanglesor"allanglesareless

than∟.""Acutetriangle"isneveratypofor"acute

triangle."Notrianglesarecuteunlessyouputnon-

geometricalelementsinthemlikeanimeeyesand

HelloKittywhiskers.

135.Canyoudrawacutetriangle?It'salwaysgood

totakeabreaklikethis.Justdon'tbenaughty.

136.Nowcanyoumakeanacutetriangle?Measure

itsangleswithaprotractorandaddthemtogether.

Atrianglewithananglegreaterthana∟ isanobtuse

triangle.

137.Cananytrianglehavetwoobtuseangles?Ifnot,

whynot?

138.Canyoumakeanobtusetriangle?Measureits

angleswithaprotractorandaddthemtogether.

Here'skindofacoolthing.Gobacktoyour⊿ inthe

⊙ in#130.

139.Ifyouputanother∆EBDinthebottomarcBC,

whatkindof∆mustitbe?

NowdrawanothercircleandputBCabouthalfway

upfromwherethelastonewas.Usethearcs,above

andbelow,tocreateanytwotriangles.

140.Whatkindoftriangleisthetopone?Andthe

oneonthebottom?
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Imaginestartingwiththefirstdiagram,grabbingthe

diameterBCandslowlypushingituptowhereitisin

theseconddiagram.

141.Whatdoyouimagineishappeningtotheangles

attheapexesofthetriangles?

142.Inthetwodiagramsofourtwo∆sinthose⊙s,

ifwecallthetopangle∠Handthebottomone∠L,

whatdoes∠H+∠Lequalinthefirstdiagram?And

intheseconddiagram?Useaprotractor,ifyouneed

to.

Inbothourdiagramshere,wehaveafigureoffour

sides.Euclidcallsanysuchfigureaquadrilateral.

Figureswithsidesarecalledpolygons.SoIcalla

figurewithfoursidesa4-gonandsavenineletters.

Becausethevertices--thosepointswherethesides

ofthe4-gonmeet--areonacircle,wecallthe4-gon

inthediagramsacyclic4-gon.

143.Canyoudrawacircleanddraw∀cyclic

4-gonABCDinit?Whenwelabelann-gon(∀n∈Nof

sides)westartonthetoportopleftandgoclockwise.

Ifyoucompareyourswithotherpeople's,youfind

someofthemareverydifferent.Let'sseeifthat

matters.

144.JoinAC,BDwhichshouldgiveyoutwodiagonals.

Ifnot,fixyourlabels.Whatdotheanglesonthe

oppositediagonals(∠A+∠Cand∠B+∠D)addupto?
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145.Sowhatdoalltheanglesinyourcyclic4-gon

addupto?Isthistrueofallyourcyclic4-gons?

Let'suseourimaginationtoseeifitistrueofall

4-gons.

146.Canyouimaginepullingonecornerofthe4-gon

outofthecircleuntiltheoppositeanglesdonotadd

upto2∟?Canyoudrawthis4-gon?Whatdoyou

thinkallofitsanglesaddupto?

Theanglesfromtheverticesofall4-gonsequal4∟.

Butonlyinacyclic4-gondotheoppositeanglessum

to2∟.Inyourdiagrams,youcanseewhythisistrue.

Manythingsaretrueofalltriangles,aswell.Sothey

aretrueofeachandeverytriangle.Or∀∆ABC.We

callthisananytriangleorscalenetriangle.Itcannot

beaneqS∆,anisos∆,ora⊿.Ifyoumakeoneof

those,yourdiagramwillmisleadyouinyourwork.

Thingswillbetrueinyourbogus∀∆thatarenot

trueinareal∀∆.

147.Canyoumakean∀∆,measureitsangleswitha

protractorandaddthemtogether?

Someofyouwillwanttodomoregeometrylater.

Someofyouwouldrathervolunteertododishesin

thecafeteriaandthenmopthebathrooms.Anything

butgeometry.Ifyou'regoingtodomoregeometry,

hereisagood∀∆ABCtoworkwith.
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148.Canyoudothis:

AB:thinkofaclockface.Aat1.Bat6.

AC:holdAC⊥ABthenbringitdownabit.

JoinBC

Ifyounowhaveanisos∆CAB,youbroughtACdown

toofar.FordoingEuclidproblems,youwantthe

trianglethreeorfournotebooklinestall.

Backtoourtriangles:

149.Canyoumakeatrianglewithsidesof2,3,5

inches?Ifnot,whynot?Sowhathastobetrueof

anytwosidesofatriangle?

150.Canyoumakethreelines,anytwogreaterthan

thethird,andthenseehowmanytrianglesyoucan

makewiththem?

151.Ifyouhavethreelines,anytwogreaterthanthe

third,andmakethelongestlinethebase,howmany

differenttrianglescanyoumake?(Donotdrawthem

again.)

152.Sohowmanyactuallydifferenttrianglescanyou

makewiththreegivensides?

Let'sseeifyouarecorrect.

AlotofthingsinEuclidcomefromprovingthattwo

trianglesare"equivalent"or"≡"whichmeans"same

ineveryway."Fortriangles,thismeansthatthe

threesidesarethesamelengthinbothtriangles.

Also,theanglesbetweenthesamesidesarethesame.
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TherearethreepropositionsinEuclidusedtoprove

twotrianglesareequivalent.Yourememberthat"∀"

logicallymeans"any"or"every"or"all."Logically,

whenyousaytwotrianglesareequivalent,youare

sayingthatthetwoofthemareone,andonlyone,

triangle.Thinkaboutthatuntilitseemsokay.

Becauseitisnotonlyokay,it'strue.Sotherulesfor

showingtwotrianglesareequivalentarethesame

rulesforsayingthatifcertainthingsaretrue,you

haveoneandonlyonetrianglepossibleforatriangle

withthosethings.

Thefirstrulesaysthatiftwotriangleshaveasame

(orequal)angle,andthelegsofthatanglearethe

sameonbothtriangles(say,bigoneontop),thenthe

trianglesareequivalent:allanglesandsidesthesame.

Andwecanspinonearoundsoitisorientedjustlike

theothersotheylookthesame.ThisisEuclidBookI,

Proposition4orEuclid1.4.

153.Whydoes1.4work?Thisisthesameasasking:

IfIgiveyouoneanglewithitstwolegsandyoucan't

swapoutthelegs,whyisonlyonetrianglepossible?

EucliddoesnotmakeitasplainasIhavethathe

doesn'talwaysallowustofliptrianglesover.Hewill

(logically)scootchonetrianglearoundtoputoneon

topoftheother.ButEuclidneverflipsoneover.
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Euclid1.8saysthatiftwotriangleshavethesame

sides,theyareequivalent.

154.Ifwetalkabouthavingthethreesidesmaking

onlyonetrianglepossible,whydoes1.8work?Show

yourreasoningwithadiagram.Andnoflipping.

EuclidI.26saysthatifyouhaveoneequalsideand

anytwoequalangles,thetrianglesareequivalent.

Butthisgivesustwodifferentcases.Eitherwehave

asideandanangleoneachendorwehaveaside

withanangleononeofitsendsandanotherangle

sittingoutthereallonitsown.

155.Whydoeshavingonesidewithspecificangles

oneachofitsendsproduceoneandonlyone

triangle?Canyoudrawadiagramforthis?

156.And,finally,ifwehaveasidewithanangleonit,

andanotheranglesittingouttherebyitself,humming

alonelylittletune,whyarewestuckwithoneand

onlyonetriangle?Doadiagramforthis,too.
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BetweenParallelLines

Euclidusesparallellinestocomparetheareaof

figures.Youhaveprobablydoneproblemsofarea

before.Butlet'sreview:

157.Canyoudrawarectanglethatistwoinchesby

threeinches,makingmarksattheinchesalongthe

sides,andconnectthemsothatyouhaveagrid?

Howmanysquaresareinthegrid?Whatdowecall

eachsquare?

158.Asquarehassidesofsixcm.Whichrectangles

canyoumakewithintegersidesthatarethesame

size?

159.Canyoumakearect∟,9×4,andcutitintotwo

partsthatwillmakeasquare?Thisisactuallycool

andnottoosimple.Usesomediagrams.Ihadto

usetwo.

Thesearebasicideas:

1.Wemeasurelengthusingaunitmeasure.

2.Wemeasureareausingaunitsquare.

Soifyourlinesare2inchesand3inches,your

rectangleis2×3=6inch²(squareinches).Ourunit

measureisaninchoracentimeterorwhateverwe

choose.TheancientsGreekshadtheirunitmeasure.
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ButEuclidneverdefinesaunitingeometry.Forhim,

lengthandareacanonlybecompared.

160.WhatdoesEuclidcompareanglesto?

Thereisnothinginlengthorarealikethat.SoEuclid

canonlycomparelengthsandareaswitheachother.

161.Canyoudrawtworectanglesnexttoeachother

andthinkofawaytocomparetheirareawithout

numbers?

162.Canyoudothesamethingwithtwotriangles?

Itiseasytocomparethingswhentheylookdifferent.

Butwhatiftheylooktoomuchthesame?

163.Canyoutakeyourrulerand,holdingitcarefully

inthesameplace,usebothedgestomakelines

acrossyourpaper?

Theselinesareparallel.Butyouknewthat.Andthis

isnotthewayEuclidmakesparallellines.Wewilldo

itEuclid'swayinalittlebit.First--

164.Canyoudrawtwotriangles,usingtheparallel(‖)

linesyoujustmadesothateachtrianglehasthe

samesizebase(useyourruler)onthebottomline

anditsvertexonthetopline?Makethemaswildly

differentasyoucan.

Icantellyou,fromwhereIamsittinginthedistant

past,inafarawayland,writingthisbook,without

lookingatyourpaper,thatyourtwotriangleshave
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equalarea.SoeitherIamtheeyesofNostradamus

andallyourwaysareknowntomeorIamusing

Euclid'sgeometry.Whichdoyouthinkitis?

Yourtwotrianglesareequalbutnotequivalent.

Whentwothingshavethesamearea,theyareequal.

Whentheyarethesameineveryway,theyare

equivalent.Innotation:

∆ABC=∆DEFmeans∆ABCisequalto∆DEF

∆ABC≡∆DEFmeans∆ABCisequivalentto∆DEF

WARNING:somebooksuseequalandequivalentthe

otherwayroundinonewayoranother.Sobealert

andmakesureyouknowwhichisaboutareaand

whichisabouteverythinginwhateverbookyouare

using.

WeneedtolearnhowEuclidmadeparallellines

becauseusingbothsidesoftheruleriskindof

cheating.

165.Canyoudothis:

∀BC∀A∉BC∀D∈BCJoinAD

Copy∠ADCtoAfor∠DAE

(Copytheangleasbestyoucanbysight.)

EA(pr)toFthenEF‖BC

NowifEFdoesnotlookparalleltoBC,itisbecause

wearenotusingEuclid'sexactmethodforcopying

angles.Andifyouuseyourimagination,youcansee

thatyouranglesareoff.Happily,nowthatweknow

Euclid'swaytomakeAB‖CD,wecangobacktousing
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bothsidesofourrulers.

Aparallelogram(‖gm)isa4-gonwithopposite

parallelsides.Likethis:

166.Draw∀‖gmABCD:AB‖CD AD‖BC∠A,B,C,D≠∟

167.Isarectangle(rect∟)a‖gm?Isasquare?This

means,arethesethings4-gonswithparallelopposite

sides?Thedefinitionisthedefinition.

168.Sowhichanglesofaparallelogramhavetobe

equaltoeachother?

169.Maketwoparallellines.Make∀∆ABCwithA

onthetoplineandBConthebottom.Canyouthink

ofawaytobuild‖gmABCDfrom∆ABC?

Thisisaveryusefulthingingeometry,turninga∆

intoa‖gm.Lotsofthingsaretrueabouta‖gmthat

helpyouwiththe∆.Innotation,wecouldsay,

"‖gmize∆ABC".

170.JoinACinthe‖gmABCDyoujustmade.Can

yousayhowmucharea∆ABCisofalltheareaof

‖gmABCD?

Nowreallyuseyourimaginationforthisnextone.

Drawsomelittlehelperdiagramsifyouneedto.

171.Canyoulookatyour‖gmABCDandthinkofa

waytoturnitintoarect∟ ofexactlythesamesize?

Let'sseeifyourwayislikemyway.
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172.Canyoudothis:

PQ‖RS∀A∈PQ∀B,C∈RS

JoinAB,CA:∆ABC

CD‖AB×PQ@D

CE⊥RS×PQ@EBF⊥RS×PQ@F

Nowthinkaboutwhatwehave.‖gmABCDis2×∆ABC.

173.Justbyjudgingwhatlooksequalinyourever-so

-carefullydrawndiagramofthis,canyousaywhether

Euclid1.4,1.8,or1.26proves∆ABC≡∆CDA?

Don'tworryifyougotthatonewrong.Youdon't

haveallthetools.Here'stheanswer:AC=ACon

bothtriangles.Oppositeanglesofa‖gmareequalor

∠ADC=∠CBA.Andalternateanglesofaline

between‖linesareequalor∠DAC=∠ACB.One

sideandtwoanglesaregoodfor1.26.Howclose

wasyouranswertothis?

Whatwealsohavenowaretwoothertriangles:a

solid∆CEDandanemptyspaceof∆BFA.

174.If∆CED≡∆BFAandwemovethesolidoneinto

theemptyspace,whatkindof4-gondowehave?

175.Whichof1.4,1.8,and1.26cantellusthat

∆CED≡∆BFA?Youknowthat∠F=∠E=∟ andthat

BF=CEbetween‖lines.For1.4,youneedFA=ED.For

1.8,youneedFA=EDandBA=CD.For1.26,youneed

∠B=∠Cor∠A=∠D.Whatdoyourthink?And

why?
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Inmathematics,itisgoodtothinkhardabout

something(foralittlewhile)evenifyoudon'tquite

havethetools.Thatway,yourmindisreadyforthe

solutionwhenyoudohavethetools.SoIwon'tgive

youtheansweronthatlastproblem.

IfyouwillthinkbacktotheeyesofNostradamus

(that'sfromagreatsongbyAlStewart),youwill

rememberItoldyouthatyourtwoverydifferent

trianglesonequalbasesbetweenparallellineswere

equal.

176.Inthatlastdiagramyoumade,nomatterwhat

∆ABClookedlike,everyoneendsupwiththesame

rect∟FBCEifwhatistrueabouttheirtriangle?

TheanswerisactuallyinthelabelsABCandFBCE.

Withequalbases,betweenparallellines,alltriangles

areequalinarea.Donotgetconfusedandthink

theyaremagicallysomehowequalinsidesorwhat

wecallperimeter,thesumofthesides.Ifyoumove

theapexofonetriangledowntheparallelline

towardsinfinity,thatperimetergrowstowardinfinity.

Itgetsverylarge.Butthetriangle'sareadoesnot

change.

Inthescienceofdiagrams,trustinwhatyouknow

andletthatgovernwhatyousee.Whatyouknowis

evenmoretruethanwhatyouseeunlessyour

diagramisverycarefullymade.
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Acoupleoflastbitshere.

177.Inrect∟FBCE,ifFBis4incheslongandBCis9

incheslong,whatistheareaofFBCE?AndifFBis

heightandBCisbase,whatistheformulaforthe

areaofarect∟?

178.Doesrect∟FBCE=‖gmABCDbackinthat

diagram(orhaveyoubeenasleepfortwodays)?So

whatistheformulafortheareaofa‖gm?

179.Ifyou‖gmizea∆,howmanyofthose∆arein

the‖gm?So,whatistheformulafortheareaofa

triangle?Don'tmessuphere.

Let'stalkaboutonemoreareabeforewego:thearea

ofacircle.

180.Canyoudrawacircle,inscribeasquareinit,

anddescribeasquareonit,makingthediagramkind

ofanx-rayofabaloneysandwichonwhitebread

withketchup(alsocatsuporcatchupfromCantonese

kechiapmeaning"brineoffish")?Youlearned

somethingheretoday,didn'tyou?

Let'ssaytheradius=1inthiscircle.

181.Canyousaywhattheareaoftheoutsidesquare

is?Andtheareaoftheinsidesquare?Howdidyou

getyouranswers?

Ifwetaketheaverageofthesetwoareasweget

(2+4)/2=3.Acircleofradius1somethinghasan

areaofπsomething².So3something²isclosetoπ
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something²butnotcloseenoughforanytestyou'll

evertake.

182.Canyouimagineawaytogetourtwofigures

closertothecirclefromeachside?

183.Canyouimagineawaytodoublethesidesof

theinsidesquareABCD?

Here'soneway:

D×/2ABDH⊥AB×⊙ @H JoinH[A,B]

Sym.rem.sides

Thatlastbitismorelaziness:"Symmetrically

remainingsides."Or"dothesamethingontheother

sidesofthesquare."Whenyoufinishyouhavean8-

goninsidethecircle.

184.Canyouimagineawaytodoublethesidesof

theoutsidesquare?

I'lldescribeaway.ThecircletouchesABofthe

outsidesquareABCDatitsmidpointE.Samefor

midpointBCatFandsoon.SoifyoubisectarcEF

andcreateatangentlineatthatpoint,itwillintersect

ABandBCsothat,doingthisonallcorners,youhave

aregular8-gonoutsidethecircle.

185.Canyoumakeasketchofhowthisworks?

Remember,atangentlinetouchessomethingatonly

onepoint.

Nowyouhave8-gonsinsideandoutsidethecircle.

Theangledpointsoftheinsideonetouchthecircle
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andthesidesoftheoutsideonetouchthecirclejust

likethesquaresdid,astangents.

Theareasof8-gonsarenothardtodetermine.Butif

Ijustgiveyoutheformula,youwon'tlearnanything.

Sowe'llsticktoourimaginations.

186.Arethe8-gonsclosertothecirclethanthe

squares?Iftheyare,willtheiraverageareabecloser

toπ?

Here'ssomethingyoucandoathomeifyouare

reallybored.Makethe8-gonsinto16-gons,double

againandagainuntilyouhave2408-gons.Atthat

point,theaverageareaisalmostexactly3.14159and

thatisagoodestimateofπ.

187.Canyouseethatthereisnoendtodoubling

sides?

Calculatingπisapopsicletrap.Youcandoublesides

untilthesungoesoutandyoustillhaveinfinitely

manymoredoublingstogo.Donotcalculateπ.

Othercrazypeoplehavealreadydoneitforyou.

Some,beingover-trustfulofcomputers,have

probablytakenittoofar.

Oops,Ialmostforgottoshowyouhowtouseparallel

linestoprovethattheanglesinatriangleaddupto

tworightangles.IthinkI'llmakeyoudothework.
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Dothis:PQ‖RS∀A∈PQ ∀B∈RSJoinAB

InBookI,welearnthat∠PAB=∠SBA∠QAB=

∠RBAbecausePQ‖RS.

Nowpick∀C∈RS,joinACandyouhave∀∆ABC.

Usingtheequal-anglebitaboveandyourothertools,

whyis∠A+∠B+∠C=2∟?

Mathematiciansarejustlikeyou.Whentheygettoo

manyideasintheirheadwithoutreallyusingthem,

theydon'tknowwhichwayisup.Andthentheir

headexplodes.So,inthenextpartofthebook,we

willplaywithabunchoftheideasthatarebouncing

aroundinyourheadandnailthemdownbefore

someonegetshurt.Butfirst--

BigQuiz-Time:

188.Ifyouhaveatrianglewithsidesof5,12,and13

andbuildsquaresonthesides,howmanysquare

inchesareinthesquares?Dothesquaresonthe

sidestogetherequalthesquareonthehypotenuse?

Whatkindoftriangleisthis?

189.Givenalineandapointnotonit,canyoudraw

alineonthepointparalleltothelineusingEuclid's

method?

190.Canyoushowthattwotriangles,onequalbases

BC,EF,betweentwoparallellinesareequal?Doboth

diagramandnotation.
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191.Canyoushowthattwotriangles,onthesame

baseBC,betweentwoparallellinesareequal?Doa

nicecleardiagramandsaywherethenotationwould

bedifferentfrom#190.

192.CanyoumaketwoeqS∆onthesamebase?

OneontopoftheotherisstillonlyoneinEuclid.

Canyoustillsomehowmaketwo?
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PlayingAround

Thinkofthischapterasaverylongandvery

enjoyableQuiz-Time.Orfigureoutawaytotravel

backintimetothisdistantlandandstopmefrom

writingit.Yourchoice.

193.CanyoudivideaneqS∆intofourequaltriangles?

"Thatisabsolutelynottheonlywaytodothat,"said

Nostradamus.

194.CanyouthinkofanotherwaytodivideeqS∆

intofourequaltriangles?

195.Canyoudivideanytriangleintofourequal

triangles?

Donotgetlazyonthisnextone.Thedouble-sized

trianglehastobeaneqS∆,aswell.Thiskeepsthe

problemfrombeingtrivial.Itmakesitabithard.

196.GivenaneqS∆,canyoumakeonetwicethesize?

Youneedtouseyourtoolstothinkalittlemore

abstractlyaboutsize.Thesizeofanytriangleofa

givenheight(likebetweenparallels)ishalfthesizeof

a‖gmthatheightwhichisequaltoarect∟ ofthat

sameheightonthesamebase.
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197.Soifyoutakeany∆andturnitintoarect∟,

howdoyoudoubletherect∟?Andthenhowdoyou

getthedoubledtriangle?

198.RememberwhenyouputtwoeqS∆onthesame

base?The4-gonthismakesisarhombusandthis

rhombusistwicetheeqS∆.Isarhombusa‖gm?

CanyouuseittodoubletheeqS∆intoanothereqS∆?

Ifnot,whynot?Andisthatlastquestionared

herring?

199.IfyoudoublethebaseofaneqS∆,doyou

doubletheheight?Canyoushowyouranswerina

fairlyaccuratediagram?

TiredofalltheseeqS∆?Fine.Let'sdosome

geometricalarithmetic.

200.Canyoumakeatrianglethatisequaltothe

sumoftwoothertrianglesbetween‖lines?

201.Whatifthetwotrianglesaredifferentheights?

Canyoustillmakethetriangleoftheirsum?Ifnot,

whatpreventsyou?Watchoutforfalseideas.

Let'ssayyouhavetworectangleswithsidesa×b>

c×d.Youneedtoaddthelittlec×dtothebiga×b.

Let'ssaya<bandc<d.Ifwemakelengthr=a/cthen

a=cr.(AreyoudrawingadiagramofallthisasIgo

along?)Thenifwedividedbyr,wehave(cr)(d/r)=

c×dandtherect∟ withsidecrandwidthd/rcanbe

addedtoa×bbecausecrequalsa.
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Isayallthisbecausetherearetoolsinpuregeometry

thatcantaketwolines,xandy,andcreatelinesxy

andx/y.

Assumeyouhavethesetoolsandtrythatlast

problemagain.Thengotothenexttwoproblems,

whichareabitharder.

202.Canyoumakeatrianglethatisequaltothe

differenceoftwoothertrianglesbetween‖lines?

203.Howaboutifthetwotrianglesareofdifferent

heights?Canyoustilldoit?

Bytheway,anotherwaytosay"height"ingeometry

is"altitude"andtheymeanexactlythesamething.

Tryyourimagination,aidedbylittlesketchdiagrams,

toanswerthisnextquestion.

204.IfyoudivideaneqS∆withalinethroughits

center‖toitsbase,howmuchofthetrianglehave

youcutoffontop?

Nowthinkaboutallyouhavelearnedaboutfigures

betweenparallellinesforthisnextone:

205.Ifyoudivide∀∆withalinethroughitscenter‖

toitsbase,howmuchofthetrianglehaveyoucutoff?

Canyou‖gmizeitandshowthatyouarecorrect

usingadiagram?

Thenexttwoproblemsarenottrivial.Seehowfar

youcangetonthefirstone.Thengolookupthe

solution.Itisn'thardtofindbutitwilltakesome



68

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC

Physicalcopiesandallothermedia:allrightsreserved-R.EarleHarris(c)2018

thoughttounderstandit.Youmightnotbereadyto

understandit.Butthatisokay.Trytogetasmuchof

asolution,tosaywhatitspiecesmustbe,howyou

mightgetthem,andsoon.Doingthisisexactlywhat

realmathematiciansdo.Theydonotalwaysgeta

solutionorevenfullyunderstandtheproblem--until

theydo.

206.CanyoudivideaneqS∆intotwoequalparts

withalineparalleltothebase?

Ifyouunderstoodthesolutiontothelastproblem,

applyittothenextone.Ifyoudidn'tunderstandit,

don'tjustgothroughthemotionstogetsomelame

parallelline.Thepointisnottheline.Thepointis

yourunderstanding.

Wheneveryoudon'tunderstandasolution,sticka

bookmarkinyourmind,andcomebacklaterwhen

youcanunderstandit.Therewillalwaysbeproblems

thatyouarenotreadytounderstand.Soskipthe

nextoneifyou'renotready.

207.Canyoudivideanytriangleintotwoequalparts

withalineparalleltothebase?

Whenyoudohavethatparallelline,youhavea

triangleaboveitandatrapezoidbelowit,whichisa

4-gonwithonlytwooppositeparallelsides.Let'sdo

someeasierstuff.
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208.Ifyouknowthebaseandheightofatriangle,

howmanysquareinchesisinit?Thenwhatisthe

formulafortheareaofatriangle?Didn'tIaskyou

thisbefore?Andyoustillforgot?

209.Ifthereare144squareinchesinasquare,what

istheside?

∀∆ABCifthesquaresontheshortersidesaddupto

thesquareofthehypotenuse,orlongestside,then

theangleoppositethelongestsideisarightangle.

Youknewthis.Let'snotatethisas

(a²+b²=c²)⇒ (∠C=∟)

210.Ifa²+b²<c²,whatkindofangleis∠C?

211.Andifa²+b²>c²,whatkindofangleis∠C?

IwanttoshowyouthatEuclidcanbeusedtodolots

ofalgebra.Inalgebra,youhavethingslike(a+b)²,

(a-b)²,and(a+b)(a-b).Inalgebrawethinkofaandb

asnumbers.InEuclid,theyarelines.Let'sdoletters,

numbersandEuclidfor(a+b)².

Letters:(a+b)²=(a+b)×(a+b)

BytheDistributiveLaw:=a×a+a×b+b×a+b×b

Simplifying:=a²+ab+ab+b²=a²+2ab+b²

Numbers:(4+3)²=(4+3)×(4+3)

=4×4+4×3+3×4+3×3

=16+12+12+9=25+24=49
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Euclid:Dothiswithme.

212.a=∀ACb=∀CB:a>b

∴ AC+CB=AB

ConstructsquareAB²orsquareABDEonAB

Thereyouhave(a+b)²inEuclid.Sointhissquarewe

musthaveana²=AC²whichisasquareonlineAC,a

b²orsquareonlineCB,andtworectanglesaborwith

sidesACandCB,innotationAC•CB.

Let'scontinuewithourdiagram.

AF∈AE:AF=AC

FG‖AB×BD@G

CH‖BD×FG,ED@I,H

Inthisdiagram,whataretheverticesorcornersofa²,

b²andeachofthetwoab?

BeforeIdomoreEuclidalgebra,Iwanttoshowyou

twousesof(a+b)².Thefirstoneishowtocalculate

thesquareofanumberinyourhead.

213.Let'ssaywehave(a+b)²=a²+2ab+b²andwe

wanttosquare12.Canyouseeawaytofit12into

thealgebra?Canyouseethebestway?

Thebestwayistomake12into10+2.Thenwe

have10²+2×(10×2)+2²=12².Theeasiestwaytodo

thesquareinyourheadistoadd10²+2²andhang

ontoit.Thisis100+4or104.Ifyouhad7+5=12,

youwouldhavea=7,b=5andwouldhave49+25to

addinyourhead.But100plusanythinglessthan
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100,like4,is"100and4".Soyouhangonto104and

do2abor2×10×2,howeveriseasiestforyou,and

youget40.104and40is144=12².

214.Inyourhead,withoutusingthepencilfor

anythingbutforwritingdowntheanswers,canyou

usethismethodtofind13²,16²,and17²?

Wecanusethismethodbackwardstofindsquare

rootsofintegersthatareperfectsquares,like36but

notlike37.Let'ssaywehave121andwantthe

squareroot.Weneedanaandabsothat

(a+b)²=121=a²+2ab+b²

Wewantthebiggestsingledigitwhichsquaredisless

thanthefirstdigitofournumber121.Obviously,

thatis1.Soa=10.

215.Canyousaywhya=10andnota=1?Think

abouthowyoujustlearnedtosquarenumbers.

Thisgivesus10²+2×10×b+b²=121or20b+b²=21.

Ifyouhaveenoughalgebra,youcansolvethe

quadraticequationb²+20b-21=0andusethe

positiverootforb.Butthatseemsabitmuchfor

headwork.

Thereisaneasierway.Thisisashortenedversionof

amethodforcomputingthesquarerootsofany

numberusingyourmindandpencil.

Westartwith121andthebiggestsquareofadigit

thatsubtractsfrom1is1².Sothefirstdigitofour
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rootis1.Wewritedown1(that10asa)andsubtract

a²=10²=100from121.Thisleaves21.

Nowwedoublethe1foratensdigitof2inwhat

follows.Afterthe1(a=10)oftherootsofar,weneed

ab×2b(bisadigit1,2,3,...)whereb×2b≤21but

(b+1)×2(b+1)>21.Obviously1×21≤21.Thisb=1

givesusthenextdigitinourrootandtherootis11.

Ifanyofthisseemsunclear.Gobackoveritagain

anduseapencilandpapertospellitout.Whenyou

dothat,arrangingitinawaythatmakessensetoyou,

youhavean"algebraic"diagram.

Let'sdo√729.2²=4<7.3²=9>7.Sofirstdigitof

rootis2.2×10=20.729-20²=329.Nowwedouble

2to4andneedb×4b≤329wheretheb+1thingstill

applies.6×46=276.7×47=329.Soseconddigit

is7and√729=27.

216.Canyouseethatintheseexamplesweare

gettinga(10,20)andb(1,7)for(a+b)²? Socanyou

seewherethe2abisinthismethod?

217.Isfindingthesquarerootof121(√121)the

samethingashave121squareinchesinasquare

andfindingtheside?

Onthenextquestion,useourlastmethod,combined

withallthepencilorcalculatorhelpyouneedforthe

b×2absearch.
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218.Usingoura²+2ab+b²,ifthereare169,225,or

324squareinchesinasquare,whatarethesides?

Youmightask,"Whygetasquarerootbyhandwhen

Icanuseacalculator?"Becausescientistsare

alreadyteachingourang-outangstouseacalculator

andthosemonkeyswillworkforfood.I'mnotjoking.

Youneedtolearntouseyourmindsothatyouaren't

competingwithmonkeysforajob.Calculatorsdo

nothingforyourmind.Onlythinkingdevelopsthe

onlymindyouhave.Andthinkingmakeseverything

easier.

219.Ifyousquareanynumber,whatdigitscanthe

squareendin?(Therearefiveanswers.)

220.Ifyousquareatwodigitnumber,howmany

digitscanyouget?(Therearetwoanswers.)

221.Whatisthesmallesttwo-digitnumberyoucan

squareandstillgetthesmallestoftheanswersin

#220?

Didyoustartwith30inthelastoneandthenwork

up?Ifnot,youforgottoimagine.Imaginingis

thinking.Startwiththeaofa+bwhereaisthetens

digitandyouneedthebiggestonethatdoesn'tbust

1000,right?30×30=900.Squaringtensiseasyand

lazy,amathematician'sdream.

Youhavetoimaginetheworkingsoftheproblemand

thenthepossiblesolutions.Imaginationislikea
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whiteboardinthemind.

222.Usingonlyyourmind,witheverythingyouhave

learned,whatisthesquarerootof784?Youcan

writedowntheintermediatevaluesyouget,ifyou

needto.

223.Dosomemorethinkingandexplainhowthe

ideaof(a+b)²,whereyouaddtwonumbersand

squarethem,fitsintoitsalgebra,itsgeometry,

findingsquares,andfindingsquareroots?Makea

tableofthepiecesatthetop,thoselastfourthingsin

aleft-handcolumn,andputhowtheyfittogether

downtherows.

Thefourthingsthatexpresstheideaaresomeofthe

formsthisideatakes.

224.Whatisageometricalformoftheexpression:

a+b>c

Inotherwords,whatgeometricalfigureorfigures

expressthisidea?Howdoesgeometryexpressthe

idea?

Theseformsof(a+b)²--andthenexttwoideas'forms

aswell--willfollowyoueverywhereinmathematics.

Whenyoucanseehowanideaexpressesitself--and

thatiswhatyouhavebeendoing--youwillrecognize

itinanyformwheneveritpopsup.Inorderto

recognizeandunderstandanyform,youmustplay

withitlikeourplayingwiththisideaof(a+b)².



75

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC

Physicalcopiesandallothermedia:allrightsreserved-R.EarleHarris(c)2018

Youdon'treallyunderstandanideaunlessyoucan

playwithitinallofitsformswhichyoucanthinkof.

Youcanseewhereimaginationfitsintothis.

Let'sdomoregeometricalgebra.

225.Canyouusetheexampleofthealgebrafor

(a+b)²tocalculatethevalueof(a-b)²whichis

(a-b)×(a-b)initsalgebraform?

Thefirsttimeyoudosuchathing,youcanjustmimic

thepieceslikeamonkeywould.

226.Canyoudiagramthisgeometricversionofthe

samethinglikethis?

a=ABb=CB∴a-b=AC

∀ABC∈AB:CB=b

AB²=squareABKF

CG‖AF×HE‖AB@D:G,H∈FK,BK

EF²=4-gonEFLI

Here'swhyweusenotation.Thenexttolastlineis

"CG,paralleltoAF,intersectsHE,paralleltoABatD,

suchthatGisonFKandHisonBK."Iliketheshort

version.

227.Canyougivetheverticesfora²,b²,(a-b)²,and

thetworect∟ =2abinthisdiagram?

Ourlastgeometricalgebrais(a+b)(a-b)=a²-b².In

geometry,a+bisthesumoftwolinesanda-bisthe

differenceoftwolines.So,inEuclid,thisisthe

rectangleofthesumanddifferenceoftwolines.
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228.Canyoudothealgebrafor(a+b)(a-b)?

229.Canyoumakeitsdiagramlikethis?

a=ABb=BC

∀ABC∈AB:CB=b(justlikelasttime)

AB²=squareABKF

AB(pr)toI:BI=BC

AE∈AF=AC

CG‖BK×FK@G

rect∟AILE:LExCG,BK@D,H

230.a²-b²isa6-gonwithonly∟.Canyouidentifyit

byitsvertices?Sowhataretheverticesofa²?And

whataretheverticesofthesubtractedb²?

Thisproductofthesumanddifferenceappearsfairly

ofteninEuclidproblems.Anditisoftenfoundin

algebra.Itisanimportantideaineitherform.Itisa

partofseveralofthepropositionsofBookII.

Euclidgoesfurtherintoalgebrathanmanypeople

think.Euclid2.11isthesolutionof

x²+ax-a²=0

andgeometricallysolvesbothroots,ifyouextendthe

propositionslightly.Butlet'snotgothere.We've

doneenoughalgebra.Let'sdosomethingsimilar.
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SimilartoWhat?

Quiz-Time:Let'sreviewthethreerulesforequivalent

triangles:

231.Whatisthedifferencebetweenequivalentand

equal?

232.WhathastobethesameinEuclid1.4forthe

trianglestobethesame?

233.WhathastobethesameinEuclid1.8?

234.Whatarethetwowaysthingscanbethesame

inEuclid1.26?

Someofyouarewonderingwhytriangleswiththree

equalanglesarenotthesame.Let'sfindout.

235.Quickdiagram:

∀∆ABC∀DE‖BC×AB,AC@D,E

Nowwehavetwotriangles:∆ABCand∆ADE.

236.Aretheanglesinthesetwotrianglesthesame

ordifferent?

Triangleswhichhavethesameanglesareequiangular

(eq∠).Theyarenotnecessarilyequivalent.Butthey

aresimilar.Intriangles,iftheyareeq∠ theyare

similar.Onenotationforsimilaristhis:

∆ABC~∆DEF
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Somebooksuseothersymbols.Stayalertwhen

dealingwithstrangegeometrybooks.

WhenEuclidtalksaboutequivalentandsimilar

trianglesorn-gons,hesaysitisokayifyoumove

themaroundorrotatethemtocomparethem.But

youarenotallowedtoflipthemover.Ifyoufoldeda

pieceofpaperinhalfandcuttwotrianglesoutofit

atonce,youwouldhavetwoequivalenttriangles.If

youfliponeover,itisnolongerthesametrianglein

Euclideventhoughheagreestheyareequivalent.

Inthisbook,youcanflipthemovernowallyouwant.

Iftwotrianglesarethesameorsimilar,eventhough

oneisflippedover,wewillstillcallthemsameor

similarasthecasemaybe.Moderngeometersflip

stuffallthetime.

237.Canyoutakealineanddrawtwoequal

trianglesonit,orientedthesameway?Canyou

makethetrianglessimilarbutnotequalonanother

line?

Giventhefirstline,youcouldhaveaddedaparallel

lineaboveitforequality.Rememberyourtoolsfor

creatingequaltriangles.

238.Canyoudivide⊿ABC∟Aintotwosimilar

triangles?Willyourmethodworkforanytriangle?

239.Whatkindoftrianglesdoyouhaveifyouadd

AD⊥BC×BC@Dinourrighttrianglehere?
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240.Areallrighttrianglessimilar?Thismeans

equiangular,right?

Approachthesenextproblemsbyusingyourtoolsin

yourimaginationandthenusingadiagramto

validateyourapproach.

241.CanyoudivideaneqS∆intotwoequalparts?

Intoeightequalandsimilarparts?

242.Canyoudivideanisos∆intotwoequaland

similar∆s?Intotwoequalandnotsimilar∆s?

Useyourimaginationtocreateaprocessforthisnext

problem.

243.Canyoumakeonetrianglesimilartoanother

buttwiceitssize?Beforeyoudiagramit,howmany

stepsdoesittake?Afteryoudiagramit,wasthe

processasyouimaginedit?

Youmightthinkthatunderstandingaproblemand

thensolvingitisthewholeprocess.Butthinking

aboutyoursolutionandrefiningyoursolution,if

possible,aremoreimportant.Otherwise,yourhard

workjustslidesoutofyourearandontothefloor,

whereitliesforgotten.Let'susethesesameideas

withsome4-gons.

244.Howmanywayscanyoudivideasquareinto

twoequalandsimilarparts?
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245.Canyoudivideasquarewithonelineintotwo

equalbutnotsimilarparts?Ifnot,whynot?How

canyoudivideasquareintotwoequalbutnotsimilar

parts?

246.Howmanywayscanyoudivideasquareinto

fourequalpartsandwhatkindoffiguresarethe

parts?

247.Howmanywayscanyoudividearectangleinto

fourequalpartsandwhataretheparts?

248.Howmanywayscanyoudivideaparallelogram

intofourequalpartsandwhataretheparts?

249.Howmanywayscanyoudividearegular6-gon

intotwoequalandsimilarparts?Howaboutfora5-

gon?Labeltheverticestomakeiteasytowritethese

answers.

Thiswouldbeagoodplacetotalkaboutdividingn-

gonsintotriangles.Euclidprovesthatanytwosimilar

n-gonscanbedividedintoequalandsimilartriangles.

250.Whatistheminimumnumberoftriangleswhich

makeupa4-gon?Inwhichkindsof4-gonsarethe

trianglesequal?Similar?

251.Whatistheminimumnumberoftriangleswhich

makeupa5-gon?A6-gon?

252.Sowhatistheminimumnumberoftriangles

whichanyn-gon?Whataretheverticesofthese

trianglesthatmakeupeveryn-goninasimilarway?
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There'salessoninthatlastproblem.Whenworking

withn-gons,ifyourmethoddoesn'tworkforalln,

thereisagoodchancethatyouarewronginyour

approach.Let'sthinkaboutsimilarityalittlemore.

253.Whatwoulditmeanfortworectanglestobe

similar?

Similarity,inEuclid,comesinBookVI.Ifyouhave

twosimilartriangles,∆ABC~∆DEF,thenthesideson

equalangleshavethisrelation(rememberthatsidea

isopposite∠A):a/b=d/e.

254.Whichangleswerethosesidesaround?

Thisrelationistrueofthesidesaroundanymatching

angleofsimilartriangles.InEuclid,aandbarelines.

Butthisworkswithnumbers,too.Anditworkswith

similarn-gonsofanyn.Soifrect∟ABCDissimilarto

rect∟EFGHthenAB/DA=EF/HE,thesesidesbeingon

matchingangles.

255.Canyoutakearectangleandmakeasimilar

one?

256.Canyouthinkofaneasywaytomakeasimilar

rect∟ insideofagivenrect∟?

257.Canyoumakearect∟ equalandsimilartothat

lastresult?

Ifthatlastoneisn'tthesameasthegivenone,you

messedup.Ifsomethingisequalandsimilar,itis

equivalent.Thinkaboutit.
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258.Ifyouhavetwosimilarrectangles,canyou

makeasimilarrectangleequaltotheirsum?

IfIwereacruelman,we'ddothedifferenceoftwo

similarrectangles.It'stempting.Butlet'smoveon.I

haveapromisetokeep.

BeforeIkeepit,trycombiningimaginationandtools

todothenexttwoproblems.Hereisapossibly

helpfulidea:asquareofsides1givesyouadiagonal

of√2;arectangleofsides3and4givesyoua

diagonalof5.

259.Canyouconstructasquarewithadiagonalof3

andcalculatethearea?Useacalculatorifyouwant

to.

260.CanyoucalculatetheareaofaneqS∆witha

sideof1?

261.Doyouwishyou'dneverheardofaneqS∆?
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AnotherN-Section

Actually,thisisthelastofthethreen-sectionsI

promisedyou.Butfirst,

QuickQuiz-Time:

262.Whatarethetwowaysto×/nalinethatyou

alreadyknow?Justdescribethem.

263.∀AB,×/3AB@C,Dusinganangle.

264.∀AB,×/5AB@C,D,E,Fusingatrapezoidand

remembertodoD,E,andFtheeasyway.

Thethirdwayton-sectalineisbyusingparallels,

whichasweknowfromsimilarn-gons,dividethings

proportionally,whichmeans"intoequalfractions"of

parts.

265.Canyoudothis×/3with‖lines:

∀AB∀AC(makeitlong)

D∈AC:AD(<1/3AC.Justeyeballit.)

DE=AD EF=DE(usingthecompasshere)

JoinFBEG‖FBDH‖EG

∴AB×/3@G,H

YoucanseethatyoumadelineBFsothatitwas

dividedintothreeequalparts.ByconnectingFB,you

couldcomebackdownanddivideABproportionally

withthoseparallellines.
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266.Canyoudividealineinto5equalparts?

267.Canyoudividealineinto3½equalparts?Do

thissimplyintwolargersteps,ifyoucan?Whatare

thesteps?

268.Canyoudividealinejustlikeanotherlineis

divided? ThismeanstotakesomeABanddivideit

intoafewrandompartsandthendivideanotherline

intothesameproportionalpartsor"similarparts."

Wecanusetheseideasformorethingsthan

n-sectingaline.Thenexttwoproblemscanbedone

usingthesetools.Butifyoucanimagineeasierways,

goyourownlazyway.Youwon'thurtmyfeelings.

JustuseEuclid'stools.

269.Canyoushowwithadiagramthat1/2+1/3+

1/6=1?

270.Canyoudrawafigurethatshowsthat3goes

into5oneandtwo-thirdstimes?Doesthismeanthat

5is5/3of3?

There'snoreasontowearourselvesoutonthisthird

ideaofn-sectinglines.Juststickitinyourtoolbelt.
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N-gonsinaCircle

Let'swarmupwithQuiz-Time:

271.Canyoumakeanisoscelestriangleusinga

circle?

Yourememberthattheeasiestwaytomaketwo

equallines,iftheyareconnectedononeend,isto

swipethemwithacompass.Didyoudothatinthe

lastproblembyswipingthecircle?Ifnot,wasyour

waylazier?

272.Canyoumakeanisoscelestrianglewhosesides

aretwicethebase?Dothisthelaziestwayyoucan.

273.Canyoureducea5-gonintoatriangleanda

rectanglethattogetherequalthe5-gon?Donot

makeanyextraworkforyourselfhere.

BookIIIofEuclidisaboutcircles.That'swherethe

cyclicn-gonscomefrom.Mostly,Eucliddoes

trianglesincircles.Helovestriangles.ButinBookIV,

heputseveryn-gonhecanmanageintoacircle

becausen-gonsarejustglued-togethertriangles.

BookIViskindofboring.Wewillstickwithwhatwe

knowfromBookI,putn-gonsincircles,andtryto

skiptheboringpart.
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274.Canyoumakeanequilateraltriangleusinga

protractor?

275.Canyouimagineawaytomakethatequilateral

triangleusingacircle,aswell?

Let'sseeifyourwayismyway.Markacenterona

bluelineofyournotebookpaper,makeacircle,4or

5linesindiameteronthatcenter,andaddthe

diameteronthatblueline,producedbothwaysabit.

Nowputyourprotractorontheline,centeredonthe

centerofthecircleandmark90°ontop.Flipthe

protractoroverandmark30°and150°.Nowconnect

thecenterofthecircletothosethreemeasured

degree-marks.Thosethreelineswillintersectthe

circleattheverticesofaneqS∆.Connectthedots

anddone.

276.Canyouexplainwherethenumbers90,30,and

150comefrominthoseinstructions?

277.Canyouexplainwhyweusedthecircleforthe

verticesinsteadofconnectingtheprotractormarks?

Whenyoudosomethingseveraltimesandarepaying

attentiontowhatyouaredoing,youcomeupwith

easierandeasiermethods.Seeifyoucandothat

withthenextfiveproblems.

Youwanttofindamethodthatproducesanice-

lookingregularn-gon.Youhaveallthetools.Ready,

set,...
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278.Canyoumakearegular5-gon(pentagon)ina

circle?

279.Canyoumakearegular6-gon(hexagon)ina

circle?

280.Canyoumakearegular8-gon(octagon)ina

circle?

281.Canyoumakearegular10-gon(decagon)ina

circle?

282.Howaboutaregular12-gon(dodecagon)ina

circle?

Here'sanotherwayforsomen-gons?

283.Canyoumakearegular10-gon(decagon)from

aregular5-goninacircle?Whatothern-gons,n<20,

canyoumakethisway?

Someofyouprobablymadethesen-gonsusinga

protractorandacircle.Someofyoumadethemby

makingonen-goninacircleandthendoublingthe

sidesbybisectingoneandbuildingasisosceles

triangleonthesidetotouchthecircle.

284.Whichwasfaster?Whichhadanicer-looking

result?Orisitthepersondoingitwhodeterminesif

somethingisfasterorbetterdone?

285.Canwemakearegularn-goninacircleofany

n-sidesorarewestuckwiththeangleswecanbuild

upthroughconstruction,likebefore,todeterminethe

sides?Nodiagramneeded.
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286.Whycan'twebuildaregular9-goninacircle?

287.Canwebuildaregular15-gon(quindecagon)in

acircleoristheangleaproblem?

288.Canyoudothis:

Drawanicebig(don'tgetcrazy)circle.

PutaneqS∆ABCinitwithvertexat90°

Putareg.5-gonDEFGHinit,withDonA.

289.Howmanysidesofa15-gonbetweenAandB?

290.Howmanysidesofa15-gonbetweenDandE?

291.Thenhowmanysidesofa15-gonarebetween

BandE? Canyouwritethedirectionsforcreatinga

regular15-goninacirclenow?

292.Whenitcametomakingthelast14sides,did

youmakeone,andthenswingyourcompassround-

and-round?Ifnot,doyouhaveaproblemwith

laziness?

Let'slearnsomethingusefulaboutanglesinacircle:

293.Quickdiagram:

SquareABCD:AC×BD@O

en⊙O,OA

E×/2ABEF⊥AB×⊙ @FJoinF[A,B]

294.Whatisthemeasureof∠AOBindegrees,

radians,andrightangles?

295.TrickQuestion:Whatarethosemeasuresfor

∠AFB?Whyisthisatrickquestion?
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296.Addthis:FE(pr)toG×⊙ @G JoinG[A,B]

Nowwhatisthesumof∠AFB+∠AGB?

Thepieceyouaremissinginallthisisthatangleson

center(∠AOB)aretwiceasbigasanglesoncircle

(∠AGB).Bothareonchord(lineconnectingpoints

oncircle)AB.

297.Now,whatarethethreemeasuresfor

∠AFB,AGB?

Thisshowsyouhowthecyclic4-gonfitsintothis

picture.

298.Onemorepiece:∀H∈arcGCJoinH[A,B]

Whatdoyouthinkthemeasuresof∠AHBare?You

stillhaveacyclic4-gonwiththesamediagonalAB.

299.Sotofinishup,takejustthecyclic4-gonpart.

Quicksketchof

⊙O,∀chordAB,∀C,DonarcsACB,ADB

Whataretherulesforthevaluesof∠ACB,ADB?And

whycanonlyoneofthembethehalfoftheangleon

center?

Ofcourse,ifABisthediameter,theangleoncenter

is2∟ andbothanglesonABare1∟.Butthatisthe

extremecase.Nextidea:

300.Quickdiagram:draw⊙O;usingthecenterand

protractor,draw∠AOB=72°:AB≡chordAB,swing

yourcompassdo-si-doaroundthecircleusingABto

giveusaregular5-gon.
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This5-goniscalledconvexbecausealltheangles

stickoutawayfromthecenter.Mostn-gonswedeal

with,regularornot,areconvex.

301.Fliponeofyouranglesintothe5-gon,erasing

theoriginal,but(moreorless)keepingthesame

measureoftheangle.Isthe5-gonstillregular?

Theangleyoucreatediscalledare-entrantangle.

Somethingsaretrueaboutalln-gons.Mostseemto

betrueonlyofconvexones.Getreadytodoodle.

302.Whatisthesmallestnforann-gonwithonere-

entrantangle?Fortwo?Forthree?

YounowknoweverythingIhaveencounteredabout

re-entrantangles.Theydon'tshowupmuchunless

yougolookingforthem--andIdon't.

Drawaquicksquareandjointhemidpointsofthe

sidestogiveyoufoursquares.Belazyandquick.

303.Howmanysquarescantouchatapoint?

Whenyoujoinn-gonsatapointandtheycoverthe

spacearoundthepointwithoutleavinggapsor

overlappingeachother,theytile.

304.Dosquarestile?ORHaveyoueverlookedatthe

bathroomwallatschool?

Let'splaywiththeseideasjustalittlebittoseewhat

isatstakebehindthesequestions(notthebathroom

one).Itiseasiestinaclassroomifeveryonecutsan

equaleqS∆,6-gon,and8-gonoutofpaper.Ordoit



91

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC

Physicalcopiesandallothermedia:allrightsreserved-R.EarleHarris(c)2018

anyotherharderwayyoucanthinkof.You'redoing

allthework.

305.HowmanyeqS∆cantouchatonepoint?Will

theytile?

306.Howmany6-gonscantouchatonepoint?Will

theytile?

307.Howmany8-gonscantouchatonepoint?Will

theytile?

Here'sonemoreideafromsolidgeometrythatis

usefulandcanbeeasilyseenfromthefourtiled

squares.Imaginationson,please.

308.Let'scalltheintersection,inthemiddle,pointO.

WhathappenstoO,physically,inspace,righttherein

frontofyou,iftheanglesonOaremadeanyless

thantheircurrent∟ inthosefoursquares?

Fourrightanglesare360°.Dividebythreeandwe

have3120°angles.

309.DrawaneqS∆ina⊙ anduseittomakethree

linesoncenter120°apart?Skipallthebitsyoudon't

need.Whathappensnowtothecenterofthecircleif

wedecreasetheanglesatall?

Asolidangleiswhereplanes(completelyflatthings

thatcanonlybestupidlydefined)cometogetherata

point.

310.Soaplanesolidangleisalwayslessthanwhat

angle?Otherwise,howmanyplaneshaveyougot?
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Okay,we'realmostdone.NomorequickQuiz-Times.

Let'sdoonemoreshortchapterandgetoutofhere.
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ShaolinGeometry

Theselastproblemsarelikethe36Chambersof

Shaolin,exceptwe're29chambersshort.Butyou've

sufferedenough,sowe'llignoretheshortfall.You

won'tgetanyhelpfrommebecauseyoudon'tneed

any.Doeverythingtheeasiestwaythatyoucan,

withoutmeasuringanythingwithrulerorcompass.

ObeyEuclid'srules.UseEuclid'stools.Justworkyour

waythroughtheseproblems,wearingyourpajamas

likeagoodShaolinmonk,andyou'redone.

I'llbewaitingoutsidethetemple,keepingthefire

going,soyoucanburnthosecooldragonandtiger

tattoosontoyourforearmsassoonasyou'redone.

Youcangettheoptionalrulerandcompasstattoos

buttheyarenowherenearascool.Wealsohave

t-shirtsandhoodieswithJackieChanasEuclid.

Withallthatyouhavelearned,youshouldsurvive

anyencountersyouhavewiththerealEucliddown

theroad.Anddon'tthinkyouhaven'tlearnedagreat

deal.Youhavenotlearnedhowtodoproofs.But

youhavelearnedalmostallthemeaningfulideas

fromEuclid'sBookIandthensome.Goodluck,

Grasshopper.
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311.Canyoumakeasquarethatisthesumoftwo

othersquares?

312.Canyoumakeasquarethatisthedifferenceof

twoothersquares?

313.Canyoumakearighttrianglethatisequaltoa

square?

314.Canyoutakeasquareandturnitintoanequal

triangle?

315.Canyoumakearectanglethatisequaltothe

sumoftwootherrectangles?

316.Canyoureduceany5-gonwithare-entrant

angletoatriangle?

317.Canyoumakeasquarethatisequaltothree

quartersofanothersquare?

Andthat'sallthereistopre-Euclid.Youarefully

equippedtohandletherealEuclidnow.Continueto

thinkinfinitelyandyou'llbefine.


